
MARS - test 2

1. P°íklad [10b]: Najd¥te v²echna °e²ení diferenciální rovnice:

y′′(t) + 3y′(t) + 2y(t) =
1

1 + et

�e²ení:

Homogenní rovnice: y′′H(t) + 3y′H(t) + 2yH(t) = 0 t ∈ R

λ2 + 3λ+ 2 = (λ+ 1)(λ+ 2) = 0 ⇒ λ1 = −1
λ2 = −2 charakteristický polynom

yH(t) = c1e
−t + c2e

−2t c1, c2 ∈ R

Partikulární °e²ení: y′′P (t) + 3y′P (t) + 2yP (t) =
1

1 + et
kde yP (t) = c1(t)e

−t + c2(t)e
−2t

y′P (t) = c′1(t)e
−t + c′2(t)e

−2t+

− c1(t)e−t − 2c2(t)e
−2t

dle [MI21-ODR] str. 106 zvolíme c′1(t)e
−t + c′2(t)e

−2t = 0 c′2(t) = −c′1(t)et

y′P (t) = −c1(t)e−t − 2c2(t)e
−2t

y′′P (t) = −c′1(t)e−t − 2c′2(t)e
−2t+

c1(t)e
−t + 4c2(t)e

−2t

1

1 + et
= y′′P (t) + 3y′P (t) + 2yP (t) =

= −c′1(t)e−t − 2c′2(t)e
−2t

e2t

1 + et
= −c′1(t)et − 2c′2(t) = c′1(t)e

t

c1(t) =

ˆ
et

1 + et
dt =

(ˆ
1

1 + z
dz

)
|z=et

= ln
(
1 + et

)
c2(t) = −

ˆ
e2t

1 + et
dt =

(ˆ
z

1 + z
dz

)
|z=et

= −et + ln
(
1 + et

)
yP (t) = ln

(
1 + et

)
e−t +

[
−et + ln

(
1 + et

)]
e−2t

�e²ení : y(t) = yP (t) + yH(t) = ln
(
1 + et

)
e−t +

[
−et + ln

(
1 + et

)]
e−2t+

+ c̃1e
−t + c2e

−2t c1 = c̃1 − 1

= ln
(
1 + et

) (
e−t + e−2t

)
+ c1e

−t + c2e
−2t c1, c2 ∈ R, t ∈ R

Link na wolframalpha.

1

http://www.wolframalpha.com/input/?i=y%27%27%2B3*y%27%2B2*y%3D1%2F%281%2Bexp%28x%29%29
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2. P°íklad [10b]: Najd¥te v²echna °e²ení soustavy diferenciálních rovnic

y′(t) =

[
1 1
−2 4

]
y(t), y(0) =

[
0
−1

]
.

�e²ení:

A =

[
1 1
−2 4

]
Ur£eme vlastní £ísla

det(A) = (1− λ)(4− λ) + 2 = (3− λ)(2− λ) = 0 λ1 = 2, λ2 = 3

Ur£eme vlastní vektory

λ1 = 2 :

[
− 1 1
− 2 2

]
r2 − 2r1

→
[
− 1 1
0 0

]
−→ u1 =

[
1
1

]
λ2 = 3 :

[
− 2 1
− 2 1

]
r2 − r1

→
[
− 2 1
0 0

]
−→ u2 =

[
1
2

]
Fundamentální systém °e²ení soustavy

ϕ1(t) = e2t
[
1
1

]
ϕ2(t) = e3t

[
1
2

]
�e²ení soustavy

y(t) = c1e
2t

[
1
1

]
+ c2e

3t

[
1
2

]
=

[
c1e

2t + c2e
3t

c1e
2t + 2c2e

3t

]
, c1, c2 ∈ R, t ∈ R

Po£áte£ní podmínka [
0
−1

]
= y(0) =

[
c1 + c2
c1 + 2c2

]
=

[
1 1
1 2

] [
c1
c2

]
[
c1
c2

]
=

[
1 1
1 2

]−1 [
0
−1

]
=

[
2 −1
−1 1

] [
0
−1

]
=

[
1
−1

]
y(t) =

[
e2t − e3t

e2t − 2e3t

]
, c1, c2 ∈ R, t ∈ R
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