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Motivace: Bilineárńı forma má bĺızko ke kvadratické

Kvadratické formy popisuj́ı potenciálńı energie systémů

Mějme elektrodu nabitou jednotkovým nábojem. Hledáme (po trojúhelńıćıch kon-
stantńı) hustotu povrchového náboje q ∈ R

n, která minimalizuje potenciálńı energii

min
{
E(q) := qT ·A · q

}
vzhledem k

n∑

i=1

qi = 1/,,Obsah △”,

kde (A)i,j ≈
1

‖xi−xj‖
vycháźı z Coulombovské śıly mezi náboji umı́stěnými v xi,xj.
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Determinanty jsou multi-lineárńı formy

Determinant prvńıho řádu je lineárńı zobrazeńı (forma) na R

A : R → R, A(x) := det(x) = x

Determinant druhého řádu je bilineárńı forma na R
2

A1 : R
2 → R, A1(x) := det

(
x
a

)

= det

(
x1 x2
a1 a2

)

= x1a2 − x2a1 =

(
a2
−a1

)

· x,

A2 : R
2 → R, A2(x) := det

(
a
x

)

= det

(
a1 a2
x1 x2

)

= a1x2 − a2x1 =

(
−a2
a1

)

· x.

Determinant třet́ıho řádu je trilineárńı forma na R
3

A1 : R
3 → R, A1(x) := det





x
a
b



 = det





x1 x2 x3
a1 a2 a3
b1 b2 b3



 = · · · =





a2b3 − b3a1
a3b1 − b3a1
a1b2 − b1a2



·x, . . .



Lineárńı zobrazeńı

Princip superpozice

v1 = 1

A(v1)

v2 = 2

A(v2)

v1 + v2

A(v1) + A(v2)

2v2

2A(v2)

Lineárńı zobrazeńı

Mějme vektorové prostory V , U . Zobrazeńı A : V → U je lineárńı, pokud

1. ∀v1,v2 ∈ V : A(v1 + v2) = A(v1) + A(v2),

2. ∀α ∈ R ∀v ∈ V : A(αv) = αA(v).



Lineárńı zobrazeńı = matice

Každou matici lze chápat jako lineárńı zobrazeńı.

Mějme matici A ∈ R
m×n, pak následuj́ıćı zobrazeńı A : Rn → R

m je lineárńı

A(x) := A · x.

Matice lineárńıho zobrazeńı

Mějme lineárńı zobrazeńı A : V → U , bázi E := (e1, . . . , en) prostoru V a bázi F :=
(f1, . . . , fm) prostoru U . Vezměme v ∈ V a jeho souřadnice [v]E = (α1, . . . , αn) ∈ R

n

v bázi E, tj.
v = α1e1 + · · · + αnen.

Vyjádřeme obraz A(v) ∈ U v bázi F

[A(v)]F = [A(α1e1 + · · · + αnen)]F = [α1A(e1) + · · · + αnA(en)]F
= ([A(e1)]F , . . . , [A(en)]F )
︸ ︷︷ ︸

=:AE,F

·[v]E,

kde AE,F ∈ R
m×n je matice lineárńıho zobrazeńı vzhledem k báźım E a F .



Lineárńı formy

Definice

Mějme vektorové prostory V a U . Lineárńı zobrazeńı A : V → U je lineárńı forma,
pokud U = R.

Př́ıklad: A(x) := a · x = a1x1 + a2x2 je lineárńı forma na R
2.
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Každý aritmetický vektor lze chápat jako lineárńı formu.



Lineárńı formy = aritmetické vektory

Každý aritmetický vektor lze chápat jako lineárńı formu.

Mějme vektor a ∈ R
n, pak následuj́ıćı zobrazeńı A : Rn → R je lineárńı

A(x) := a · x =
n∑

i=1

aixi.

Vektor lineárńı formy

Mějme lineárńı formu A : V → R a bázi E := (e1, . . . , en) prostoru V . Vezměme
v ∈ V a jeho souřadnice [v]E = (α1, . . . , αn) ∈ R

n v bázi E, tj.

v = α1e1 + · · · + αnen.

Vyjádřeme obraz A(v) ∈ R

A(v) = A(α1e1 + · · · + αnen) = α1A(e1) + · · · + αnA(en)

= (A(e1), . . . , A(en))
︸ ︷︷ ︸

=:aE

·[v]E,

kde aE ∈ R
n je vektor lineárńı formy vzhledem k bázi E.



Bilineárńı formy

Definice

Mějme vektorový prostor V . Zobrazeńı B : V ×V → R je bilineárńı forma, pokud
pro libovolné a ∈ V

1. B1(v) := B(v, a) je lineárńı forma na V a

2. B2(v) := B(a,v) je lineárńı forma na V .

Př́ıklad: B(x, y) := xy je bilineárńı forma na R.
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Bilineárńı formy

Př́ıklad: Skalárńı součin B(u,v) := u1v1 + u2v2 je bilineárńı forma na R
2.

Vezměme libovolné a := (a1, a2) ∈ R
2.

Ad 1. B1(u) := B(u, a) = u1a1 + u2a2 = (a1, a2) · u je lineárńı forma na R
2 a

Ad 2. B2(v) := B(a,v) = a1v1 + a2v2 = (a1, a2) · v je také lineárńı forma na R
2.

Př́ıklad: B(u,v) := uT ·B · v, kde B ∈ R
n×n, je bilineárńı forma na R

n.

Vezměme libovolné a ∈ R
n.

Ad 1. B1(u) := B(u,a) = uT · B · a =
(
uT ·B · a

)T
=

(
aT ·BT

)
· u =: b · u, kde

b ∈ R
n, je lineárńı forma na R

n a

Ad 2. B2(v) := B(a,v) = aT · B · v =
(
aT ·B

)
· v =: c · v, kde c ∈ R

n, je lineárńı
forma na R

n.

Každou čtvercovou matici lze chápat jako bilineárńı formu.



Bilineárńı formy = čtvercové matice

Každou čtvercovou matici lze chápat jako bilineárńı formu.

Mějme matici B ∈ R
n×n, pak následuj́ıćı zobrazeńı B : Rn × R

n → R je bilin. forma

B(u,v) := uT ·B · v =
n∑

i=1

ui

n∑

j=1

(B)ij vj.

Matice bilineárńı formy

Mějme bilineárńı formu B : V×V → R a bázi E := (e1, . . . , en) prostoru V . Vezměme
u,v ∈ V a jejich souřadnice [u]E = (α1, . . . , αn) ∈ R

n, [v]E = (β1, . . . , βn) ∈ R
n, tj.

u = α1e1 + · · · + αnen, v = β1e1 + · · · + βnen.

B(u,v) = B(α1e1 + · · · + αnen,v)
1.
= α1B(e1,v) + · · · + αnB(en,v)

2.
=

n∑

i=1

αi

n∑

j=1

βjB(ei, ej)= [u]TE ·





B(e1, e1) . . . B(e1, en)
... . . . ...

B(en, e1) . . . B(en, en)





︸ ︷︷ ︸
=:BE

·[v]E,

kde BE ∈ R
n×n je matice bilineárńı formy vzhledem k bázi E.



Bilineárńı formy = čtvercové matice

Př́ıklad: Vypočtěte matici B(u,v) := u · v na R
n v kanonické bázi.

B(ei, ej) = ei · ej =

{

1, i = j

0, i 6= j
=⇒ BE = I

Př́ıklad: Vypočtěte matici B(u,v) := 2u1v1−u1v2+u2v2 na R
2 v kan. bázi.

B(e1, e1) = B((1, 0), (1, 0)) = 2 · 1 · 1− 1 · 0 + 0 · 0 = 2,
B(e1, e2) = B((1, 0), (0, 1)) = 2 · 1 · 0− 1 · 1 + 0 · 1 = −1,
B(e2, e1) = B((0, 1), (1, 0)) = 2 · 0 · 1− 0 · 0 + 1 · 0 = 0,
B(e2, e2) = B((0, 1), (0, 1)) = 2 · 0 · 0− 0 · 1 + 1 · 1 = 1.

=⇒ BE =

(
2 −1
0 1

)

To neńı překvapeńı:

B(u,v) = 2u1v1−1u1v2+0u2v1+1u2v1 = (u1, u2) ·

(
2v1−1v2
0v1 + 1v2

)

= uT ·

(
2 −1
0 1

)

·v.



Bilineárńı formy = čtvercové matice

Př́ıklad: Vypočtěte matici B(u,v) := u1v1−2u1v2+3u2v2+u2v3−u3v1+3u3v2
na R

3 v kan. bázi.

B(u,v) = 1u1v1 − 2u1v2 + 0u1v3 + 0u2v1 + 3u2v2 + u2v3 − 1u3v1 + 3u3v2 + 0u3v3 =

= u1(1v1 − 2v2 + 0v3) + u2(0v1 + 3v2 + 1v3) + u3(−1v1 + 3v2 + 0v3) =

= (u1, u2, u3) ·





1 −2 0
0 3 1
−1 3 0





︸ ︷︷ ︸
=:BE

·





v1
v2
v3



 .

Př́ıklad: Vypočtěte matici B(p, q) := p(0) q(1) na P1 v bázi E := (1, x).

B(e1(x), e1(x)) = B(1, 1) = 1|x=0 · 1|x=1 = 1 · 1 = 1,
B(e1(x), e2(x)) = B(1, x) = 1|x=0 · x|x=1 = 1 · 1 = 1,
B(e2(x), e1(x)) = B(x, 1) = x|x=0 · 1|x=1 = 0 · 1 = 0,
B(e2(x), e2(x)) = B(x, x) = x|x=0 · x|x=1 = 0 · 1 = 0.

=⇒ BE =

(
1 1
0 0

)

B(1+x, 1−x) = [1+x]TE·BE·[1−x]E = (1, 1)·

(
1 1
0 0

)

·

(
1
−1

)

= 0 = (1+x)|x=0·(1−x)x=1.



Bilineárńı formy = čtvercové matice

Př́ıklad: Vypočtěte matici B(p, q) :=
∫ 1

0 p(x) q(x) dx na P1 v kan. bázi.

B(e1(x), e1(x)) = B(0x + 1, 0x + 1) =
∫ 1

0 1 · 1 dx = [x]x:=1
x:=0 = 1− 0 = 1,

B(e1(x), e2(x)) = B(0x + 1, 1x + 0) =
∫ 1

0 1 · x dx =
[
x2

2

]x:=1

x:=0
= 1

2 − 0 = 1
2,

B(e2(x), e1(x)) = B(1x + 0, 0x + 1) =
∫ 1

0 x · 1 dx =
[
x2

2

]x:=1

x:=0
= 1

2 − 0 = 1
2,

B(e2(x), e2(x)) = B(1x + 0, 1x + 0) =
∫ 1

0 x · x dx =
[
x3

3

]x:=1

x:=0
= 1

3
− 0 = 1

3
,

BE :=

(
1 1/2
1/2 1/3

)

.

,,Zkouška”:

B(1 + x, 1− x) = [1 + x]TE ·BE · [1− x]E = (1, 1) ·

(
1 1/2
1/2 1/3

)

·

(
1
−1

)

=
2

3
,

B(1+x, 1−x) =

∫ 1

0

(1−x)(1+x) dx =

∫ 1

0

(1−x2) dx =

[

x−
x3

3

]x:=1

x:=0

=

(

1−
1

3

)

−0 =
2

3
.



Bilineárńı formy = čtvercové matice

Klasifikace

B : V × V → R je symetrická bilineárńı forma, pokud

∀u,v ∈ V : B(u,v) = B(v,u).

Symetrická bilineárńı forma má v každé bázi symetrickou matici, tj.

BE = BT
E.

B : V × V → R je antisymetrická bilineárńı forma, pokud

∀u,v ∈ V : B(u,v) = −B(v,u).

Antisymetrická bilineárńı forma má v každé bázi antisymetrickou matici, tj.

BE = −BT
E.



Bilineárńı formy = čtvercové matice

Rozklad

Každá bilin. forma B : V × V → R lze rozložit na symetrickou část BS : V × V → R

a antisymetrickou část BA : V × V → R

B(u,v) =
1

2
(B(u,v) +B(v,u))

︸ ︷︷ ︸

=:BS(u,v)

+
1

2
(B(u,v)−B(v,u))

︸ ︷︷ ︸

=:BA(u,v)

.

Analogicky lze každou čtvercovou matici (bilin. formy v bázi E) BE ∈ R
n×n rozložit

na symetrickou BS
E ∈ R

n×n a antisymetrickou část BA
E ∈ R

n×n

BE =
1

2

(
BE +BT

E

)

︸ ︷︷ ︸

=:BS
E

+
1

2

(
BE −BT

E

)

︸ ︷︷ ︸

=:BA
E

.



Bilineárńı formy = čtvercové matice

Př́ıklad: Zapǐste matici B(u,v) := 3u1v1 − u2v3 + u3v1 + u3v2 na R
3 v kan.

bázi a rozložte ji na symetrickou a antisymetrickou část.

B(u,v) = 3u1v1 + 0u1v2 + 0u1v3 + 0u2v1 + 0u2v2 − 1u2v3 + 1u3v1 + 1u3v2 + 0u3v3 =

= (u1, u2, u3) ·





3 0 0
0 0 −1
1 1 0





︸ ︷︷ ︸
=:BE

·





v1
v2
v3





BS
E =

1

2









3 0 0
0 0 −1
1 1 0



 +





3 0 1
0 0 1
0 −1 0







 =





3 0 0+1
2

0 0 −1+1
2

1+0
2

1−1
2 0



=





3 0 1/2
0 0 0
1/2 0 0



,

BA
E = BE −BS

E =





3 0 0
0 0 −1
1 1 0



−





3 0 1/2
0 0 0
1/2 0 0



=





0 0 −1/2
0 0 −1
1/2 1 0



.



Bilineárńı formy = čtvercové matice

Kongruentńı matice

Mějme vektorový prostor V a jeho báze E := (e1, . . . , en) a F := (f1, . . . , fn).
Uvažujme identické zobrazeńı I : V → V a jeho matici vzhledem k báźım E a F
označme T := IE,F . Ta realizuje přechod mezi bázemi

∀v ∈ V : [v]F = T · [v]E.

Mějme dále bilineárńı formu B : V × V → R. Pak jej́ı matice BE a BF se nazývaj́ı
kongruentńı a splňuj́ı

BE = TT ·BF ·T,

nebot’

B(u,v) = [u]TF ·BF · [v]F = (T · [u]E)
T ·BF · (T · [v]E) =

= [u]TE ·
(
TT ·BF ·T

)

︸ ︷︷ ︸
=BE

· [v]E.



Determinanty jsou antisymetrické multi-lineárńı formy

Determinant prvńıho řádu je lineárńı zobrazeńı (forma) na R

A : R → R, A(x) := det(x) = x

Determinant druhého řádu je antisymetrická bilineárńı forma na R
2

B(u,v) = det

(
u
v

)

= det

(
u1 u2
v1 v2

)

= u1v2 − u2v1 = (u1, u2) ·

(
0 1
−1 0

)

·

(
v1
v2

)

je zjevně bilineárńı forma, která je i antisymetrická, viz
(

0 1
−1 0

)

= −

(
0 1
−1 0

)T

.



Determinant je antisymetrická multi-lineárńı forma

Výpočtářská definice determinantu ( Gauss–Jordanova metoda)

Mějme čtvercovou matici A ∈ R
n×n, pak č́ıslo |A| := detA ∈ R je jednoznačně

určeno následuj́ıćımi vlastnostmi:

0. det I = 1,

1. (linearita)

det (αu + βv, a2, . . . , an)
T = α det (u, a2, . . . , an)

T + β det(v, a2, . . . , an)
T ,

2. (antisymetrie)

det(a1, . . . , ai, . . . , aj, . . . , an)
T = −det(a1, . . . , aj, . . . , ai, . . . , an)

T .

Př́ıklad: Vypočtěte det

(
1 2
3 4

)

.

∣
∣
∣
∣

1 2
3 4

∣
∣
∣
∣

r2:=−3r1+r2=

∣
∣
∣
∣

1 2
−3 −6

∣
∣
∣
∣

︸ ︷︷ ︸
=0

+

∣
∣
∣
∣

1 2
3 4

∣
∣
∣
∣

1.
=

∣
∣
∣
∣

1 2
0 −2

∣
∣
∣
∣

r1:=r1+r2=

∣
∣
∣
∣

0 −2
0 −2

∣
∣
∣
∣

︸ ︷︷ ︸
=0

+

∣
∣
∣
∣

1 2
0 −2

∣
∣
∣
∣
=

∣
∣
∣
∣

1 0
0 −2

∣
∣
∣
∣

=− 2|I|
0.
= −2 · 1=−2.



Determinant je antisymetrická multi-lineárńı forma

Ještě výpočtářštěǰśı definice ( Gaussova eliminace)

Mějme čtvercovou matici A ∈ R
n×n, α 6= 0, pak

1. |A| = a11 . . . ann, pokud A je horńı nebo dolńı trojúhelńıková,

2. A
ri↔rj
−−−→ B : |A| = −|B|,

3. A
ri:=

∑n
i=1 αjrj

−−−−−−−−→ B : |A| = 1
αi
|B| pro αi 6= 0.

Př́ıklad: Vypočtěte

∣
∣
∣
∣
∣
∣

1 −1 2
1 2 0
2 1 −1

∣
∣
∣
∣
∣
∣

.

∣
∣
∣
∣
∣
∣

1 −1 2
1 2 0
2 1 −1

∣
∣
∣
∣
∣
∣

r2:=−r1+r2=
r3:=−2r1+r3

∣
∣
∣
∣
∣
∣

1 −1 2
0 3 −2
0 3 −5

∣
∣
∣
∣
∣
∣

=
r3:=−r2+r3

∣
∣
∣
∣
∣
∣

1 −1 2
0 3 −2
0 0 −3

∣
∣
∣
∣
∣
∣

1.
=1 · 3 · (−3)=−9



Determinant je antisymetrická multi-lineárńı forma

Př́ıklady: Vypočtěte následuj́ıćı determinanty.

∣
∣
∣
∣
∣
∣

1 2 3
4 5 6
7 8 9

∣
∣
∣
∣
∣
∣

r2:=−4r1+r2=
r3:=−7r1+r3

∣
∣
∣
∣
∣
∣

1 2 3
0 −3 −6
0 −6 −12

∣
∣
∣
∣
∣
∣

=
r3:=−2r2+r3

∣
∣
∣
∣
∣
∣

1 2 3
0 −3 −6
0 0 0

∣
∣
∣
∣
∣
∣

1.
=1 · (−3) · 0=0,

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 1 −2
1 0 2 −1
3 −2 0 −3
1 1 −1 2

∣
∣
∣
∣
∣
∣
∣
∣

r2:=r1+r2=
r3:=3r1+r4
r4:=r1+r3

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 1 −2
0 2 3 −3
0 4 3 −9
0 3 0 0

∣
∣
∣
∣
∣
∣
∣
∣

=
r3:=−2r2+r3
r4:=−3r2+2r4

1

2

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 1 −2
0 2 3 −3
0 0 −3 −3
0 0 −9 9

∣
∣
∣
∣
∣
∣
∣
∣

=
r4:=−3r3+r4

=
1

2

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 1 −2
0 2 3 −3
0 0 −3 −3
0 0 0 18

∣
∣
∣
∣
∣
∣
∣
∣

=
1

2
· (−1) · 2 · (−3) · 18=54.



Determinant je antisymetrická multi-lineárńı forma

Tradičńı definice determinantu

Bud’ A ∈ R
n×n, (a) ∈ R

1×1, i ∈ {1, . . . , n} libovolné. Definujme |A| := detA takto

|(a)| := a, |A| :=

∣
∣
∣
∣
∣
∣

a11 . . . a1n
... . . . ...

an1 . . . ann

∣
∣
∣
∣
∣
∣

:=
n∑

j=1

(−1)i+jaij|Aij|,

kde Aij je čtvercová matice, která vznikne z A vyškrtnut́ım i–tého řádku a j–tého
sloupce.

Př́ıklad: Spočtěte použit́ım tradičńı definice.

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 1 −2
1 0 2 −1
3 −2 0 −3
1 1 −1 2

∣
∣
∣
∣
∣
∣
∣
∣

= (−1)2+1 · 1 ·

∣
∣
∣
∣
∣
∣

2 1 −2
−2 0 −3
1 −1 2

∣
∣
∣
∣
∣
∣

+ 0 + (−1)2+3 · 2 ·

∣
∣
∣
∣
∣
∣

−1 2 −2
3 −2 −3
1 1 2

∣
∣
∣
∣
∣
∣

+

+ (−1)2+4 · (−1) ·

∣
∣
∣
∣
∣
∣

−1 2 1
3 −2 0
1 1 −1

∣
∣
∣
∣
∣
∣

= . . .



Determinant je antisymetrická multi-lineárńı forma

Sarrusovo pravidlo pro matici řádu 2
∣
∣
∣
∣

a11 a12
a21 a22

∣
∣
∣
∣
= a11|(a22)| − a12|(a21)|= a11a22 − a12a21

Sarrusovo pravidlo pro matici řádu 3

∣
∣
∣
∣
∣
∣

a11 a12 a13
a21 a22 a23
a31 a32 a33

∣
∣
∣
∣
∣
∣

= a11

∣
∣
∣
∣

a22 a23
a32 a33

∣
∣
∣
∣
− a12

∣
∣
∣
∣

a21 a23
a31 a33

∣
∣
∣
∣
+ a13

∣
∣
∣
∣

a21 a22
a31 a32

∣
∣
∣
∣
=

= a11(a22a33 − a23a32)− a12(a21a33 − a23a31) + a13(a21a32 − a22a31) =

= a11a22a33 + a21a32a13 + a31a12a23 − a13a22a31 − a23a32a11 − a33a12a21.



Cramerovo pravidlo pro n > 3 nebudeme použ́ıvat!

Inverzńı matice pomoćı determinant̊u

Mějme A ∈ R
n×n regulárńı, pak

A−1 =
1

|A|







|A11| −|A21| . . . (−1)n+1|An1|
−|A12| |A22| . . . (−1)2+n|An2|

... ... . . . ...
(−1)1+n|A1n| (−1)2+n|A2n| . . . |Ann|







︸ ︷︷ ︸
=:C

,

nebot’

(A ·C)ij =

n∑

k=1

aik(−1)j+k|Ajk| =

{

|A|, i = j

0, i 6= j
.

Důsledek: Cramerovo pravidlo

Mějme A := (a1, . . . , an) ∈ R
n×n regulárńı, b ∈ R

n a x ∈ R
n: A · x = b. Pak

xi =
|Ai|

|A|
, kde Ai := (a1, . . . , ai−1,b, ai+1, . . . , an).

A je singulárńı, právě když |A| = 0.



Cramerovo pravidlo pro n > 3 nebudeme použ́ıvat!

Řešte soustavu Cramerovým pravidlem.




1 2 −1
2 −1 0
1 −1 1



 · x =





1
−1
1





|A| =

∣
∣
∣
∣
∣
∣

1 2 −1
2 −1 0
1 −1 1

∣
∣
∣
∣
∣
∣

r2:=−2r1+r2=
r3:=−r1+r3

∣
∣
∣
∣
∣
∣

1 2 −1
0 −5 2
0 −3 2

∣
∣
∣
∣
∣
∣

=
r3:=−3r2+5r3

1

5

∣
∣
∣
∣
∣
∣

1 2 −1
0 −5 2
0 0 4

∣
∣
∣
∣
∣
∣

=
1

5
· 1 · (−5) · 4 = −4,

|A1| =

∣
∣
∣
∣
∣
∣

1 2 −1
−1 −1 0
1 −1 1

∣
∣
∣
∣
∣
∣

r2:=r1+r2=
r3:=−r1+r3

∣
∣
∣
∣
∣
∣

1 2 −1
0 1 −1
0 −3 2

∣
∣
∣
∣
∣
∣

=
r3:=3r2+r3

∣
∣
∣
∣
∣
∣

1 2 −1
0 1 −1
0 0 −1

∣
∣
∣
∣
∣
∣

=1 · 1 · (−1) = −1,

|A2| =

∣
∣
∣
∣
∣
∣

1 1 −1
2 −1 0
1 1 1

∣
∣
∣
∣
∣
∣

r2:=−2r1+r2=
r3:=−r1+r3

∣
∣
∣
∣
∣
∣

1 1 −1
0 −3 2
0 0 2

∣
∣
∣
∣
∣
∣

=1 · (−3) · 2=− 6,

|A3| =

∣
∣
∣
∣
∣
∣

1 2 1
2 −1 −1
1 −1 1

∣
∣
∣
∣
∣
∣

r2:=−2r1+r2=
r3:=−r1+r3

∣
∣
∣
∣
∣
∣

1 2 1
0 −5 −3
0 −3 0

∣
∣
∣
∣
∣
∣

=
r3:=−3r2+5r3

1

5

∣
∣
∣
∣
∣
∣

1 2 1
0 −5 −3
0 0 9

∣
∣
∣
∣
∣
∣

=
1

5
· 1 · (−5) · 9 = −9,

x1 = |A1|/|A| = 1/4, x2 = |A2|/|A| = 3/2, x3 = |A3|/|A| = 9/4,



Cramerovo pravidlo pro n > 3 nebudeme použ́ıvat!

Řešte soustavu Gaussovou eliminaćı.




1 2 −1
2 −1 0
1 −1 1



 · x =





1
−1
1









1 2 −1 1
2 −1 0 −1
1 −1 1 1




r2:=−2r1+r2−−−−−−−→
r3:=−r1+r3





1 2 −1 1
0 −5 2 −3
0 −3 2 0



 −−−−−−−→
r3:=−3r2+5r3





1 2 −1 1
0 −5 2 −3
0 0 4 9





x3 = 9/4, x2 =
−3− 2x3

−3
= 3/2, x1 = 1− 2x2 + x3= 1/4.



K čemu tedy jsou determinanty?

Obsah rovnoběžńıku

Obsah 2d rovnoběžńıku, jehož přilehlé strany jsou tvořeny vektory a,b ∈ R
2, je

S =

∣
∣
∣
∣
det

(
a
b

)∣
∣
∣
∣
= |a1b2 − a2b1| .

Obsah 3d rovnoběžńıku, jehož přilehlé strany jsou tvořeny vektory a,b ∈ R
3, je

S =

∣
∣
∣
∣
∣
∣

det





a
b

(1, 1, 1)





∣
∣
∣
∣
∣
∣

= |a1(b2 − b3) + a2(b3 − b1) + a3(b1 − b2)| .

Objem rovnoběžnostěnu

Objem 3d rovnoběžnostěnu, jehož přilehlé strany jsou tvořeny vektory a,b, c ∈ R
3, je

V =

∣
∣
∣
∣
∣
∣

det





a
b
c





∣
∣
∣
∣
∣
∣

= |a1(b2c3 − b3c2) + a2(b3c1 − b1c3) + a3(b1c2 − b2c1)| .


