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Motivace: Multigrid–MKP má lineárńı složitost

Výpočet magnetostatického pole (rel. přesnost 10−4, 1 jádro Floreonu)

úroveň počet hran PCG iter. CPU Mem
0 39.310 1 4 min 23 s 269 MB
1 299.166 3 5 min 20 s 834 MB
2 2.333.312 3 13 min 5,14 GB
3 18.428.912 3 1 h 18 min 39,64 GB
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Ř́ıdká Gaussova elimiace má pro 2d MKP složitost O(n3/2) a pro 3d MKP O(n5/3).
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Osnova
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Vlastńı kmity struny

Spojitá úloha
{
−v′′i (x) = σi vi(x), x ∈ (0, 1)
vi(0) = vi(1) = 0

 σi = (πi)2, vi(x) = sin(πix)

Spektrum MKP matice

Diskretizačńı krok h = 1
n, uzly diskretizace xj := j

n, j = 0, 1, . . . , n − 1, n.

Dirichletova MKP matice A ∈ R
(n−1)×(n−1):

A = tridiag(−1/h, 2/h,−1/h).

Avi = λi vi  λi =
2

h

[
1 − cos

(
πi

1

n

)]
, (vi)j = sin

(
πi

j

n

)
, i, j = 1, . . . , n−1

Odhad z Geršgorinovy věty

Λ :=
4

h
> λmax(A) =

2

h

[
1 − cos

(
π
n − 1

n

)]
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Richardsonova metoda

Jemná MKP diskretizace pr̊uhybu struny

řeš́ı Au = b iteracemi uk+1 := uk + 1
Λ rk, kde u0 := 0, rk := b−Auk, Λ ≥ λmax(A).
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Richarsonova metoda

Hrubá diskretizace

řeš́ı Au = b iteracemi uk+1 := uk + 1
Λ
rk, kde u0 := 0, rk := b−Auk, Λ ≥ λmax(A).
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Richardsonova metoda

Zhlazovaćı účinky

řeš́ı Au = b iteracemi uk+1 := uk + 1
Λ rk, kde u0 := 0, rk := b−Auk, Λ ≥ λmax(A).

Rychlé složky rezidua konverguj́ı rychle
n∑

j=1

rk+1
j vj = rk+1 =

(
I −

1

Λ
A

)
rk =

n∑

j=1

rk
j

(
1 −

λj

Λ

)
vj

ρi :=
rk+1
i

rk
i

= 1 −
λi

Λ
∈ (0, 1), kde rk =

n∑

j=1

rk
j vj

a kde
λi . . . neklesaj́ıćı posloupnost vlastńıch č́ısel A,
vi . . . odpov́ıdaj́ıćı vlastńı vektory A.



Richardsonova metoda

Zhlazovaćı účinky

Reziduum rk pro k = 0, 1, . . . , 20
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– Implementace pro H1(Ω) (pružnost, akustika)
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Metoda dvou śıt́ı

Princip

• Smoothing property: Richardsonova metoda zhlazuje vysoké frekvence v reziduu.

• Approximation property: Hladké funkce lze dobře aproximovat na hrubé śıti.

Algoritmus

• Několik Richardsonových iteraćı na jemné śıti (pre-smoothing)

• Gaussova eliminace rezidua na hrubé śıti (coarse problem)

• Několik Richardsonových iteraćı na jemné śıti (post-smoothing, kv̊uli symetrii)



Metoda dvou śıt́ı (geometrický 2-grid)

Komponenty

• Jemná diskretizace na V h ⊂ H1(0, 1): Ah,bh, MKP báze Eh :=
(
eh

1(x), . . . , eh
n(x)

)
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• Hrubá diskretizace na V H ⊂ V h: AH , MKP báze EH :=
(
eH

1 (x), . . . , eH
N(x)

)
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• Geršgorin̊uv smoother Λ ≥ λmax(A
h)

• Prolongace PH ∈ R
n×N (operátor vnořeńı): PH · [vH(x)]EH = [vH(x)]Eh, kde

[v(x)]E je souřadnicový vektor funkce v(x) v bázi E.



Metoda dvou śıt́ı

Algoritmus uh := twogrid(rh) (1 iterace)

uh := 0
% Krok 1. Pre-smoothing

for s := 1, . . . , ν do
uh := uh + 1

Λrh

rh := bh − Ahuh = rh − 1
Λ
Ahrh

end for
% Krok 2. Korekce na hrubé śıti

rH :=
(
PH

)T
rh (projekce rezidua)

wh := PH
(
AH

)−1
rH (prolongace hrubé korekce na jemnou śı̌t)

uh := uh + wh, rh := rh − Ahwh

% Krok 3. Post-smoothing (kv̊uli symetrie)
for s := 1, . . . , ν do

uh := uh + 1
Λrh, rh := rh − 1

ΛAhrh

end for



Metoda dvou śıt́ı

Prolongace PH : V H → V h

PH :=
(
[eH

1 (x)]Eh, . . . , [eH
N(x)]Eh

)
=

(
eH
j (xh

i )
)
i,j

=




1 0 0 . . . 0 0 0
1/2 1/2 0 . . . 0 0 0
0 1 0 . . . 0 0 0

. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1 0
0 0 0 . . . 0 1/2 1/2
0 0 0 . . . 0 0 1




Projekce rezidua: rh ∈ (V h)∗ → (V H)∗ ∋ rH

∀vH(x) ∈ V H : 〈rH, vH(x)〉H=〈rh, PHvH(x)〉h = 〈(PH)∗rh, vH(x)〉H

Pro vH(x) := eH
i (x):

(
rH

)
i
= 〈rH, eH

i (x)〉H=〈rh, PHeH
i (x)〉h = (rh)TPHeH

i = (eH
i )T (PH)Trh =

(
(PH)Trh

)
i



Metoda dvou śıt́ı

Lineárńı iteračńı metoda

uh
0 := 0

rh
0 := bh

k := 0
while ‖rh

k‖/‖r
h
0‖ > ε do

uh
k+1 := uh

k + twogrid(rh
k)

rh
k+1 := bh − Ahuh

k

k := k + 1
end while

Předpodmı́něńı (rezidua) v PCG

zh
k+1 := Âh

−1
rh
k+1 se nahrad́ı

zh
k+1 := twogrid(rh

k+1)



Metoda dvou śıt́ı

Redukce rezidua

rh
k+1 =

(
Ih −

1

Λ
Ah

)ν [
Ih − AhPH

(
AH

)−1 (
PH

)T
] (

Ih −
1

Λ
Ah

)ν

︸ ︷︷ ︸
=:Eh

2G

rh
k



Metoda dvou śıt́ı

Pokus o analýzu konvergence v 1d: Smoothing property

∀h : ‖Eh
2G‖ ≤ ρ < 1,

a tedy metoda dvou śıt́ı konverguje a počet iteraćı nezáviśı na velikosti úlohy

k ≤
1

| log ρ|
| log ε|.

Rozložme reziduum do vl. vektor̊u vh
i := sin(πij/n) s λi := (2/h)[1 − cos(πi/n)]

rh =

n/2−1∑

i=1

rh
i v

h
i (x)

︸ ︷︷ ︸
rh
slow

+
n∑

i=n/2

rh
i v

h
i (x)

︸ ︷︷ ︸
rh
fast

,

Pak ∥∥∥∥
(
Ih −

1

Λ
Ah

)ν

rh
fast

∥∥∥∥ ≤ max
i≥n/2

(
1 −

λi

Λ

)ν

‖rh
fast‖ ≤

(
1

2

)ν

‖rh
fast‖.



Metoda dvou śıt́ı

Pokus o analýzu konvergence v 1d: Approximation property

Rozložme reziduum do vl. vektor̊u vh
i := sin(πij/n) s λi := (2/h)[1 − cos(πi/n)]

rh =

n/2−1∑

i=1

rh
i v

h
i (x)

︸ ︷︷ ︸
rh
slow

+
n∑

i=n/2

rh
i v

h
i (x)

︸ ︷︷ ︸
rh
fast

,

Zbývá dokázat, že existuje ρ2 < 1 nezávisle na h tak, že
∥∥∥
[
Ih − AhPH

(
AH

)−1 (
PH

)T
]
rh

slow

∥∥∥ ≤ ρ2‖r
h
slow‖.

. . .

To jsem nestihl.
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– Implementace pro H(rot; Ω) (magnetostatika, elmg. zářeńı)



Geometrický multigrid

Hierarchie diskretizaćı V 0 ⊂ V 1 ⊂ · · · ⊂ V L ⊂ H1(0, 1)

Úroveň L na V L: AL,bL, MKP báze EL o dimenzi nL, smoother ΛL
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· · ·

Úroveň 1 na V 1: A1, MKP báze E1 o dimenzi n1, smoother Λ1, prolongace P1
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Úroveň 0 na V 0: A0, b0, MKP báze E0 o dimenzi n0, (A0)−1 (LU), prolongace P0
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Geometrický multigrid

Komponenty

• Hierarchie diskretizaćı V 0 ⊂ V 1 ⊂ · · · ⊂ V L ⊂ H1
0(0, 1): Al ∈ R

nl×nl
pro

l = 0, 1, . . . , L a bL ∈ R
nL

• Hierarchie Geršgorinových smoother̊u Λl ≥ λmax(A
l) pro l = 1, 2, . . . , L

• Hierarchie prolongaćı Pl ∈ R
nl+1×nl

(operátory vnořeńı V l → V l+1)

• Hrubý řešič
(
A0

)−1
(LU rozklad)



Geometrický multigrid

Algoritmus ul := MG(l, rl) (1 iterace, V-cyklus)
if l = 0 then

u0 := (A0)−1r0

else
ul := 0
for s := 1, . . . , ν do

ul := ul + 1
Λlr

l, rl := rl − 1
ΛlA

lrl

end for
rl−1 :=

(
Pl−1

)T
rl (projekce rezidua)

wl := Pl−1MG(l − 1, rl−1) (prolongace hrubé korekce na jemnou śı̌t)
ul := ul + wl, rl := rl − Alwl

for s := 1, . . . , ν do
ul := ul + 1

Λlr
l, rl := rl − 1

ΛlA
lrl

end for
end if

Algoritmus lze snadno implementovat i nerekurzivně: v paměti ul a rl pro l = 1, . . . , L.



Geometrický multigrid: 1. iterace

Pre-smoothing na 4. úrovni
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Geometrický multigrid: 1. iterace

Pre-smoothing na 3. úrovni
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Geometrický multigrid: 1. iterace

Pre-smoothing na 2. úrovni

0 0.2 0.4 0.6 0.8 1
−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035
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Geometrický multigrid: 1. iterace

Pre-smoothing na 1. úrovni
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Geometrický multigrid: 1. iterace

Gaussova eliminace na 0. úrovni
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Geometrický multigrid: 1. iterace

Post-smoothing na 1. úrovni
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Geometrický multigrid: 1. iterace

Post-smoothing na 2. úrovni
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Geometrický multigrid: 1. iterace

Post-smoothing na 3. úrovni
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Geometrický multigrid: 1. iterace

Post-smoothing na 4. úrovni
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︸ ︷︷ ︸
<2

nL + K = O(nL)



Geometrický multigrid

Lineárńı iteračńı metoda

uL
0 := 0

rL
0 := bL

k := 0
while ‖rL

k‖/‖r
L
0‖ > ε do

uL
k+1 := uL

k + MG(L, rL
k )

rL
k+1 := bL − ALuL

k

k := k + 1
end while

Předpodmı́něńı (rezidua) v PCG

zL
k+1 := ÂL

−1
rL
k+1 se nahrad́ı

zL
k+1 := MG(L, rL

k+1)



Geometrický multigrid: 1. iterace

Post-smoothing na 4. úrovni
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Geometrický multigrid: 2. iterace

Post-smoothing na 4. úrovni
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Geometrický multigrid: 3. iterace

Post-smoothing na 4. úrovni
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Implementace geom. multigridu pro H1(Ω)

• la.h (šablona double/complex, 3600 řádk̊u)

– Ř́ıdký LU rozklad A0 (compressed columns, fill-in, COLAMD),

– násobeńı ř́ıdká matice krát vektor, přič́ıtáńı lokálńıch MKP matic.

• mesh.cpp (5500 řádk̊u)

– Hierarchie uzl̊u, hran, trojúhelńık̊u, čtyřstěn̊u, hraničńıch prvk̊u a vzáj. relaćı,

– zjemňováńı śıtě (550 řádk̊u).

• fespace.cpp (2000 řádk̊u); feforms.cpp, feintegrators.cpp (300+1000 řádk̊u)

– Vytvářeńı struktur (compressed column) MKP matic,

– prolongátory;

– Sestavováńı MKP matic a vektor̊u po prvćıch.

• solver.cpp (600 řádk̊u)

– Smoothery, algoritmus multigridu.



Implementace geom. multigridu pro H1(Ω)

Zjemňováńı śıtě trojúhelńık̊u=stěn

počet nových uzl̊u = počet starých uzl̊u + počet starých hran
počet nových hran = 2 * počet starých hran + 3 * počet starých trojúhelńık̊u
počet nových trojúhelńık̊u = 4 * počet starých trojúhelńık̊u
for staré hrany do

Rozpul starou hranu na 2 nové.
Vytvoř nový uzel.
Vytvoř nové relace hrana→uzly.

end for
for staré trojúhelńıky do

Rozčtvrť starý trojúhelńık na 4 nové.
Vytvoř tři nové hrany.
Vytvoř nové relace hrana→uzly, stěna→uzly a stěna→hrany.

end for
Aktualizuj indexy hraničńıch (orientovaných) hran.



Implementace geom. multigridu pro H1(Ω)

Zjemňováńı śıtě čtyřstěn̊u

počet nových uzl̊u = počet starých uzl̊u + počet starých hran
poč. nov. hran = 2 * poč. st. hran + 3 * poč. st. trojúhelńık̊u + poč. st. čtyřstěn̊u
počet nových trojúhelńık̊u = 4 * počet st. trojúhelńık̊u + 8 * počet st. čtyřstěn̊u
počet nových čtyřstěn̊u = 8 * počet starých čtyřstěn̊u
for staré hrany do

Rozpul starou hranu na 2 nové, vytvoř nový uzel a nové relace hrana→uzly.
end for
for staré trojúhelńıky do

Rozčtvrť starý trojúhelńık na 4 nové, vytvoř tři nové hrany, vytvoř nové relace.
end for
for staré čtyřstěny do

Rozděl starý čtyřstěn do 8 nových, vytvoř 8 nových trojúhelńık̊u a 1 novou hranu.
Nové relace hrana→uzly, stěna→{uzly,hrany}, čtyřstěn→{uzly,hrany,stěny}.

end for
Aktualizuj indexy hraničńıch (orientovaných) stěn.
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Smoother

u := u + S r

• Geršgorin: S := 1
Λ.

• Diagonal scaling: S := diag(A)−1.

• Aditivńı Schwarz (blok. Jacobi): S := α
∑
i

RT
N(i)

(
AN(i),N(i))

)−1
RN(i),

kde N(i) jsou stupně volnosti adjacentńık uzlu/hraně/stěně i,
RN(i) je restrikce (subvektor).
Možnost paralelizace, bohužel je nutno zavést tlumeńı α.

• Multiplikativńı Schwarz (blok. Gauss–Seidel):

vN(i) :=
(
AN(i),N(i))

)−1
rN(i)

uN(i) := uN(i) + vN(i)

r := r − ART
N(i) vN(i)
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Osnova

• Vlastńı kmity struny

• Richardsonova metoda

• Metoda dvou śıt́ı

• Geometrický multigrid

– Implementace pro H1(Ω) (pružnost, akustika, elektrostatika)

– Implementace pro H(rot; Ω) (magnetostatika, elmg. zářeńı)



Implementace geom. multigridu pro H(rot; Ω)

Magnetostatika

Hiptmair̊uv hybridńı smoother Mult. Schwarz podle Arnolda, Falka a Winthera
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