Theoretically supported scalable BETI method for variational
inequalities®

J. Bouchala, Z. Dostal and M. Sadowska
Department of Applied Mathematics
VSB - Technical University of Ostrava
Ostrava, Czech Republic

Abstract

The Boundary Element Tearing and Interconnecting (BETI) methods were recently introduced as
boundary element counterparts of the well established Finite Element Tearing and Interconnecting
(FETT) methods. Here we combine the BETI method preconditioned by the projector to the “natural
coarse grid” with recently proposed optimal algorithms for the solution of bound and equality constrained
quadratic programming problems in order to develop a theoretically supported scalable solver for ellip-
tic multidomain boundary variational inequalities such as those describing the equilibrium of a system
of bodies in mutual contact. The key observation is that the “natural coarse grid” defines a subspace
that contains the solution, so that the preconditioning affects also the nonlinear steps. The results are
validated by numerical experiments.
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1 Introduction

The Boundary Element Tearing and Interconnecting (BETI) methods were introduced by Langer and Stein-
bach [32] as boundary element counterparts of the Finite Element Tearing and Interconnecting (FETTI)
domain decomposition methods proposed by Farhat and Roux [25, 26] for parallel solving of linear problems
described by elliptic partial differential equations. The key ingredient of both methods is a decomposition
of the spatial domain into non—overlapping subdomains that are “glued” by Lagrange multipliers, so that,
after eliminating the primal variables, the original problem is reduced to a small, relatively well conditioned,
typically equality constrained quadratic programming problem that is solved iteratively. The time that is
necessary for both the elimination and iterations can be reduced nearly proportionally to the number of the
processors, so that the algorithm enjoys parallel scalability. Both the FETI and BETI procedures can be
conveniently described in the framework of the duality theory of convex programming.

If either BETT or FETT procedure is applied to an elliptic variational inequality, the resulting quadratic
programming problem has not only the equality constraints, but also the non—negativity constraints. Even
though the latter is a considerable complication as compared with linear problems, it seems that these duality
based procedures should be even more powerful for the solution of variational inequalities than for the linear
problems. The reason is that these methods do not only reduce the original problem to a smaller and better
conditioned one, but they also replace for free all the inequalities by the bound constraints. Promising
experimental results by Dureisseix and Farhat [21] in the FETT framework supported this claim and even
indicated numerical scalability of their method. Recently, Dostél and Hordk [15] used the FETT method
with a “natural coarse grid” to develop a scalable algorithm for the numerical solution of both coercive and
semicoercive variational inequalities. The rate of convergence is given in terms of the effective condition
number of the dual Schur complement of the stiffness matrix, which is known [24] to be bounded by CH/h,
where C'is a constant independent of the discretization and decomposition parameters h and H, respectively.
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We refer the reader to [15] for more comprehensive review of applications of other FETT based approaches to
variational inequalities, in particular those concerning application of the FETI-DP (Dual-Primal) method
introduced by Farhat et al. [23].

Most of these nice properties are preserved by the BETI method proposed by Langer and Steinbach [32].
In this paper, we describe a scalable BETI based algorithm for numerical solution of multidomain boundary
variational inequalities discretized by symmetric Galerkin boundary element equations. Though the BETI
part of our development is based on Langer and Steinbach [32], we could not use their preconditioning strat-
egy. The reason is that their preconditioner transforms the bound constraints into more general inequality
constraints which can not be treated by our in a sense optimal quadratic programming algorithms. Instead
we use the preconditioning by so called “natural coarse grid” which is defined by the equality constraints
which guarantee solvability of the dual problem. The key tool in our analysis is the observation by Langer
and Steinbach [32] that the discretized Steklov—Poincaré operators generated by FETI and BETI are spec-
trally equivalent, so that we can exploit the analysis by Farhat, Mandel, and Roux [24]. We exploit the “all
floating” or “total” variant of BETI/FETI methods introduced independently by Of [34] and Dostél, Horak,
and Kucera [16], respectively.

Since the nonlinearity of the boundary variational inequality is limited to the boundary, the idea to
eliminate the interior unknowns by application of the boundary element (BE) method seems to be a natural
step in the solution of these problems. This idea has been enhanced by several authors, see, e.g., Spann
[38] and Eck, Steinbach, and Wendland [22]. The dual formulation in combination with BE was considered
by Dostél et al. [17], Sadowskd [37], and Bouchala, Dostdl, and Sadowskd [3, 5]. The boundary element
approach is attractive also for the applications in contact shape optimization [20].

Recently, fast BE methods have been developed and studied. Methods such as, e.g., fast multipole [35] or
hierarchical matrices [6] reduce the solution time and memory storage requirement significantly. Application
of these methods in our algorithms is straightforward and shall be of our future interest.

The paper is organized as follows. After describing a model problem, we briefly review the BETI method-
ology [3, 5] that turns the variational inequality into the well conditioned quadratic programming problem
with bound and equality constraints. The conditioning of the dual problem is further improved by appli-
cation of the projector to the natural coarse grid. Then we review our algorithms for the solution of the
resulting bound and equality constrained quadratic programming problem whose rate of convergence can be
expressed in terms of bounds on the spectrum of the dual Schur complement matrix [11, 19, 10]. Finally, we
present the main results about optimality of our method and give results of numerical experiments.

2 Model problem

To simplify our exposition, we shall restrict our attention to a simple semicoercive model problem, but our
reasoning can be extended to more general problems. In particular, our analysis is valid also for a coercive
variant of our model problem which can be obtained by enhancing additional Dirichlet conditions.

Let us consider the domains Q' := (0, 1) x (0, 1) and Q2 := (1, 2) x (0, 1) with boundaries I'" and I'?,
respectively. Each boundary I'™ is decomposed into three parts I'", F’JZL, and I'7*; see Figure 1. Note that
I'2 is empty. Furthermore, let f € L?(Q! UQ?). We shall be concerned with the following model problem of
finding a sufficiently smooth (u!, u?) satisfying

m : m 1 1 ou™ m
“Au™=f Q" w =0 onl,, ——=0 onl}, m=1,2, (2.1)
on
together with the conditions given on ', := 'l =T'%:
ou? ou? out  ou?
Zout>0, —>0, —@W—-u')=0, —+—=0. 2.2
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To simplify our notation, we shall assume from the beginning that

-3 for x € (0, 1) x [0.75, 1),
flx):=9 -1 for z € (1, 2) x (0, 0.25],
0 elsewhere in Q' U Q2.

Thus f is fixed in our exposition.



Figure 1: Model problem.

The solution (u!, u?) of our model problem may be interpreted as a vertical displacement of two mem-
branes stretched by normalized horizontal forces and pressed down by forces with the density f. The left
membrane Q! is fixed on the left edge. The left edge of Q2 is not allowed to penetrate below the right edge
of QL.

3 Domain decomposition and reduction to the boundary

To develop an algorithm that is suitable for parallel implementation, let us decompose each domain Q" into
p™ non-overlapping Lipschitz subdomains ;" with boundaries I'}"*,
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The set I']" is a skeleton of Q2. Moreover, we shall assume that for each subdomain Q" we have

diam Q" < 1. (3.1)

Now instead of the original problem (2.1), (2.2), we shall consider a system of the local subproblems

—Au*=f in Q" (3.2)
1 m 1 m 6”?1 m m
u; =0 onIT"NT,, A":= =0 onIy"NIY, (3.3)
on
u? —ul >0, )\? >0, )\f(u? —wuj)=0, and )\? +M=0 onT;nN F?, (3.4)
together with the transmission conditions
u* =ui" and A"+ A" =0 onlI7%. (3.5)

Let us introduce the standard boundary integral operators, in particular the local single layer potential oper-
ator V;™, double layer potential operator K™, adjoint double layer potential operator K/™, and hypersingular
integral operator D] defined by
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x € T'". The mapping properties of these boundary integral operators may be found, e.g., in [8]. The
function U is the so—called fundamental solution of the Laplace equation in R? given by

1
Uz, y) = —%log |z —y| forx, yc R

It follows from the assumptions and particularly from (3.1) that the operator V;™ is H~/2(T'7*)-elliptic, and
therefore its inversion is well-defined. Now we can define the local Steklov—Poincaré operator S}* by

1 1
(SPup) (@) o= | DI+ (51 + KV GE+ K [ul'(a), @ e T,
and the local Newton potential N;™ f by

(N f) (@) = (V™) (NG f) (=), eI,

where

(N f) (2) = / Uz, 9)f(y) dy.
Q;ﬂ

It can be further shown that the local Steklov—Poincaré operator

s HYATT) BV

is bounded, symmetric, and semielliptic on H'/2(T'/*). For more details on the properties of the Steklov—
Poincaré operator, we refer, e.g., to [40].

Now we can introduce the weak formulation of the problem (3.2), (3.3), (3.4), and (3.5) reduced to the
skeleton: find (u!, u?) € K such that

> /(SZ”UT)(JS)(UE” —uf) (@) dsy =) Y [ (N ) (@) (0] = ul) (@) ds, (3.6)
m=1i=1 rm m=1 i=1 e

for all (vl, v?) € K, where
K= {(vl,v2) € Hé/Q(l"i,l"i) x HY2(T2): v =o' >0 on I‘C},

and v denotes the restriction of v™ onto I'7*. Here, HY/?(T'") is a trace space of H(Q™) restricted to '™
equipped with the norm

plYl 1/2
||UHH1/2(F?Z) = lz | U|F;n ”?{1/2(1“;'1) ] )
i=1

and

Hé/Q(I‘i,Fi) = {v € Hl/z(I‘i) =0 on Fi}
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It is well-known that problem (3.6) is equivalent to the problem of minimization of the energy functional:

find (u!, u?) € K such that

J(u',v®) =min {J(v',v%): (v',0*) €K},

where

Functional J is coercive due to

pZ/ x) ds, <0

1= 1

which follows from

/ (@) dz < 0.
P

This observation implies, see, e.g., [29], that problem (3.7) is uniquely solvable.

(3.7)

4 Approximation of the local Steklov—Poincaré operator and

Newton potential

Since the local Steklov—Poincaré operators S} and Newton potentlals N/ f are given only implicitly, for the
practical computations we have to choose suitable approximations Sm and N ™ f e.g., as introduced in [40].

For v € H'/2(I'™) we have
1
(S"0") (@) = (Do) (@) + (51 + K™ )wi"(2)  for z € T,
where w}™ € H~'/2(T'7") is the unique solution of the problem
Va7 = (GT+KPWP)  forall i € BT,
12

Let

i

Z}, = span {1/),:“} c H Y2

be a finite-dimensional space of trial functions. Then the Galerkin formulation of (4.1) reads: find wy"
such that

1
< melnh,ﬁ’;)H(FM) = <(2I—|— K;’L)U?,T;fﬁl> for all 7} € Z]"},.
L2(I'm)
Now we define an approximation of S/" by

~ 1
(S7op) @) i= (D'l @) + (5T + K" ull(e) for a €T

Analogously we can derive an approximation of N;" f defined by

(N"f)(@) := yfi, () for @ € TT,

where y;", € Z["} solves uniquely the Galerkin variational problem

EZ



<%my3@h,fi’?}l>m(rm) = <N(Tif, T%>L2(FT,L) for all Tf}l €2

Thus, instead of (3.7), we shall consider the following problem: find (u', u?) € K such that

J (!, u?) = min {5( L2 (0),0?) € /c}, (4.2)

where

5 Discretization
Let
Wﬁ := span {gp,lg}zill C Hé/2(F;,Fi)
and
W,% := span {50%}24:21 C Hl/Q(Fi)

be the global finite—dimensional trial spaces on the skeletons I'! and I'2. We shall assume that the grids on
I'l and I'? match across I'.. Then the Ritz formulation of (4.2) reads: find (u}, u) € K, such that

(b, uf) = min { T (vh,02) + (vh,0}) € K}, (5.1)
where
K= {(vy,v3) € Wl x W2 : v}(25) —vp(z}) =0 for all matching nodes
2}, ij across I'c} .
Let

m
7

W, := span {@?’i}k_l

be the restriction of W;" onto I'}*. Clearly, for any goZ” € W7, there exists a unique ;" € W;" satisfying
ot = @ pm- For any v € W™ and its restriction v}, € W[} we can compute the so-called connectivity
matrix A" € RM"*M™ guch that

vt = AV, (5.2)

. . iy M m
where vi" and v™ are the vectors of coordinates of v/, and v} in the bases {¢;""},;Z; and {@p"}rl],

respectively. Problem (5.1) is further equivalent to the problem: find (u!, u?) € K such that

Jo(u',v®) =min {JH(v',v?): (v',v’) e K}, (5.3)
where
w3 S (L (S, ) — (R, e
m=1 i=1 2 7 ,
and

K = {(vl,v2) c RM' x RM* . v2[j] — vl[i] > 0 for all indices i, j

corresponding to the matching nodes z!, z? across Fc} .

RN



Here, glnh e RM"xM" ig the discrete approximate local Steklov—Poincaré operator

m S|
Si,h = i,h + (2

and l?{znh e RM" is the discrete approximate local Newton potential

zh+K )(Zlh)i( M +K )

m

B T 1
Ri,h = ( ?,lh) ( i, in)” No ih
The boundary element matrices and vector N¢’; ;, are given by

B = (Ve Z>L2(F§n) ’ Vi € BRI,
ME ) = e lm’i>L2(F§”)7 M, € RN,
Kinlln] = <Km%n E lm,i>L?(FI") ’ Ki, € RN M
Dihla,n] o= (Do 00 ooy » DI, € RMI XM

Bl = (NGO Ny, € RV

The local stiffness matrices V;'},, K"}, and D}, can be evaluated using analytical integration in combination
with numerical integration schemes. All these matrices are dense. In computations, we can exploit the
symmetry of V" and D}, and the equalities

LM M™ M
5 S OMPLLn] ==Y K[ln] and > Dylg,n] =0
n=1 n=1 n=1

forl=1,...,N/*, ¢g=1,...,M™. For evaluation of the vector Ngfl-,h it is necessary to compute the local
Newton potential Ng f. This can be done by an indirect approach using the finite element method, as
introduced in [39, 40].
Now considering (5.2), we can read the minimized functional in (5.3) as the function of variables
vi, ..., V;I, Vi, vf)z. Let us denote
vi= (VDT ()T DT ()T
To ensure the continuity condition across all interfaces I'}";, we define the equality constraints

Bcv = 0,

and to describe the non—interpenetration condition across the interface I'., we introduce the inequality
constraints

B]V <0.

Each row of B¢ and By is associated with a set of matching nodes on I'}"; and T'¢, respectively; it has 1 and
—1 on the appropriate positions and zeros elsewhere. More details can be found in [13] and [14]. Following
the recently proposed TFETI domain decomposition method [16, 34], we can enforce also the homogeneous
Dirichlet condition on I'. by the equality constraints

BDV =0.

This approach is motivated by an effort to treat all the subdomains in the same way and to enrich the kernel
of the stiffness matrix which we shall use in construction of our preconditioner. As a result, we shall consider
also the trial functions ¢}, that are nonzero on I'.. The rows of the matrix Bp are associated with the nodes
on I'L: their entries are equal to zero except the unique 1 in the position corresponding to the node with
prescrlbed zero displacement. Now we can reformulate (5.3) as the following problem: find u such that

J(u) =min {J(v): B;v<0, Bgv=0}, (5.4)



where

J(v) = %VTgv - f{TV,

By = [B BT]T,

~1 ~2 ~2
S:= diag (Sl hy v Spl,h’ Sl,h? RN Sp2,h)7

~ ~1 ~1 ~2 ~2 T
R = |:(R17h)T, ey (Rplﬁ)Ta (Rl,h)T7 ERRE) (RpQ,h)T] :

6 Dual formulation

Now we shall eliminate the primal variables using the duality theory in order to improve conditioning and
simplify the structure of our problem. In particular, this step shall replace the general inequality constramts
in the primal formulation (5.4) by the bound constraints in the dual formulation. First, the matrices Sl 1
are positive semidefinite due to the lack of the Dirichlet boundary condition, and therefore they are smgular

=m,+ . . .
Let us denote by Szn any symmetric matrix that satisfies

~m,+ ~m

Sh_Sth Szh7

~+ ~1,4 ~1,4 =2+ ~2,4 i
so that the matrix S :=diag(S; ,...,S,1 ,S; , ..., S,2 ) satisfies

~ ~~+~
S=SS S.
Let us also denote by R a matrix whose columns span the null space of S. We shall assume that

R:=diag (R}, ..., Ry, RY, ..., R%),

where R]" corresponds to the kernel of SI*. Thus the matrix R has p := p'+p? columns, each subdomain being
associated with a column of R with ones in the positions corresponding to the indices of the nodes belonging
to the subdomain and zeros elsewhere. By introducing the Lagrange multipliers A; and Ag associated with
the inequalities and equalities, respectively, and denoting

| A _ | Br
)\.{/\E] and B'{BE}’
we may equivalently replace problem (5.4) by the problem: find X such that
O(X) = min {@(A) S Ar>0, GA= a} : (6.1)
where
Lyt T3
O(A) := 5)\ FA—X"d
and
<t 3 st £ TRT = TH
F:=BS B, d:=BS R, G:=R"B", e:=R"'R.
Once the solution X of (6.1) is known, the solution u of (5.4) may be evaluated by
u=3 (R—B™X) +Ra
and the formula
_(RTB'BR)"'RTB BS (R - BTX),
~ ~T T ~
where B := [B Is Bg} , and the matrix B; is formed by the rows of B; corresponding to the positive entries

of A7. The procedure is similar to that described in [18].



7 Natural coarse grid

Even though problem (6.1) is much more suitable for computations than (5.4), further improvement may be
achieved. As we shall give only a sketch here, we note that the details may be found, e.g., in [14].

Let us introduce a nonsingular matrix T defining orthonormalization of the rows of G so that the matrix

G:=TG
has orthonormal rows. After denoting
e:=Te,
problem (6.1) reads: find A such that
O(A) =min {O(A): A\; >0, GA=e}. (7.1)

Our next step is to look for the solution of (7.1) in the form A = p + ;\, where GA = e. The following

lemma shows that we can even find X such that Ar > 0.

Lemma 7.1. Let B be such that the negative entries of By are in the_columns that correspond to the nodes
in the floating domain Q2. Then there is a A such that A1 > 0 and GA = e.

Proof: See [14]. O
Since
IR AT = TR uT(@-FA) A FA-X 4
problem (7.1) is, after returning to the old notation, equivalent to the problem: find A such that
Ao(X) = min {AO(A) C Ar>—A;, GA= 0}, (7.2)
where
Ao(X) = %ATFA - "d

and d := d — FA. We can further observe that problem (7.2) is equivalent to the problem: find X such that

A(X\) = min {A(A) C Ar> A7, GA= o} : (7.3)

where

AA) = %)\TPFPA - ATPd

and

P:=1-Q and Q:=G'G

are the orthogonal projectors on the kernel of G and on the image space of GT, respectively. The projectors
P and Q define the so—called natural coarse grid. Finally, we introduce an augmented Lagrangian associated
with problem (7.3)

1
LA p,p) = §>\T(PFP + pQA = ATPd + pTGA. (7.4)

Let us note that if [a, b] is an interval containing nonzero elements of the spectrum o {PFP} of PFP,0 < a,
then o {PFP + pQ} C [a, b] U {p}, so that PFP 4 pQ is nonsingular, and there is a bound on the rate of
convergence of the conjugate gradient method applied to the linear problem with the matrix PFP 4 pQ that
is independent of the penalization term p [9)].



8 Bounds on spectrum

Now we shall examine the spectrum of the Hessian F of Ag. Our main tool will be the observation of Langer
and Steinbach [32] that the local boundary element stiffness matrix Sl , 1s spectrally equivalent to some
Schur complement of the related local finite element stiffness matrix Ki",. We shall use this observation to
translate the classical estimate concerning the dual Schur complement matrices arising from application of
the FETI method into bounds on the spectrum of the nonsingular part of Fggy := F.

To describe this result and its consequences in more detail, let us assume that A is fixed, so that we
can skip it. Let us also identify each subdomain Q™ with the single index j := (m — 1)p! + i and denote

SBEM,; = gz;, R; := R}". Thus Sggwm,; is defined for j € {1,...,p} and

SgeMm := diag (Seem,1, SBEM 2 - - - » SBEM,p)-

Finally, observing that the number of columns of B is the same as the number of columns of Sggn, we can
impose the block structure of Sggy on the columns of B, so that

B =[B1, Ba, ..., By

and

p
Feem = BSEeB” =D B;Shuy ;B] -
j=1

Let us now specify the FETI counterpart of Fggy. In each subdomain, let us consider the regular grid which
generates the same boundary mesh as that used to form Fpgn, and let us denote by Krgwm,; the local finite
element stiffness matrix arising from the application of linear triangular elements. Numbering the unknowns
in the interior of the subdomain ; first, we can write

Kii; Kb
Krem,; = 7 o,
Kbij  Kob,

where the subscripts b and i refer to the subdomain boundary and the interior unknowns, respectively. The
finite element Schur complement matrix arising from elimination of the interior variables can be represented
in the form

SreM,; = Kbb,j — Kbi;jKij JKlb

Notice that the diagonal block Kj; ; is invertible as it can be interpreted as the stiffness matrix of a membrane
fixed on the boundary, but Spgm,; is singular with the same kernel as Spgm, ;. The FETI counterparts of
Spem and Fpgy are defined [24] by

Srem = diag (SreM,1, SFEM,2, - - -, SFEM p)

and

FFEM = BS;EM Z B SFEM o J

The bounds on the spectrum of Frpgy were established in Farhat, Mandel, and Roux [24]. To formulate
them, let us denote by Apmin(A) and Apax(A) the smallest and the largest eigenvalue of a given symmetric
matrix A, respectively.

Theorem 8.1. There are constants C1 > 0 and Cy > 0 independent of the discretization parameter h and
the decomposition parameter H such that

H
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Proof: See Theorem 3.2 of Farhat, Mandel, and Roux [24]. O

The statement of Theorem 3.2 of Farhat, Mandel, and Roux [24] gives only an upper bound on the spectral
condition number x(PFrryP | Im P). However, the reasoning that precedes and substantiates their estimate
proves both bounds of (8.1).

The following lemma allows us to carry over the above mentioned bounds on the spectrum of Fggy to
those on Fpgen.

Lemma 8.2. There are constants ¢ > 0 and C > 0 independent of the discretization parameter h and the
decomposition parameter H such that

(Sten; BT A B A) < (SfpniB) A BT A) < C(Sfgy ;BT A BJ A) (8.2)
TRT

Jor any X such that R; B; A = 0.

Proof: See Lemma 3.3 by Langer and Steinbach [32]. O

Langer and Steinbach consider in their proof only the Moore—Penrose generalized inverse SgEM’ i However,

observing that RjT BjT)\ = 0 is equivalent to BJT)\ € Im Spgwm, j, we get that there is a y so that BJTA = SpEM,;¥
and

(SEEM,]’B?)" B?)\) = yTSBEMJSgEM,jSBEMJy
yTSBEM,jy
= yTSBEM,jngMJSBEM7,jy
= (Sfgn, Bl A BTN,

so that Lemma 8.2 holds for any generalized inverse.
Now we are able to formulate the BETI counterpart to Theorem 8.1.

Theorem 8.3. There are constants C3 > 0 and Cy > 0 independent of the discretization parameter h and
the decomposition parameter H such that

H
Proof: Let us assume that A € Im P which means

R?B?Azo forj=1,...,0p,

and ||All = 1. Using Theorem 8.1 and Lemma 8.2, we get that there are constants ¢, C, C, and Cy such
that

P

o

Ci < A'FeemA = ) (Sfen,;Bj A B]A)
j=1
1 P
< —Z Sten Bl A, BIA) < 72 Stea,BIA, BIA)

H
= %ATFFEM)\ < gozh.

Since )
ATFEnA =) (Sfen,;B) A BT A),
j=1
we have thus proved that

11



H
CCl S )\TFBEMA S CCQH

To finish the proof, it is enough to set C3 := ¢C; and Cy := CCs. O

Langer and Steinbach [32] give stronger polylogarithmic bounds for the preconditioned F. We cannot use
this result since such preconditioning transforms the bound constraints to more general ones.

9 Algorithms

We shall now briefly review our algorithms for the solution of the bound and equality constrained problem
(7.3). They combine our semimonotonic augmented Lagrangian method [10] which generates approximations
for the Lagrange multipliers for the equality constraints in the outer loop with the working set algorithm for
the bound constrained auxiliary problems in the inner loop [19]. The gradient of the augmented Lagrangian
(7.4) is given by

g\, i, p) = PFPA — Pd 4 G (n + pGA).

Let Z denote the set of the indices of the bound constrained entries of X. The projected gradient g¥ =
gl (A, , p) of L at A is then given component-wise by

gP-—{gi for A;>-XA; or i¢T,

g, for Nj=-X; and i€Z,

where g, = min {g;,0}. Our algorithm is a variant of that proposed by Conn, Gould, and Toint [7] for
identifying stationary points of more general problems. Its modification by Dostdl, Friedlander, and Santos
[12] was used by Dostél and Hordk to develop a scalable FETI based algorithm, as shown experimentally in
[14]. All the necessary parameters are listed in Step 0, and typical values of these parameters for our model
problem are given in brackets.

Algorithm 9.1. Semimonotonic Augmented Lagrangian Method for Bound and Equality Constrained
Problems (SMALBE).

Step 0. {Initialization of parameters.}
Givenn >0 [p:=||Pd||], 8 >1[6:=10], M >0 [M :=1],
po > 0 [po := 100], and p® [u® := 0], set k := 0.
Step 1. {Inner iteration with adaptive precision control.}
Find A* such that )\§ > —;\I and
g (A", 1, pr) || < min {M[|GA™,n}.
Step 2. {Stopping criterion.}
It ||lgP (A", ¥, pi)|| and ||GA*|| are sufficiently small, then

A" is the solution.
Step 3. {Update of the Lagrange multipliers.}

P =t prGAY

Step 4. { Update the penalty parameter.}
If k> 0 and L(A®, p¥, p%) < LN bt pp0) + 8[| GAM|1%,
then

Pr+1 = PPk,
else
Pk+1 = Pk-
Step 5. Increase k and return to Step 1.

12



Step 1 may be implemented by any algorithm for minimization of the augmented Lagrangian L with respect
to A subject to Az > —A7 which guarantees convergence of the projected gradient to zero. More about the
properties and implementation of the SMALBE algorithm may be found in [10].

The unique feature of the SMALBE algorithm is its capability to find an approximate solution of problem
(7.3) in a number of steps which is bounded in terms of bounds on the spectrum of PFP + pQ [10]. To get a
bound on the number of matrix multiplication, it is necessary to have algorithm which can solve the problem

L\, p,p) —> min  subject to Az > —Az (9.1)

with the rate of convergence in terms of the bounds on the spectrum of the Hessian matrix of L.
To describe such an algorithm, let us recall that the unique solution A = A(u, p) of (9.1) satisfies the
Karush-Kuhn-Tucker (KKT) conditions

Xi=-X and ieZ implies g;(X) >0
and

x>\ or i ¢ 7 implies g;(A) =0.
Let A(X) and F(X) denote the active set and free set of indices of A, respectively, i.e.,
AN :={ieT: \i=-X} and FA):={i: \;>—A;jori¢T}.

To enable an alternative reference to the KKT conditions [2], let us define the free gradient o(A) and the
chopped gradient B(X) by

o s(A) for i€ F(X), _fo0 for i€ F(N),
?iN) '—{ 0 hr icaly A B '—{ g (A) for ic AN,

so that the KKT conditions are satisfied if and only if the projected gradient

g"(A) = p(X) + B(N)

is equal to zero. We call A feasible if A\; > —Xi for ¢ € Z. The projector P to the set of feasible vectors is
defined for any A by

P(A); :=max{A;, =X\;} forieZ, PA);:=X; fori¢T.
Let A denote the Hessian of L with respect to XA. The expansion step is defined by
AL p <>\k - ago()\k))

with the steplength @ € (0, [|A]|™']. This step may expand the current active set. To describe it without P,
let () be the reduced free gradient for any feasible A, with entries

S X+ X . N .
cpi—cpi()\):—min{Jr,cpi} forieZ, @,:=¢, fori¢T
a
such that

P(A—-ap(X) = A —ap(N).
If the inequality

IBAM)I? < T2R(AF)Tp(A") (9:2)

holds, then we call the iterate A* strictly proportional. The test (9.2) is used to decide which component of
the projected gradient g¥ (AF) will be reduced in the next step.
The proportioning step is defined by
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AL = AR — g, B(NF).
The steplength ., is chosen to minimize LR —aB(AF), u*, pr) with respect to o, i.e.,
o BTN
T BOANTABAY)

The purpose of the proportioning step is to remove indices from the active set.
The conjugate gradient step is defined by

k+1 . yk k
A = X" — ap”,

where p” is the conjugate gradient direction [1] which is constructed recurrently. The recurrence starts (or
restarts) with p® := ¢(A®) whenever A® is generated by the expansion step or the proportioning step. If p”
is known, then p**! is given by the formulae [1]

k+INT Ak
S S A — P(AT)" Ap
P =(ATT) —9p", v (") TApE
The conjugate gradient steps are used to carry out the minimization in the face W7 := {A: A; = “Xi

for i € J} given by J := A(A®) efficiently. The algorithm that we use may now be described as follows.
Algorithm 9.2. Modified Proportioning with Reduced Gradient Projections (MPRGP).

Let A’ be a vector such that A > —X; for i € Z, @ € (0, ||A[| 7], and T > 0 be given. For k > 0 and A*
known, choose A**! by the following rules:
Step 1. If gP(A¥) = 0, then set AF*1 .= AF,

Step 2. If A¥ is strictly proportional and gP()\k) #£ 0, then try to generate A**1 by the conjugate gradient
step.

If AFFL > —Xi for ¢ € Z, then accept it, else generate AkFL by the expansion step.
Step 3. If A" is not strictly proportional, define Af+L by proportioning.

The MPRGP algorithm has an R-linear rate of convergence in terms of the spectral condition number of
the Hessian A of L [19]. More about the properties and implementation of the SMALBE algorithm may be
found in [19, 11].

10 Optimality

To show that Algorithm 9.1 with the inner loop implemented by Algorithm 9.2 is optimal for the solution
of problem (or a class of problems) (7.3), we shall introduce a new notation that complies with that used in
[11]. We shall use

T:={(H,h)eR*: H<1, 2h < H and H/h €N}
as the set of indices. Given a constant C' > 2, we shall define a subset 7¢ of 7 by
To:={(H,h) eR?*: H<1, 2h<H, H/heN and H/h <C}.
For any t € 7, we shall define
A :=PFP +pQ, b;:=Pd,
B: :=G, Li7:=—Az, and £;¢:=—0c0

by the vectors and matrices generated with the discretization and decomposition parameters H and h,
respectively, so that the problem (7.3) is equivalent to the problem
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O¢(A;) — min subject to BA; =0 and A; >4 (10.1)
with ©;(N;) := %)\tTAt)\t - th)\t. Using these definitions, Lemma 7.1, and GGT = I, we obtain

IBel <1 and &l =0, (10.2)

where for any vector v with the entries v;, v denotes the vector with the entries v; := max{v;,0}.

Moreover, it follows by Theorem 8.3 that for any C' > 2 there are constants a,_ > a®. > 0 such that

max = “min

min max < (C2C. In
particular, it follows that the assumptions of Theorem 5 (i.e. the inequalities (10.2) and (10.3)) of [11] are
satisfied for any set of indices 7, C' > 2, so that we have the following result:

aC < Amin(At) S Amax(At) S agax (103)
for any t € T¢. Moreover, there are positive constants C; and Cs such that a%. > C; and a€

Theorem 10.1 Let C > 2 and € > 0 denote given constants, let {\F}, {u¥}, and {p, 1} be generated by
Algorithm 9.1 (SMALBE) for (10.1) with ||bs|| > n >0, 8> 1, M >0, p;o := po > 0, and p? := 0. Let
s > 0 denote the smallest integer such that 3°py > M?/aS, and assume that Step 1 of Algorithm 9.1 is
implemented by means of Algorithm 9.2 (MPRGP) with parameters T > 0 and @ € (0, (a$, + 3°po) 1], so
that it generates the iterates )\f’o, )\f’l, RPN )\f’l =: )\i€ for the solution of (10.1) starting from )\f’o = )\f_l
with )\t_l =0, where | =1, 1, is the first index satisfying

lg” A pt pe) || < MIBXTY|

or

k,l . _
g (Xt pe) | < ellbellmin{1, M1}
Then for anyt € Tc and problem (10.1), Algorithm 9.1 generates an approzimate solution )\ft which satisfies

M g" (N 1t o) | < B || < e[|

at O(1) matriz—vector multiplications by the Hessian of the augmented Lagrangian Li for (10.1) and
Pk < B°po.

11 Numerical experiments

In this section, we shall present the performance of the above—described SMALBE algorithm with the inner
loop implemented by the MPRGP algorithm to the solution of our model problem. We implemented our
algorithms in Matlab.

We decomposed the domains Q' and Q? into identical square subdomains with the side length H. All
subdomain boundaries were further discretized by the same regular grid with the element size h. The
spaces W/ and Z]} were formed by the piecewise linear and constant trial functions with respect to the
discretization, respectively. The solution for h:=1/512 and H := 1/8 is shown in Figure 2.

For the SMALBE algorithm, we used parameters 7 := |Pd||, 8 := 10, and M := 1. The penalty parameter
po and the Lagrange multipliers p for the equality constraints were set to 25||PFP|| and 0, respectively. For
the MPRGP algorithm we used parameters @ := p,?l and T := 1. Our initial approximation A\° was set to

max {—:\, %Bf{h}. The stopping criterion of the outer loop was chosen as

lg” (A", k¥, o) < 1074|Pd]| and  [[GA™| < 107*|Pd]].

The performance of our algorithms is shown in Table 1. The upper row of each field of the table shows
the corresponding primal dimension / dual dimension / number of the outer iterations. The lower row gives
a number of the conjugate gradient iterations. Examining the numbers of iterations in the rows, which
correspond to the fixed ratio H/h, we conclude that the number of iterations is constant up to the oscillations
that are due to the nonlinearity of our problem, in agreement with the theory. We conclude that the
qualitative results proved in our paper can be observed at least for some problems.
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Figure 2: Solution of the model problem.

H

H/h 1/2 1/4 1/8 1/16

64 || 2048/778/1 | 8192/3622/2 | 32768/15502/2 | 131072/64030/2
35 105 111 106

32 || 1024/394/1 | 4096/1830/2 | 16384/7822/2 | 65536/32286/2
28 71 78 73

16 || 512/202/2 | 2048/934/2 | 8192/3982/2 | 32768/16414/2
52 56 51 59

8 || 256/106/2 | 1024/486/2 | 4096/2062/2 | 16384/8478/2
42 44 40 48

4 128/58/2 | 512/262/2 | 2048/1102/2 | 8192/4510/2
37 39 42 36

Table 1: Performance for varying decomposition and discretization.

12 Comments and conclusions

We have presented scalability results related to an application of the BETI based domain decomposition with
the “natural coarse grid” to the solution of variational inequalities. In particular, we have shown that the
solution of the discretized elliptic variational inequality to a prescribed precision may be found in a number
of matrix—vector multiplications bounded independently of the discretization parameter provided the ratio
of the decomposition and the discretization parameters is kept bounded. Numerical experiments with the
model variational inequality are in agreement with the theory and indicate that the algorithm can be efficient.
The results remain valid also for the solution of frictionless coercive and semicoercive multibody 2D and 3D
contact problems of elasticity and can be adapted to the solution of 2D problems with Coulomb friction.
It is an interesting corollary of our theory that if we apply our algorithm to the solution of a multidomain
contact problem which involves similar bodies discretized by quasiregular grids, then it is possible to give a
bound on the number iterations that is independent of the number of bodies. The solution of auxiliary linear
problems in the inner loop can be improved by standard preconditioners [32]. The algorithms presented in
our paper can be adapted also for mortar discretization [42, 43]. We shall discuss these topics elsewhere.

The preconditioning by the natural coarse grid may be considered as a variant of the multigrid methods.
A unique feature of the natural coarse grid is that it covers also the contact interface and its complement
contains the solution. This enables us to avoid difficulties related with application of multigrid [28] to vari-
ational inequalities, in particular with the proof of optimality. See, for example, Kornhuber [30], Kornhuber
and Krause [31], and Wohlmuth and Krause [42], who gave an experimental evidence of numerical scalability
of the algorithm based on monotone multigrid.
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