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and
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a

metoda kone£ných prvk·)
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Principles of mathematical modeling

mathematical model = mathematical description of a physical process

How to build a mathematical model to a physical process?

• determine physical quantities that characterize this process (state vari-
able, �ow variable)

• describe relations between these quantities (simpli�cation of physical rules)

Solution

• analytical

• numerical (approximate)

� solved in �nite precision arithmetic (inaccurate)

2



State variable and �ow variable in several physical pro-

cesses

Stationary heat conduction in 1 dimension

• physical process = heat conduction in a domain Ω = (0, L)

� state variable = temperature u (x)

� �ow variable = temperature �ow τ (x)

• input variables:

� material properties = thermal conductivity k (x)

� density of heat sources f (x)

• relationships:

� from the conservation law: τ ′ (x) = f (x)

� Fourier law: τ (x) = −k (x)u′ (x)
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Flow in porous media (stationary)

• physical process = saturated �ow of a �uid through porous media

� state variable = pressure p (x)

� �ow variable = velocity v (x)

• input variables:

� material properties = hydraulic conductivity k (x)

� density of sources f (x)

• relationships:

� from the mass conservation law: v′ (x) = f (x)

� Darcy law: v (x) = −k (x) p′ (x)
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String deformation

• physical process:

� state variable = deformation u (x)

� �ow variable = stress v (x)

• input variables:

� material properties (including Young's elastic modulus) k (x)

� density of forces f (x)

• relationships:

� from the conservation law: v′ (x) = f (x)

� Hooke's law: v (x) = −k (x)u′ (x)
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Conservation law

�Di�erence between the total amount of some physical variable in the domain
at time t1 and at time t2

equals

total in�ow/out�ow through boundary plus total sources in the domain.�

• state function u (x, t)

• total amount of u in the domain at time t1 ... A

• total amount of u in the domain at time t2 ... B

• total �ow through the boundary ... C

• total sources in the domain ... D

B −A = C +D
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Conservation law in 1 dimension

• domain in 1d: 〈a, b〉 ⊂ R

• boundary in 1d: {a, b}

• state function: u (x, t)

• �ow function: φ (x, t)

Derive:

• total amount of u in the domain at time t1 ... ?

• total amount of u in the domain at time t2 ... ?

• total �ow through the boundary ... ?

• total sources in the domain ... ?
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Conservation law in 1 dimension

(integral formulation)

bˆ

a

u (x, t2) dx−
bˆ

a

u (x, t1)dx =

t2ˆ

t1

(φ (a, t)− φ (b, t)) dt+

t2ˆ

t1

bˆ

a

f (x, t)dxdt

↓
which requirements?

↓
ut (x, t) + φx (x, t) = f (x, t)

(di�erential formulation)

Stationary problem:

φx (x) = f (x)
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Analytical solution of several boundary value prob-

lems
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Problem 1

• constants: f , k, L, U , T

• boundary value problem:
−k · u′′ (x) = f ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

• analytical solution?
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Problem 2

• constants: f , k1, k2, L, M , U , T

• boundary value problem:

−k1 · u′′1 (x) = f ∀x ∈ (0,M)

−k2 · u′′2 (x) = f ∀x ∈ (M,L)

u1 (0) = U

−k2 · u′2 (L) = T

u1 (M) = u2 (M)

k1 · u′1 (M+) = k2 · u′2 (M−)

• analytical solution?
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Problem 3

• constants: k, k0, L, g, U , T

• boundary value problem:
−k · u′′ (x) + k0u (x) = g ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

• analytical solution?

12



Problem 4

• constants: f , k, L, D, U , T

• boundary value problem:
−k · u′′ (x) +D · u (x) = f ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

• analytical solution?
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Solution of several boundary value problems using

�nite di�erences method
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Problem 1

• constants: f , k, L, U , T

• boundary value problem:
−k · u′′ (x) = f ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

Solve this boundary value problem using �nite di�erences method (for ar-
bitrary parameters f , k, L, U , T ).

Compare the numerical solution and the analytical solution, using di�erent
lengths of discretization steps.
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Problem 2

• constants: f , k1, k2, L, M , U , T

• boundary value problem:

−k1 · u′′1 (x) = f ∀x ∈ (0,M)

−k2 · u′′2 (x) = f ∀x ∈ (M,L)

u1 (0) = U

−k2 · u′2 (L) = T

u1 (M) = u2 (M)

k1 · u′1 (M+) = k2 · u′2 (M−)

Solve this boundary value problem using �nite di�erences method (for ar-
bitrary parameters f , k1, k2, L, M , U , T ).

Compare the numerical solution and the analytical solution.
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Problem 3

• constants: k, k0, L, g, U , T

• boundary value problem:
−k · u′′ (x) + k0u (x) = g ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

Solve this boundary value problem using �nite di�erences method (for ar-
bitrary parameters k, k0, L, g, U , T ).

Compare the numerical solution and the analytical solution.
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Problem 4

• constants: f , k, L, D, U , T

• boundary value problem:
−k · u′′ (x) +D · u′ (x) = f ∀x ∈ (0, L)

u (0) = U

−k · u′ (L) = T

Solve this boundary value problem using �nite di�erences method (for ar-
bitrary boundary conditions and arbitrary parameters f , k, L, D, U , T ):

1. using central di�erences

2. using up-wind (up-stream) di�erences

3. using down-wind (down-stream) di�erences
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