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Komplexńı č́ısla v analýze obvod̊u

Stř́ıdavý elektrický obvod

u(t) = U cos(ωt)
u1(t) =?

u2(t) =?

i(t) = i1(t) = i2(t)
R

L

Kirchhoffovy zákony, Ohmův a Faradaẙuv zákon

∀t ∈ R :
u1(t) + u2(t) = U cos(ωt),
i1(t) − i2(t) = 0,

u1(t) = R i1(t) = RI cos(ωt + ϕ),
u2(t) = L i′2(t) = ωL I (− sin(ωt + ϕ))



Komplexńı č́ısla v analýze obvod̊u

Řešeńı bez komplexńıch č́ısel

∀t ∈ R :
u1(t) + u2(t) = U cos(ωt)

RI cos(ωt + ϕ)− ωLI sin(ωt + ϕ) = U cos(ωt)

RI cos(ωt + ϕ)− ωLI cos(ωt + ϕ− π/2) = U cos(ωt)

RI (cos(ωt) cos(ϕ)− sin(ωt) sin(ϕ))− ωLI (sin(ωt) cos(ϕ) + cos(ωt) sin(ϕ)) = U cos(ωt)

Definujme kosinovou a sinovou složku proudu

Ic := I cos(ϕ), Is := I sin(ϕ),

pak zbývá vyřešit dvě lineárńı rovnice o dvou neznámých, nebo jednu komplexńı:

RIc − ωLIs= U

−RIs − ωLIc= 0 / · (−ı)

⇐⇒ (R + ıωL) (Ic + ıIs)︸ ︷︷ ︸
=:Î

= U

Násobeńı komplexńım č́ıslem ı realizuje rotaci o π/2.



Komplexńı č́ısla v analýze obvod̊u

Stř́ıdavý elektrický obvod

û(t) = Ueıωt
û1(t) =?

û2(t) =?

î(t) = î1(t) = î2(t)
R

L

Kirchhoffovy zákony, Ohmův a Faradaẙuv zákon

∀t ∈ R :
û1(t) + û2(t) = U eıωt,

Î1 e
ıωt − Î2 e

ıωt = 0

û1(t) = R î1(t) = RÎ eıωt,

û2(t) = L î′2(t) = ıωL Î eıωt



Komplexńı č́ısla v analýze obvod̊u

Řešeńı s komplexńımi č́ısly

∀t ∈ R :
û1(t) + û2(t) = U eıωt

RÎ eıωt + ıωLÎ eıωt = U eıωt

(R + ıωL) Î = U

Násobeńı komplexńım č́ıslem realizuje násobeńı modul̊u a rotaci

R

I

A = |A|eıαB = |B|eıβ

C = A ·B

|A||B|

α + β



Gaussova eliminace

Soustava 2x2: středoškolské řešeńı

Vyjádř́ıme prvńı proměnnou z prvńı rovnice a dosad́ıme do druhé.

x1 + x2 = 1
x1 − x2 = 0

⇐⇒
x1 = 1− x2

(1− x2) − x2 = 0
⇐⇒

x1 = 1− x2
−2x2 = −1

Soustava 2x2: vysokoškolské řešeńı

Odečteme prvńı rovnici od druhé; ř́ıkejme tomu Gaussova eliminace.

x1 + x2 = 1
x1 − x2 = 0

⇐⇒
x1 + x2 = 1

(x1 − x1) + (−x2 − x2) = (0− 1)
⇐⇒

x1 + x2 = 1
−2x2 = −1

Soustava 2x2: ještě vysokoškoľstěǰśı řešeńı

Gaussovu eliminaci provád́ıme pouze na rozš́ı̌rené matici soustavy.
(
1 1 1
1 −1 0

)
r2:=r2−r1−−−−−→

(
1 1 1

(1− 1) (−1− 1) (0− 1)

)
=

(
1 1 1
0 −2 −1

)



Gaussova eliminace

Krok 1. Gaussova eliminace

(
1 1 1
1 −1 0

)
r2:=r2−r1−−−−−→

(
1 1 1

(1− 1) (−1− 1) (0− 1)

)
=

(
1 1 1
0 −2 −1

)

Krok 2. Zpětné dosazováńı

Z druhé rovnice vypočteme

x2 =
1

2
,

zpětně dosad́ıme do prvńı rovnice a dopočteme

x1 =1− x2 = 1−
1

2
=

1

2
.

Vektor řešeńı je

x =

(
1/2
1/2

)
.



Gaussova eliminace

Soustava 3x3: středoškolské řešeńı

1.1. Eliminace x1: Vyjádř́ıme x1 z prvńı rovnice a dosad́ıme do druhé a třet́ı.

x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −1
x1 + 2x2 − x3 = 0

⇐⇒
x1 = 1− x2 − x3

− 2x2 + x3 = −2
x2 − 2x3 = −1

1.2. Eliminace x2: Vyjádř́ıme x2 z druhé rovnice a dosad́ıme do třet́ı.

x1 = 1− x2 − x3
x2 = (−2− x3)/(−2)

− (3/2)x3 = −2

2. Zpětné dosazováńı: Vypočteme x3 ze třet́ı rovnice, dosad́ıme . . .

x3 =
4

3
, x2 =(−2−x3)/(−2) = −

10

3
/(−2) =

5

3
, x1 =1−x2−x3 = 1−

5

3
−
4

3
= −2.



Gaussova eliminace

Krok 1. Gaussova eliminace

x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −1
x1 + 2x2 − x3 = 0

Ekvivalentńımi úpravami rozš́ı̌rené matice



1 1 1 1
1 −1 2 −1
1 2 −1 0


 r2:=r2−r1−−−−−→

r3:=r3−r1




1 1 1 1
0 −2 1 −2
0 1 −2 −1


 r3:=2r3+r2−−−−−−→




1 1 1 1
0 −2 1 −2
0 0 −3 −4




dostáváme jednodušš́ı soustavu rovnic, která má stejné řešeńı jako ta p̊uvodńı.

x1 + x2 + x3 = 1
− 2x2 + x3 = −2

− 3x3 = −4

Prvky 1 a −2 nazýváme pivoty. Pomoćı pivot̊u nulujeme sloupec pod nimi.



Gaussova eliminace

Krok 2. Zpětné dosazováńı

x1 + x2 + x3 = 1
− 2x2 + x3 = −2

− 3x3 = −4

Vypočteme x3 ze třet́ı rovnice

x3 =
4

3
.

Dosad́ıme x3 do druhé rovnice a vypočteme x2

x2 =
−2− x3

−2
=

−2− 4
3

−2
=

5

3
.

Dosad́ıme x2 a x3 do prvńı rovnice a vypočteme x1

x1 =1− x2 − x3 = 1−
5

3
−

4

3
= −2.

Vektor řešeńı je x = (−2, 5/3, 4/3).



Gaussova eliminace

Algoritmus

1. Eliminace prvńıho sloupce pomoćı prvńıho pivota



× × . . . × × ×
× × . . . × × ×
... ... . . . ... ... ...
× × . . . × × ×
× × . . . × × ×




r2:=α21 r2+β21 r1, ...,−−−−−−−−−−−→
rn:=αn1 rn+βn1 r1

≈ (n− 1)2 násobeńı

2. Eliminace druhého sloupce pomoćı druhého pivota



× × . . . × × ×
0 × . . . × × ×
... ... . . . ... ... ...
0 × . . . × × ×
0 × . . . × × ×




r3:=α32 r3+β32 r2, ...,−−−−−−−−−−−→
rn:=αn2rn+βn1r1

≈ (n− 2)2 násobeńı

. . .



Gaussova eliminace

Algoritmus

(n− 1). Eliminace předposledńıho sloupce pomoćı předposledńıho pivota



× × . . . × × ×
0 × . . . × × ×
0 ... . . . ... ... ...
0 0 . . . × × ×
0 0 . . . × × ×




rn:=αn,n−1 rn+βn,n−1 rn−1
−−−−−−−−−−−−−−−→ ≈ 12 násobeńı

Ekvivalentńı rozš́ı̌rená matice soustavy v horńım trojúhelńıkovém tvaru:



× × . . . × × ×
0 × . . . × × ×
... ... . . . ... ... ...
0 0 . . . × × ×
0 0 . . . 0 × ×




Celkový počet aritmetických operaćı (násobeńı) ≈
∑n−1

i=1 i2 ≈
∫ n−1

1 x2 dx = O(n3)



Gaussova eliminace

Elementárńı řádkové úpravy

• Přenásobeńı řádku nenulovým č́ıslem,

• přičteńı jednoho řádku k jinému,

• záměna (permutace) dvou řádk̊u.

Gaussova eliminace se záměnou řádk̊u

x2 + x3 = 1
x1 − x2 + 2x3 = −1
x1 + 2x2 − x3 = 0




0 1 1 1
1 −1 2 −1
1 2 −1 0


 r1↔r2−−−→




1 −1 2 −1
0 1 1 1
1 2 −1 0


 r3:=r3−r1−−−−−→




1 −1 2 −1
0 1 1 1
0 3 −3 1


 . . .



Gaussova eliminace — lze šipku nahradit rovńıtkem?

Minule: matice krát sloupec = sloupec

A · x =







a1,1
a2,1
...

am,1







a1,2
a2,2
...

am,2


 . . .




a1,n
a2,n
...

am,n





 ·




x1
x2
...
xn


 =

(
as1 as2 . . . asn

)
·




x1
x2
...
xn


 :=

:= x1




a1,1
a2,1
...

am,1


 + x2




a1,2
a2,2
...

am,2


 + · · · + xn




a1,n
a2,n
...

am,n




︸ ︷︷ ︸
lineárńı kombinace sloupc̊u

To lze spoč́ıtat i pomoćı skalárńıho součinu vektor̊u u · v :=
∑n

i=1 ui vi

A · x =



ar1 · x
...

arn · x






Gaussova eliminace — lze šipku nahradit rovńıtkem?

Podobně: řádek krát matice = řádek

v ·A =
(
v1 v2 . . . vm

)
·




(
a1,1 a1,2 . . . a1,n

)
(
a2,1 a2,2 . . . a2,n

)
...(

am,1 am,2 . . . am,n

)


 =

(
v1 v2 . . . vm

)
·




ar1
ar2
. . .
arm


 :=

:= v1
(
a1,1 a1,2 . . . a1,n

)
+ v2

(
a2,1 a2,2 . . . a2,n

)
+ · · · + vm

(
am,1 am,2 . . . am,n

)
︸ ︷︷ ︸

lineárńı kombinace řádk̊u

To lze spoč́ıtat pomoćı skalárńıho součinu vektor̊u takto:

v ·A =
(
v · as1, v · as2, . . . v · asn

)



Gaussova eliminace — lze šipku nahradit rovńıtkem?

Soustava 2x2

x1 + x2 = 1
x1 − x2 = 0

(
1 1 1
1 −1 0

)
r1:=r1−−−−−→

r2:=r2−r1

(
1 1 1
0 −2 −1

)

Zápis elementárńıch úprav do vektor̊u a matice

r1 := 1 r1 + 0 r2 :
(
1 0

)
·

(
1 1 1
1 −1 0

)
= 1

(
1 1 | 1

)
+ 0

(
1 −1 | 0

)
=
(
1 1 | 1

)

r2 := −1 r1 + 1 r2 :
(
−1 1

)
·

(
1 1 1
1 −1 0

)
= −1

(
1 1 | 1

)
+ 1

(
1 −1 | 0

)
=
(
0 −2 | − 1

)

E21 :=

(
1 0
−1 1

)
. . . Nuluje prvek a21.



Gaussova eliminace — lze šipku nahradit rovńıtkem?

Soustava 2x2

x1 + x2 = 1
x1 − x2 = 0

(A|b) :=

(
1 1 1
1 −1 0

)
r1:=r1−−−−−→

r2:=r2−r1

(
1 1 1
0 −2 −1

)
=: (U|c)

Ano, lze pomoćı násobeńı matic.

E21 =

(
1 0
−1 1

)
: E21 · (A|b) = (U|c)

Násobeńı matic:

E21·(A|b) =

(
1 0
−1 1

)
·

(
1 1 1
1 −1 0

)
:=

(
1(1, 1|1) + 0(1,−1|0)
−1(1, 1|1) + 1(1,−1|0)

)
=

(
1 1 1
0 −2 −1

)
= (U|c)



Gaussova eliminace

Gaussova eliminace pomoćı násobeńı matic

x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −1
x1 + 2x2 − x3 = 0




1 1 1 1
1 −1 2 −1
1 2 −1 0


 r2:=r2−r1−−−−−→

r3:=r3−r1




1 1 1 1
0 −2 1 −2
0 1 −2 −1


 r3:=2r3+r2−−−−−−→




1 1 1 1
0 −2 1 −2
0 0 −3 −4




E21 =




1 0 0
−1 1 0
0 0 1


 , E31 =




1 0 0
0 1 0
−1 0 1


 , E32 =



1 0 0
0 1 0
0 1 2




E32 ·



E31 ·


E21 ·




1 1 1 1
1 −1 2 −1
1 2 −1 0







 =




1 1 1 1
0 −2 1 −2
0 0 −3 −4






Gaussova eliminace

Násobeńı matic je asociativńı — nezálež́ı na uzávorkováńı

E32 · {E31 · [E21 · (A|b)]} = (U|c)

{E32 · [E31 · E21]}︸ ︷︷ ︸
=:L̃

· (A|b) = (U|c)

kde

L̃ = E32 · {E31 · E21} = E32 ·








1 0 0
0 1 0
−1 0 1


 ·




1 0 0
−1 1 0
0 0 1





 =

= E32 ·




1(1, 0, 0) + 0(−1, 1, 0) + 0(0, 0, 1)
0(1, 0, 0) + 1(−1, 1, 0) + 0(0, 0, 1)
−1(1, 0, 0) + 0(−1, 1, 0) + 1(0, 0, 1)


 =



1 0 0
0 1 0
0 1 2


 ·




1 0 0
−1 1 0
−1 0 1


 =

=



1(1, 0, 0) + 0(−1, 1, 0) + 0(−1, 0, 1)
0(1, 0, 0) + 1(−1, 1, 0) + 0(−1, 0, 1)
0(1, 0, 0) + 1(−1, 1, 0) + 2(−1, 0, 1)


 =




1 0 0
−1 1 0
−3 1 2






Gaussova eliminace

Gaussova eliminace = LU rozklad

Ekvivalentńı úpravy
(A|b) −→ (U|c)

lze zapsat do matice L̃ tak, že

L̃ · (A|b) = (U|c) .

Pokud jsme během Gaussovy eliminace neprováděli záměnu řádk̊u, pak

L̃ =




× 0 . . . 0 0
× × . . . 0 0
... ... . . . ... ...
× × . . . × 0
× × . . . × ×




U =




× × . . . × ×
0 × . . . × ×
... ... . . . ... ...
0 0 . . . × ×
0 0 . . . 0 ×




jsou dolńı (lower), resp. horńı (upper) trojúhelńıková matice.



Gaussova eliminace

0 řešeńı

x1 + x2 + x3 = 1
x1 + x2 + x3 = −1
x1 + 2x2 − x3 = 0




1 1 1 1
1 1 1 −1
1 2 −1 0


 r2:=r2−r1−−−−−→

r3:=r3−r1




1 1 1 1
0 0 0 −2
0 1 −2 −1




Soustava nemá řešeńı, viz druhá rovnice:

0 x1 + 0x2 + 0 x3 = −2.



Gaussova eliminace

∞ řešeńı

x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −1
x1 + 3x2 = 3




1 1 1 1
1 −1 2 −1
1 3 0 3


 r2:=r2−r1−−−−−→

r3:=r3−r1




1 1 1 1
0 −2 1 −2
0 2 −1 2


 r3:=r3+r2−−−−−→




1 1 1 1
0 −2 1 −2
0 0 0 0




x1 + x2 + x3 = 1
− 2x2 + x3 = −2

Soustava má nekonečně mnoho řešeńı.



Gaussova eliminace

∞ řešeńı: parametrizace, zpětné dosazováńı

x1 + x2 + x3 = 1
− 2x2 + x3 = −2

Za přebytečné neznámé zavedeme parametry

x3 =: t ∈ R

a provedeme zpětné dosazováńı

x2 =(−2− x3)/(−2) = 1 +
1

2
t, x1 =1− x2 − x3 = 1− (1 + t/2)− t = −

3

2
t.

Vektor řešeńı je

x =



0
1
0


 + t



−3/2
1/2
1


 , t ∈ R.

Jedná se o (parametrickou) rovnici př́ımky v R
3.



Gaussova eliminace

2x2 soustava s komplexńımi č́ısly

ı x1 − (1 + ı) x2 = 1− ı
x1 − ı x2 = ı

Krok 1. Gaussova eliminace(
ı , −1− ı 1− ı
1 , −ı ı

)
r2:=ı r2−r1−−−−−−→

(
ı , −1− ı 1− ı
0 , 2 + ı −2 + ı

)

kde

ı (−ı)− (−1− ı) = 1 + 1 + ı = 2 + ı, ı ı− (1− ı) = −1− 1 + ı = −2 + ı.

Krok 2. Zpětné dosazováńı

x2=
−2 + ı

2 + ı
·
2− ı

2− ı
=

−4 + 1 + 2ı + 2ı

4 + 1
= −

3

5
+
4

5
ı

x1=
1− ı + (1 + ı)(−3/5 + (4/5)ı)

ı
=

5− 5ı + (−3− 4− 3ı + 4ı)

5ı
=

−2− 4ı

5ı
·
ı

ı
= −

4

5
+
2

5
ı.


