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Vnitřnı́ sı́ly nosnı́ku? (1)

Vnějšı́ zatı́ženı́ vyvolává účinky ,,uvnitř“ konstrukce (nosnı́ku)

– vnitřnı́ sı́ly.

Tedy vnitřnı́ sı́ly působı́ ,,proti“ účinkům zatı́ženı́.
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Vnitřnı́ sı́ly nosnı́ku? (2)

Pro představu myšleně ,,rozřı́zněme“ nosnı́k:

Sı́ly v ,,řezu“: viz výslednice rovinné soustavy sil.
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Rovinný nosnı́k (2D, rovina XZ)

x

z
N

My

Vz

• N . . . normálová sı́la

• V (Vz) . . . posouvajı́cı́

sı́la

• M (My) . . . ohybový mo-

ment

Celkem 2 sı́ly a 1 moment.
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Prostorový nosnı́k (3D)

x

z

y
My

Vy

Mx
N

Vz

Mz • N . . . normálová sı́la

• Vy, Vz . . . posouvajı́cı́

sı́ly

• Mx . . . krouticı́ moment

• My, Mz . . . ohybové mo-

menty

Celkem 3 sı́ly a 3 momenty (6 vnitřnı́ch sil).
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Normálová sı́la (osová úloha)

NF2 F3F1 xR

N =
∑

Fi,x

Normálová sı́la v průřezu x se určı́ jako výslednice všech

osových sil působı́cı́ch po jedné straně zadaného průřezu (platı́

pro obě strany průřezu).

Tedy stejně lze postupovat i zprava – výsledek musı́ být stejný.
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Normálová sı́la – znaménka

Sı́la je kladná – tahová, působı́-li od sledovaného průřezu.

Sı́la je záporná – tlaková, působı́-li k sledovanému průřezu.
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Normálová sı́la – sı́la v průřezu

Působı́-li zatı́ženı́ právě ve sledovaném průřezu, pak v něm

stanovujeme dvě hodnoty - před (N) a za (N+F) silou.

N+F

N

F

x
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Normálová sı́la – přı́klad
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Normálová sı́la – zatı́ženı́ (1a)

L
x

n
Nv = n L

b
a

n L

n x 

Rbx = n L

N(x) = R(a) + n x = 0+ n x = n x
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Normálová sı́la – zatı́ženı́ (1b)

L

x

Rax = n L

a
b

Nv = n L

n

n (x − L)
−n L
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N(x) = −R(a) + n x = −n L+ n x = n(x− L)
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Normálová sı́la – zatı́ženı́ (2)
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1. Rovnoměrné zatı́ženı́:

n = konst, Nv = n x,

N(x) = Nc − n x

2. Trojúhelnı́kové zatı́ženı́:

nx = nd
x
L, Nv = 1

2 x nx,

N(x) = Nc − nd x2

2 b

3. Lichoběžnı́kové zatı́ženı́:

součet rovnoměrného a trojúhelnı́kového:

N(x) = Nc − nd x2

2 b − n x

12



Diferenciálnı́ podmı́nky rovnováhy
pro N

dxx

n dxN N + dN

∑
Fx = 0 : −N + (N + dN) + n dx = 0 ⇒

dN

dx
= −n
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Posouvajı́cı́ sı́la

F1 F2p1

+

+

R

Vz

x

Vz(x) = v(x) =
∑

Fi,z

Posouvajı́cı́ sı́la v průřezu x se určı́ jako výslednice všech

přı́čných sil působı́cı́ch po jedné straně zadaného průřezu

(platı́ pro obě strany průřezu).

Tedy stejně lze postupovat i zprava – výsledek musı́ být stejný.
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Posouvajı́cı́ sı́la – konvence
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Posouvajı́cı́ sı́la – přı́klad
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10 kN10 kN
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10 kN 10 kN

10
0

−10
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Ohybový moment

M
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My(x) = M(x) =
∑

Fi,z di

Ohybový moment v průřezu x se určı́ jako součet mo-

mentů všech přı́čných sil působı́cı́ch po jedné straně zadaného

průřezu (platı́ pro obě strany průřezu).

Tedy stejně lze postupovat i zprava – výsledek musı́ být stejný.
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Ohybový moment – konvence (1)
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Ohybový moment se považuje za kladný, pokud vyvozuje tah

ve spodnı́ch vláknech nosnı́ku.
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Ohybový moment – konvence (2)

+M

Ohybový moment se považuje za kladný, pokud vyvozuje tah

ve spodnı́ch vláknech nosnı́ku.
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Ohybový moment – přı́klad
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V

10 kN10 kN

1 m 1 m 1 m

10 kN 10 kN

10
0

−10

Mb=10 Mc=10

a b
c d

M

M =
x∑
0

Fi × di [kNm]

Mb = Ra,z dab = 10× 1

= 10 kNm

Mc = Ra,z dac − 10 dbc

= 10× 2− 10× 1 = 10 kNm

Md = Ra,z dad − 10 dbd − 10 dcd

= 10× 3− 10× 2− 10× 1

= 0 kNm
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Diferenciálnı́ podmı́nky rovnováhy
pro V a M (k bodu S)

dxx

dQ= q dx

S m

V + dV

V

M + dMM

∑
Fz = 0 : −V + (V + dV ) + q dx = 0 ⇒

dV

dx
= −q∑

Mi.x = 0 : M − (M + dM)− (V + dV ) dx+m dx = 0 ⇒

⇒
dM

dx
= V −m

Poznámka: Výslednice Q = q dx je umı́stěna do počátečnı́ho průřezu v souladu se

zásadami diferenciálnı́ho počtu. Malou hodnotu (dV dx) zanedbáme.
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Diferenciálnı́ podmı́nky rovnováhy
pro V a M (k bodu S)

Schwedlerovy vztahy:

Pro m = 0 dostaneme:

dV

dx
= −q, ⇒ V (x) = −

∫
q(x) dx+ C1

dM

dx
= V, ⇒ M(x) =

∫
V (x) dx+ C2

d2M

dx2
= −q
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Diferenciálnı́ podmı́nky rovnováhy
pro V a M
Extrémy V a M:

Extrém V je v průřezu, kde q = 0:

dV

dx
= −q = 0 ⇒ V (x) = −

∫
q(x)dx+ C1

Extrém M je v průřezu, kde V = 0 nebo V = m nebo V

měnı́ znaménko:

dM

dx
= V = 0 ⇒ M(x) =

∫
V (x)dx+ C2,m = 0

C1, C2 určı́me z okrajových podmı́nek:
M =0 M =0, V = 0
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Extrém M
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Diferenciálnı́ podmı́nky rovnováhy
pro V a M – důsledek
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Konvence při vykreslovánı́ N, V, M

• kladné normálové sı́ly se vynášejı́ nahoru, záporné dolů,

• kladné posouvajı́cı́ sı́ly se vynášejı́ nahoru, záporné dolů

• momenty se vykreslujı́ na stranu tažených vláken (zde

podtržená)

MN V
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Přı́klad výpočtu M a V (1)

+

F

L/2L/2

−

Vb = −F/2

Va = F/2

1
o

Rbz = F/2

a b

Raz = F/2

M = Raz L/2 = F L/4

Reakce (z podm. rovnováhy):

Raz = F
2(↑)

Rbz = F
2(↑)

Posouvajı́cı́ sı́la:

Va = +F
2

Vb = −F
2

V (L/2)L = +F
2

V (L/2)P = −F
2

Moment:

M(L/2) = Raz
L
2 = F

4

27



Přı́klad výpočtu M a V (2)

q

1o

o
2

L
L/4

L/2

a b

Q/2

Raz

+

−Va

Vb

M(L/2)

Rbz

Reakce (z podm. rovnováhy):

Raz = Q
2 = q L

2 (↑)

Rbz = Q
2 = q L

2 (↑)

Posouvajı́cı́ sı́la:

Va = +q L
2

Vb = −q L
2

Moment:

M(L/2) = Va
L
2 − L

2 q L
4 =

= q L2

4 − L2

8 q = 1
8q L2
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Přı́klad výpočtu M a V (3)

L

Raz
Ma

Va = q L

q

M
2 o

1 o

Q = q L

a b Reakce (z podm. rovnováhy):

Raz = Q = q L(↑)

Ma = Q L 1
2 = q L2

2

Posouvajı́cı́ sı́la:

Va = +Raz = q L

Moment:

M(x) = −Ma +Ra x− q x x
2
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Přı́klad výpočtu M a V (4)

L

Raz
Ma

Va = q L

q

M
2 o

1 o

a b

Q = q L

Extrém M:

• v mı́stě b: Vb = 0

• M zde má vodorovnou tečnu

• i nula je extrém (Ma je záporné)

• ale i Ma je důležité! (největšı́

záporný moment na nosnı́ku)
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Přı́klad 2 (1)

Stanovte vnitřnı́ sı́ly zadaného nosnı́ku s převislým koncem.

Vypočtené hodnoty vykreslete.

0.5m 1m 1.5m

q = 10 kN/m

a b c d

Md = 4 kNm
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Přı́klad 2 (2)

Náhradnı́ břemena: výslednice spojitých zatı́ženı́

Q1 = dab × q = 0.5× 10 = 5 kN

Q2 = dbc × q = 1.0× 10 = 10 kN

0.5m 1m 1.5m

a b c d

Md = 4 kNm

q = 10 kN/m

Q2

Q1

0.25m 0.5 m
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Přı́klad 2 (3)

Reakce
∑

Fi,x = 0 : Rbx = 0 kN

0.5m 1m 1.5m

b c d

Md = 4 kNm

q = 10 kN/m

Q2

Q1

0.25m 0.5 m

a

Rbx

RdzRbz
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Přı́klad 2 (4)
∑

Mi,d = 0 : Q1 × 2.75−Rbz × 2.5+Q2 × 2.0+Md = 0

5× 2.75−Rbz × 2.5+ 10× 2.0+ 4 = 0

Rbz =
5× 2.75+ 10× 2.0+ 4

2.5
= 15.1 kN(↑)

0.5m 1m 1.5m

b c d

Md = 4 kNm

q = 10 kN/m

Q2

Q1

0.25m 0.5 m

a

Rbx

RdzRbz
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Přı́klad 2 (5)
∑

Mi,b = 0 : Q1 × 0.25−Q2 × 0.5+Md +Rdz × 2.5 = 0

5× 0.25− 10× 0.5+ 4+Rdz × 2.5 = 0

Rdz = −
(
5× 0.25− 10× 0.5+ 4

2.5

)
= −0.1 kN(↓)

0.5m 1m 1.5m

b c d

Md = 4 kNm

q = 10 kN/m

Q2

Q1

0.25m 0.5 m

a

Rbx

RdzRbz
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Přı́klad 2 (6)

0.5m 1m 1.5m

b c d

Md = 4 kNm

q = 10 kN/m

Q2

Q1

0.25m 0.5 m

a

15.1
0.1

0

Kontrola:

∑
Fi,z = 0 : Rbz −Rdz −Q1 −Q2 = 0

15.1− 0.1− 5− 10 = 0 kN
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Přı́klad 2 (7)

Normálové sı́ly:

0.5m 1m 1.5m

c da

0.115.1

b
0

q = 10 kN/m
Md = 4 kNm

N0
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Přı́klad 2 (8)
Posouvajı́cı́ sı́ly – převislý konec:

�������
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�������

0.5m 1m 1.5m

c da

0.115.1

b
0

q = 10 kN/m
Md = 4 kNm

V

−5

V l
ba = −q × dab = −10× 0.5 = −5 kN
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Přı́klad 2 (9)
Posouvajı́cı́ sı́ly – celý nosnı́k:
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0.5m 1m 1.5m

c da

0.115.1

b
0

q = 10 kN/m
Md = 4 kNm

V

−5

−10.1

0.10.1

V
p
bc = −q × dab −Rbz = −10× 0.5+ 15.1 = 10.1 kN
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Přı́klad 2 (10)
Posouvajı́cı́ sı́ly – celý nosnı́k:
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0.5m 1m 1.5m

c da

0.115.1

b
0

q = 10 kN/m
Md = 4 kNm

V

−5

−10.1

0.10.1

V l
cd = V

p
bc − q × dbc = 10.1− 10× 1.0 = 0.1 kN
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Přı́klad 2 (11)
Ohybové momenty – převislý konec:

0.5m 1m 1.5m

c da

0.115.1

b
0

q = 10 kN/m
Md = 4 kNm

M

1.25

Q1 = 5 kN

0.25m

Mb = −Q1 × 0.25 = 5× 0.25 = 1.25 kNm
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Přı́klad 2 (12)
Ohybové momenty pod spojitým zatı́ženı́m:

0.5m 1m 1.5m

c da

0.115.1

b
0

Md = 4 kNm

M

1.25

Q1 = 5 kN Q2=10 kN

3.85

0.5 m

1.25m

M l
c = −Q1 × 1.25+Rbz × 1−Q2 × 0.5 =

= −5× 1.25+ 15.1× 1− 10× 0.5 = 3.85kNm
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Přı́klad 2 (13)
Ohybové momenty pod spojitým zatı́ženı́m:

c

1.5m1m0.5m

d

2 3.85

2.75m

2m

2

1o

o

o

4

b

15.1 0.1

a

0

Q2=10 kNQ1 = 5 kN

1.25

M

Md = 4 kNm

M l
d = −Q1 × 2.75+Rbz × 2.5−Q2 × 2 =

= −5× 2.75+ 15.1× 2.5− 10× 2 = 4.0 kNm
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Přı́klad 2 (14)

V

0.1 0.1

10.1

−5

M

1.25

4

3.852

2

o

o

o1

0.5m 1m 1.5m

c da

0.1 kN15.1 kN

b
0

Md = 4 kNm

Q1 = 5 kN Q2=10 kN

2m

2.75m

1

1

o

o
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Kroucenı́ nosnı́ku

dx

t dx

T

T + dx

x

• vnitřnı́ sı́la – krouticı́ moment T

• výpočet reakce z podmı́nky:

n∑
i=1

Ti = 0

• diferenciálnı́ podmı́nka rovnováhy:

−T + (T + dT ) + t dt = 0

dT

dx
= −t
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Kroucenı́ nosnı́ku – přı́klad

Tr

30
20 

T2 = 20T1 = 10
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������������������������������������
������������������������������������
������������������������������������

∑
T = Tr − 10− 20 = 0 ⇒ Tr = 30kN m
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Doplněnı́:
Poloha maximálnı́ho momentu (1)

2o

V(c)

c dx

M(x) = Mmax

xn

L

1
o

qc

V (c)− qc xn = 0

Tedy xn stanovı́me po úpravě:

xn =
V (c)

qc
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Poloha maximálnı́ho momentu (2)

�
�
�
�

V(c)

c dx

M(x) = Mmax

xn

3

2o

o

L

qd

V (c)−
1

2
xn

(
qd

xn

L

)
= 0

Kvadratická rovnice:

qd
2 L

x2n − V (c) = 0

Tedy xn stanovı́me:

xn =

√√√√√2L V (c)

qd
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Poloha maximálnı́ho momentu (3)

�
�
�
�

V(c)

c dx

M(x) = Mmax

xn

3

2o

o

L

qc

qd

V (c)− qc xn −
1

2
xn(qd − qc)

xn

L
= 0

Kvadratická rovnice:

(qd − qc)

2 L
x2n + qc xn − V (c) = 0

Tedy xn stanovı́me:

xn =
−qc +

√
q2c +4 qd−qc

2L V (c)

2 qd−qc
2L
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Dopočet tečen obrazců momentů
(1)

• pomůcka pro určenı́ tvaru křivek 2o a 3o

• Postup:

1. nahradı́me všechna spojitá zatı́ženı́ jejich výslednicemi

2. vypočteme průběhy M od těchto výslednic (a od všech

osamělých sil a momentů)

3. zı́skané obrazce ⇒ tečnové polygony

50



Dopočet tečen obrazců momentů
(2)
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V

M

L

q

Q = q L

Mmax

Mt

Ra,z Rb,z

d

Vb

Va

Vt

Va = Ra,x

Vt = Ra,x

Mmax = Ra,x d−
1

2
q d

1

2
d

Mt = Ra,x × d
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