
MARS - 3. £ást projektu

1. [10 bod·] �e²te homogenní soustavu lineárních diferenciálních rovnic s po£áte£ní podmínkou:

y′(t) =

[
4 5
−4 −4

]
y(t)

y(0) =

[
5
−6

]
.

�e²ení:

A =

[
4 5
−4 −4

]
Ur£eme vlastní £ísla

0 = det(A) =

∣∣∣∣4− λ 5
−4 −4− λ

∣∣∣∣ = (4− λ)(−4− λ)− 5(−4) = λ2 + 4

λ1 = −2i, λ2 = 2i.

Ur£eme vlastní vektory

λ1 = −2i :

[
4 + 2i 5
− 4 −4 + 2i

]
−r2/2
r1 + r2

→
[

2 2− i
2i 1 + 2i

]
r1

r2 − ir1
→
[
2 2− i
0 0

]
−→ u1 =

[
i− 2

2

]
λ2 = 2i :

[
4− 2i 5
− 4 −4− 2i

]
−r2/2
r1 + r2

→
[

2 2 + i
− 2i 1− 2i

]
r1

r2 + ir1
→
[
2 2 + i
0 0

]
−→ u2 =

[
− i− 2

2

]
Fundamentální systém °e²ení soustavy

ψ1(t) = eλ1tu1 = e−2it

[
i− 2

2

]
ψ2(t) = eλ2tu2 = eλ̄1tū1 = e2it

[
−i− 2

2

]

ϕ1(t) =
1

2

(
e−2it

[
i− 2

2

]
+ e2it

[
−i− 2

2

])
=

1

2

(
(cos(2t)− i sin(2t))

[
i− 2

2

]
+ (cos(2t) + i sin(2t))

[
−i− 2

2

])
= cos(2t)

[
−2

2

]
+ sin(2t)

[
1
0

]
ϕ2(t) =

i

2

(
e−2it

[
i− 2

2

]
− e2it

[
−i− 2

2

])
=
i

2

(
(cos(2t)− i sin(2t))

[
i− 2

2

]
− (cos(2t) + i sin(2t))

[
−i− 2

2

])
= cos(2t)

[
−1

0

]
+ sin(2t)

[
−2

2

]



2

�e²ení soustavy

y(t) = c1

(
cos(2t)

[
−2

2

]
+ sin(2t)

[
1
0

])
+ c2

(
cos(2t)

[
−1

0

]
+ sin(2t)

[
−2

2

])
=

[
−2c1 cos(2t) + c1 sin(2t)− c2 cos(2t)− 2c2 sin(2t)

2c1 cos(2t) + 2c2 sin(2t)

]
, c1, c2 ∈ R, t ∈ R

Po£áte£ní podmínky [
5
−6

]
= y(0) =

[
−2c1 − c2

2c1

]
=

[
−2 −1

2 0

] [
c1
c2

]
⇒
[
c1
c2

]
=

[
−3

1

]
y(t) =

[
5 cos(2t)− 5 sin(2t)
−6 cos(2t) + 2 sin(2t)

]
, t ∈ R

Link na wolframalpha.

2. [10 bod·] �e²te nehomogenní soustavu lineárních diferenciálních rovnic s po£áte£ní podmínkou:

y′(t) =

[
1 1
−2 −1

]
y(t) +

[
− cos(t)

sin(t) + cos(t)

]
y(0) =

[
1
−2

]
.

�e²ení 1 zp·sob:
Homogenní soustava

y′H(t) =

[
1 1
−2 −1

]
yH(t), A =

[
1 1
−2 −1

]
Ur£eme vlastní £ísla

det(A) = (1− λ)(−1− λ) + 2 = λ2 − 1 + 2 = 0 λ1 = i, λ2 = −i

a p°íslu²né vlastní vektory

λ1 = i :

[
1− i 1
− 2 −1− i

]
−r2

2r1 + (1− i)r2
→
[
2 1 + i
0 0

]
−→ u1 =

[
1 + i
− 2

]
λ2 = −i :

[
1 + i 1
− 2 −1 + i

]
−r2

2r1 + (1 + i)r2
→
[
2 1− i
0 0

]
−→ u2 =

[
1− i
− 2

]

Fundamentální systém °e²ení homogenní soustavy

ψ1(t) = eλ1tu1 = eit
[

1 + i
−2

]
ψ2(t) = eλ2tu2 = eλ̄1tū1 = e−it

[
1− i
−2

]

ϕ1(t) =
1

2

(
eit
[

1 + i
−2

]
+ e−it

[
1− i
−2

])
=

1

2

(
(cos(t) + i sin(t))

[
1 + i
−2

]
+ (cos(t)− i sin(t))

[
1− i
−2

])
= cos(t)

[
1
−2

]
+ sin(t)

[
−1

0

]
ϕ2(t) =

i

2

(
eit
[

1 + i
−2

]
− e−it

[
1− i
−2

])
=
i

2

(
(cos(t) + i sin(t))

[
1 + i
−2

]
− (cos(2t) + i sin(2t))

[
1− i
−2

])
= cos(t)

[
−1

0

]
− sin(t)

[
1
−2

]

http://www.wolframalpha.com/input/?i=dy%2Fdt%3D%3D+4*y%5Bt%5D%2B+5*z%5Bt%5D%2C+dz%2Fdt%3D%3D-4*y%5Bt%5D-4*z%5Bt%5D%2C+y%280%29%3D5%2C+z%280%29%3D-6
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�e²ení homogenní soustavy

yH(t) = c1

[
cos(t)− sin(t)
−2 cos(t)

]
+ c2

[
− cos(t)− sin(t)

2 sin(t)

]
, c1, c2 ∈ R, t ∈ R

Partikulární °e²ení yP (t) hledejme metodou variace konstant, tedy ve tvaru

yP (t) = c1(t)

[
cos(t)− sin(t)

−2 cos(t)

]
+ c2(t)

[
− cos(t)− sin(t)

2 sin(t)

]
, c1, c2 ∈ R, t ∈ R

y′P (t) = c′1(t)

[
cos(t)− sin(t)

−2 cos(t)

]
+ c′2(t)

[
− cos(t)− sin(t)

2 sin(t)

]
+ c1(t)

[
− sin(t)− cos(t)

2 sin(t)

]
+ c2(t)

[
sin(t)− cos(t)

2 cos(t)

]
‖

=

[
1 1

−2 −1

]
yP (t) +

[
− cos(t)

sin(t) + cos(t)

]
=

(
c1(t)

[
1 1

−2 −1

] [
cos(t)− sin(t)

−2 cos(t)

]
+ c2(t)

[
1 1

−2 −1

] [
− cos(t)− sin(t)

2 sin(t)

])
+

[
− cos(t)

sin(t) + cos(t)

]
=

(
c1(t)

[
− cos(t)− sin(t)

2 sin(t)

]
+ c2(t)

[
− cos(t) + sin(t)

2 cos(t)

])
+

[
− cos(t)

sin(t) + cos(t)

]
[

− cos(t)
sin(t) + cos(t)

]
= c′1(t)

[
cos(t)− sin(t)

−2 cos(t)

]
+ c′2(t)

[
− cos(t)− sin(t)

2 sin(t)

]
[
− cos(t)

sin(t) + cos(t)

]
=

[
cos(t)− sin(t) − cos(t)− sin(t)
−2 cos(t) 2 sin(t)

] [
c′1(t)
c′2(t)

]
Pomocí °ádkových úprav zjednodu²íme tuto soustavu lineárních rovnic[

cos(t)− sin(t) − cos(t)− sin(t) − cos(t)
−2 cos(t) 2 sin(t) sin(t) + cos(t)

]
r1 + r2/2
r2/2

→
[
− sin(t) − cos(t) 1

2 (sin(t)− cos(t))
− cos(t) sin(t) 1

2 (sin(t) + cos(t))

]
tedy [

− sin(t) − cos(t)
− cos(t) sin(t)

] [
c′1(t)
c′2(t)

]
=

1

2

[
sin(t)− cos(t)
sin(t) + cos(t)

]
[
c′1(t)
c′2(t)

]
=

1

2

[
− sin(t) − cos(t)
− cos(t) sin(t)

]−1 [
sin(t)− cos(t)
sin(t) + cos(t)

]
=

1

2

[
− sin(t) − cos(t)
− cos(t) sin(t)

] [
sin(t)− cos(t)
sin(t) + cos(t)

]
=

[
− 1

2
1
2

]
yP (t) = − t

2

[
cos(t)− sin(t)
−2 cos(t)

]
+
t

2

[
− cos(t)− sin(t)

2 sin(t)

]
= t

[
− cos(t)

cos(t) + sin(t)

]
�e²ení spl¬ující po£áte£ní podmínku

y(t) = yP (t) + yH(t) = t

[
− cos(t)

cos(t) + sin(t)

]
+ c1

[
cos(t)− sin(t)
−2 cos(t)

]
+ c2

[
− cos(t)− sin(t)

2 sin(t)

]
[

1
−2

]
= y(0) = c1

[
1
−2

]
+ c2

[
−1

0

]
⇒

[
c1
c2

]
=

[
1
0

]
y(t) = t

[
− cos(t)

cos(t) + sin(t)

]
+

[
cos(t)− sin(t)
−2 cos(t)

]
, t ∈ R



4

�e²ení 2 zp·sob:
Z první rovnice soustavy

y′1(t) = y1(t) + y2(t)− cos(t)

y′2(t) = −2y1(t)− y2(t) + cos(t) + sin(t)

lze vyjád°it

y2(t) = y′1(t)− y1(t) + cos(t)

y′2(t) = (y′1(t)− y1(t) + cos(t))
′

= y′′1 (t)− y′1(t)− sin(t)

Dosazením do druhé rovnice soustavy dostaneme lineární ODR druhého °ádu

y′2(t)︷ ︸︸ ︷
y′′1 (t)− y′1(t)− sin(t) = −2y1(t)−

y2(t)︷ ︸︸ ︷
(y′1(t)− y1(t) + cos(t)) + cos(t) + sin(t)

y′′1 (t) + y1(t) = 2 sin(t)

�e²ením (postup nebudeme uvád¥t wolframalpha) této ODR je

y1(t) = c1 cos(t) + c2 sin(t)− t cos(t)

a tedy

y2(t) =

y′1(t)︷ ︸︸ ︷
(−c1 sin(t) + c2 cos(t)− cos(t) + t sin(t))−

y1(t)︷ ︸︸ ︷
(c1 cos(t) + c2 sin(t)− t cos(t)) + cos(t)

= −c1 (sin(t) + cos(t)) + c2 (cos(t)− sin(t)) + t (sin(t) + cos(t))

Zbývá pouze dosadit po£áte£ní podmínky[
1
−2

]
=

[
y1

y2

]
(0) =

[
c1

−c1 + c2

]
⇒
[
c1
c2

]
=

[
1
−1

]
a

y(t) = t

[
− cos(t)

cos(t) + sin(t)

]
+

[
cos(t)− sin(t)
−2 cos(t)

]
, t ∈ R

Link na wolframalpha.

http://www.wolframalpha.com/input/?i=y%27%27%28t%29%2By%28t%29%3D2*sin%28t%29
http://www.wolframalpha.com/input/?i=dy%2Fdt%3D%3D+1*y%5Bt%5D%2B1*z%5Bt%5D-cos%5Bt%5D%2C+dz%2Fdt%3D%3D-2*y%5Bt%5D-1*z%5Bt%5D%2Bsin%5Bt%5D%2Bcos%5Bt%5D%2C+y%280%29%3D1%2C+z%280%29%3D-2

