
1. Vypo£t¥te derivaci funkce f , ur£ete Df a Df ′, pro funkci

(a) f(x) =
√
1− sin(x2)

http://www.wolframalpha.com/input/?i=sqrt%281-sin%28x^2%29%29

http://www.wolframalpha.com/input/?i=differentiate+sqrt%281-sin%28x^2%29%29+wrt+x

(b) f(x) = xcos(x)

http://www.wolframalpha.com/input/?i=x^cos%28x%29

http://www.wolframalpha.com/input/?i=differentiate+x^cos%28x%29+wrt+x

(c) f(x) = 5(x
2) − (5x)

2

http://www.wolframalpha.com/input/?i=5^%28x^2%29-%285^x%29^2

http://www.wolframalpha.com/input/?i=differentiate+5^%28x^2%29-%285^x%29^2+wrt+x

(d) f(x) = x arcsin
(

x
x+1

)
+ arctg (

√
x)−√x

http://www.wolframalpha.com/input/?i=x*asin%28x%2F%28x%2B1%29%29%2Batan%28sqrt%28x%29%29-sqrt%

28x%29

differentiatex*asin(x/(x+1))+atan(sqrt(x))-sqrt(x)wrtx

(e) f(x) =
√√

1− x2 − 1

2. Vypo£ti f(π4 )− 3f ′(π4 ) funkce f(x) =
cos2(x)

1+sin2(x)
.

3. Vypo£t¥te druhou derivaci funkce f(x) = e−x sin(x).

4. Napi² rovnici te£ny ke grafu funkce f(x) = 8
4+x2 v bod¥ [x0, y0] = [2, ?].

5. Pod jakým úhlem se protínají k°ivky ϕ1 : x2 + y2 − 5 = 0 a ϕ2 : y2 − 4x = 0?



�e²ení

1. Budeme pouºívat nekorektní, ale zato p°ehledn¥j²í zápis výpo£tu derivace

(a) f ′(x) =
((

1− sin(x2)
) 1

2

)′
= 1

2

(
1− sin(x2)

)− 1
2
(
1− sin(x2)

)′
=

cos(x2)

2x︷ ︸︸ ︷(
x2
)′

2
√

1−sin(x2)
= x cos(x2)√

1−sin(x2)

Df = R; 1− sin(x2) 6= 0 =⇒ x2 /∈ ⋃
k∈Z

{
π
2 + 2kπ

}
=⇒ Df ′ = Rr

⋃
k∈N∪{0}

{
−
√

π
2 + 2kπ,

√
π
2 + 2kπ

}
(b) f ′(x) =

(
ecos(x) ln(x)

)′
= ecos(x) ln(x) (cos(x) ln(x))

′
= xcos(x)

(
− sin(x) ln(x) + cos(x) 1x

)
=

= xcos(x)
(

cos(x)
x − sin(x) ln(x)

)
; Df = Df ′ = R+

(c) f ′(x) = 5(x
2) ln(5)2x− 2(5x)5x ln(5) = 2 ln(5)

(
x5(x

2) − (5x)
2
)
; Df = Df ′ = R

(d)
(
−1 ≤

1− 1
x+1︷ ︸︸ ︷
x

x+ 1
≤ 1
)
⇐⇒

(
0 ≤ 1

x+1 ≤ 2
)
⇐⇒

(
x+ 1 ∈ 〈 12 ,∞)

)
⇐⇒

(
x ∈ 〈− 1

2 ,∞)
)

(
−1 ≤ x

x+1 ≤ 1
)
∧
(
0 ≤ x

)
=⇒

(
0 ≤ x

)
=⇒ Df = 〈0,∞)(

∀x ∈ Df
)
: f ′(x) = arcsin

(
x
x+1

)
+ x 1√

1−( x
x+1 )

2

x+1−x
(x+1)2 + 1

1+(
√
x)

2
1

2
√
x
− 1

2
√
x
=

= arcsin
(

x
x+1

)
+ x

(x+1)
√

(x+1)2−x2
+ 1

2
√
x

( 1

1 + x
− 1︸ ︷︷ ︸

−x
1+x

)
= arcsin

(
x
x+1

)
+ x

x+1

(
1√

2x+1
− 1

2
√
x

)

Df ′ = R+ = (0,∞)

(e)
(√

1− x2 − 1 ≥ 0
)
∧
(
1− x2 ≥ 0

)
=⇒

(
|1− x2| ≥ 1

)
∧
(
x ∈ 〈−1, 1〉

)
=⇒

=⇒
(
−x2 ≥ 0

)
∧
(
x ∈ 〈−1, 1〉

)
=⇒ Df = {0} =⇒Derivaci nemá smysl po£ítat, jelikoº Df ′ = ∅

2. Df = R; f ′(x) =
2 cos(x)(− sin(x))(1+sin2(x))−cos2(x)2 sin(x) cos(x)

(1+sin2(x))2
= −2 sin(x) cos(x) 1+sin2(x)+cos2(x)

(1+sin2(x))2
=

= −2 sin(2x)

(1+sin2(x))2
=⇒ f(π4 )− 3f ′(π4 ) =

(
1√
2

)2

1+
(

1√
2

)2 − 3 −2·1(
1+
(

1√
2

)2
)2 =

1
2
3
2

+ 6 1

( 3
2 )

2 = 1
3 + 8

3 = 3

3. f ′′(x) = (e−x(−1) sin(x) + e−x cos(x))
′
= (e−x (cos(x)− sin(x)))

′
=

= e−x(−1) (cos(x)− sin(x)) + e−x (− sin(x)− cos(x)) = −2e−x cos(x)

4. [x0, y0] = [2, f(2)] = [2, 1]; f ′(x) = 8(−1)(4 + x2)−22x =⇒ f ′(2) = −16 · 8−2 = − 1
2 ;

te£na v [x0, f(x0)] : y − f(x0) = f ′(x0)(x− x0) =⇒ y − 1 =
(
− 1

2

)
(x− 2) =⇒ y = − 1

2x+ 2

5. Pr·se£íky:
(
x2+y2−5 = 0

)
∧
(
y2−4x = 0

)
=⇒

(
x2+4x−5 = (x−1)(x+5) = 0

)
=⇒

(
(x = 1)∧(x = −5)

)
a jelikoº pro x = −5 nelze najít reálné y aby bod [x, y] ∈ ϕ2 (tj y2 − 4(−5) = 0), pr·se£íky k°ivek mohou
mít x-ovou sou°adnici pouze 1. Potom z y2 − 4 · 1 = 0 plyne, ºe moºné pr·se£íky jsou pouze [1,−2], [1, 2].
V²imn¥me si, ºe

((
[x, y] ∈ ϕ1

)
⇒
(
[x,−y] ∈ ϕ1

))
∧
((

[x, y] ∈ ϕ2

)
⇒
(
[x,−y] ∈ ϕ2

))
tedy ob¥ k°ivky jsou

symetrické podle osy y a úhel, ve kterém se protínají, je u obou pr·se£ík· stejný. Zabývejme se tedy pouze
pr·se£íkem [x, y] = [1, 2].
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V jeho okolí je y > 0 a protoºe

ϕ1 :
(
x2 + y2 − 5 = 0

)
=⇒

(
y2 = 5− x2

) y>0
=⇒

(
y =
√
5− x2

)
,

ϕ2 :
(
y2 − 4x = 0

)
=⇒

(
y2 = 4x

) y>0
=⇒

(
y =
√
4x
)
,

lze navíc k°ivky ϕ1, ϕ2 na tomto okolí nahradit funkcemi ϕ1 ≡ f1, ϕ2 ≡ f2, kde f1(x) =
√
5− x2 a

f2(x) =
√
4x = 2

√
x. Dále je f ′1(1) =

(
−x√
5−x2

)
|x=1

= − 1
2 , f

′
2(x) =

(
1√
x

)
|x=1

= 1, tedy úhly z obrázku

jsouα1 =
∣∣arctg(− 1

2 )
∣∣ = arctg( 12 ), α2 = arctg(1) = π

4 .
Zadané k°ivky se protínají pod úhlem π

4 + arctg( 12 ).


