
MARS - 1. část projektu

1. [10 bodů] Řešte Cauchyovu úlohu: {
y′(t) =

t(1−y2(t))
y(t)(1−t2)

y(
√
2) = 2.

Řešení:

y(t)

1− y2(t)
· y′(t) = t

1− t2

(
t /∈ {−1, 1} ∧ t0 =

√
2
)
⇒ t ∈ (1,∞)

1

1 + y2(t)
· y′(t) = 1

1 + t2ˆ
t

1− t2
dt = −1

2
ln(|1− t2|) = −1

2
ln(t2 − 1)

ˆ
y(t)

1− y2(t)
· y′(t) dt =

(ˆ
z

1− z2
dz

)
|z=y(t)

= −1

2
ln(|1− y2(t)|)

−1

2
ln(|1− y2(t)|) = c− 1

2
ln(t2 − 1)

ln(|1− y2(t)|) = ln(t2 − 1) + d d = −2c
|1− y2(t)| = K · (t2 − 1) K = ed ∈ R+

1− y2(t) = L · (t2 − 1) L ∈ R

y(t) = |y(t)| =
√
1− L · (t2 − 1) jelikož y(

√
2) = 2 > 0

C.Ú: 2 = y(
√
2) =

√
1− L · (2− 1) =

√
1− L

L = −3

Tedy : y(t) =
√
1 + 3(t2 − 1) =

√
3t2 − 2 na (1,∞)

Link na wolframalpha.

http://www.wolframalpha.com/input/?i=y%27%3D%28t*%281-y^2%29%29%2F%28y*%281-t^2%29%29%2C+y%28sqrt%282%29%29%3D2


2. [10 bodů] Metodou variace konstanty řešte diferenciální rovnici:

y′(t)− t2

1 + t3
· y(t) = 3

√
1 + t3

Řešení:

y′(t)− t2

1 + t3
· y(t) = 3

√
1 + t3 t ∈ (−1,∞)

Homogenní rovnice: y′H(t)− t2

1 + t3
yH(t) = 0 yH(t) = 0 je jedním z řešení

(ln |yH(t)|)′ = 1

yH(t)
y′H(t) =

t2

1 + t3
=

(
1

3
ln |1 + t3|

)′
ln |yH(t)| = c+

1

3
ln |1 + t3| c ∈ R

|yH(t)| = ec+
1
3 ln |1+t3| = K| 3

√
1 + t3| K = ec ∈ R+

yH(t) = k
3
√

1 + t3 k ∈ R

Partikulární řešení: y′P (t)−
t2

1 + t3
· yP (t) = 3

√
1 + t3 kde yP (t) = k(t)

3
√
1 + t3

k′(t) · 3
√
1 + t3 + k(t)

3t2

3
3

√
(1 + t3)

2
− t2

1 + t3
· k(t) 3

√
1 + t3 =

3
√
1 + t3

k′(t) = 1 = (t)′

yP (t) = t
3
√

1 + t3

Tedy y(t) = yH(t) + yP (t) = (t+ k)
3
√
1 + t3 k ∈ R, t ∈ (−1,∞)

Link na wolframalpha.

http://www.wolframalpha.com/input/?i=y%27-%28y*t%5E2%29%2F%281%2Bt%5E3%29%3D%281%2Bt%5E3%29%5E%281%2F3%29

