MARS - tutorial 2

1. Priklad: ([MI21-ODR] piiklady k procviceni ke kapitole 9, 2.a): Naleznéte maximalni FeSeni
Cauchyovy tlohy

Resent:
Funkce ;—23, t% jsou spojité na (—oo,0) ana (0, 00). Vzhledem k zadanym pocateénim podminkam
(v bodé 3), budeme fegeni hledat na intervalu J = (0,00). Oznaime z = /. Je zfejme, Ze pro
takto zavedenou funkci z plati

Z—3z=1%

2(3) = _%7

coz je Cauchyova tloha s linearni diferecnialni rovnici prvniho fadu, jejichz feSeni jsme probirali
v prvnim tutoridlu. PouZijeme tedy na ni metodu variace konstant:
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2. Priklad: Reste zadané homogenni linearni diferencialni rovnice s konstantnimi koeficienty
(a) ([Cha-PMII] 462): " —9y =0

Mo9=A=3)A+3)=0 = y(t)=cre ¥ +cpe*
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(b) ([Cha-PMII| 463): " — 8y + 16y = 0

M8 A+16=A-4)2=0 = y(t)=cite’ 4 cpe™
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(¢) ([Cha-PMII] 464): y" — 2y + 2y =0

M —2XA4+2=0 = MNo=1+4i
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(d) ([Cha-PMII| 465): y" + 3y’ =0

M43 =AA+3)=0

= y(t) = cre’ cos(t) + coe’ sin(t)
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= ylt)=c+ coe 3t
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(e) ([Cha-PMII| 467): ¥ +y' +2y =0

-1 7 ¢ 7 ¢ 7
MAA42=0 = N\o= Tizg = y(t) =cie” 2 cos ({t) + coe” 2 sin ({t)
104
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C1 = 1, Coy = 0
44 C1 = 0, Cy = 1
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(f) (JMI21-ODR] piiklady k procviceni ke kapitole 9, 3.h): 4 + 10y” + 9y = 0
MAET1N+9=N+9YN+1)=0 = I {i,3i,—1,-3i}
= y(t) = c1 cos (t) + ca cos (3t) + ¢z sin (t) + ¢4 sin (3t)
0.5
cr=1, ¢c=0, ¢c3=0, ¢c4=0
Cq =0, ('271. (';;7()A Cy =0
* : ! c1=0, =0, c3=0, c4=1
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3. Priklad ([MI21-ODR] piiklady k procviceni ke kapitole 9, 4): Jak vypada LDR fadu 4 s konstant-
nimi redlnymi koeficienty, jestlize kofeny jejiho charakteristického polynomu jsou 1, 1, —3i, 3i:
Reseni:

0=A=1)2A=3)(A+3) = (AN =22+ 1)(A\2 +3) = A" —2X3 + 40 — 6\ + 3

Hledana LDR je
y(4) o Qy/// + 4y// B 6y' + 3y —0.

4. Piiklad ([MI21-ODR] piiklady k procviceni ke kapitole 9, 10): Naleznéte feSeni zadanych Cauchy-
ovych tloh

(a) {y” 9 = e
y(5) =Ly (§5) =%

y" + 4y = sin(t) + 2sin(3t)
) {y 0)=0, ¥/ (0)=0

Reseni:

(a) Ponejprve najdeme interval obsahuji ¢islo T, na kterém je funkce m spojité:

0#sin3t) = 3t¢ (J{hn) = tgéU{kg}.

kEZ keZ

Jelikoz 05 < § < 1%, je hledanym intervalem J = (0, §). Hleddme na J fefeni zadané

diferencialni rovnice:
i. homogenni rovnice: A2 +9=0 = X € {3i,-3i} = yu(t) = c1 cos(3t) + ca sin(3t)
ii. variace konstant: (yp(t) = ¢1(t) cos(3t) + ca(t) sin(3t)) A (yjé(t) + 9yp(t) = ﬁ) .
Ve shodé s navodem v [MI21-ODR] vypocteme

yp(t) = | (t) cos(3t) + c4(t) sin(3t) —3cq (¢) sin(3t) + 3ca(t) cos(3t)

a polozime oznacenou ¢ast rovnu nule:

A (t)cos(3t) + c4(t)sin(3t) =0 = ch(t) = —c)(t)

Pak je
yp(t) = =3¢ (t) sin(3t) 4 3ch(t) cos(3t) — 9c1 (t) cos(3t) — 9ea(t) sin(3t).

Dosazenim do diferencialni rovnice pro yp dostavame

1
sin(3t)

= yb(t) +9yp(t) = =3¢} (t) sin(3t) + 3ch(t) cos(3t) =

cos?(3t)\ iy 1
sin(3t) ) = —3a(t) sin(3t)

= —3c}(t) (sin(?)t) +

sin2 (3t)+cos?2 (3t)
sin(3t)



Vsiméme si, ze t € (0,%) = 3t € (0,7) = sin(3t) € (0,1) = 157 € (1,00). Déle pak

sin(3t)
ci(t)z—égt L oaW=-5
ch(t) = 72 ea(t) = 3 [ S50 dt = 5 In (sin(3t))
t 1
=yp(t) = ~3 cos(3t) + 9 In (sin(3t)) sin(3t)

a proto

y(t) =y (t) +yp(t) = c1 cos(3t) + cosin(3t) — %cos(?ut) + %ln (sin(3t)) sin(3t)

1
y'(t) = —3cy sin(3t) + 3cg cos(3t) + tsin(3t) + g 3;0?;?;) sin(3t) + 31n (sin(3t)) cos(3t)
in

Dosazenim do pocate¢nich podminek dostaviame

e - 2
a konecné
y(t) = sin(3t) — %cos(?)t) + In (sin(3t)) sin(3t) na ¢ € (0, g)
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http://www.wolframalpha.com/input/?i=y%27%27%27%27%2B10y%27%27%2B9y%3D0

(b)
i. homogennf rovnice: A2 +4=0 = X € {2i,—2i} = yu(t) = c1 cos(2t) + cq sin(2t)
ii. variace konstant:
(yp(t) = ¢1(t) cos(2t) + ca(t) sin(2t)) A (y%(t) + 4yp(t) = sin(t) + 2 sin(St)>
Napocteme si potiebné derivace (a zaddme vztah mezi ¢1(t) a co(t) tak, aby zmizely
ch, ¢4 ve vztahu pro yp)
=0
yp(t) = ) (t) cos(2t) + ch(t) sin(2t) —2c1 (t) sin(2t) + 2co(t) cos(2t)
yp(t) = =21 (t) sin(2t) + 2¢5(t) cos(2t) — deq (t) cos(2t) — dea(t) sin(2t)
cos(2t)
L) = —c (t
c5(t) e ( )sin(2t)
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