
Konečné prvky pro řešenı́ 3D úloh

Prostorové konstrukce

neznámé parametry: u, v w

volba různého počtu uzlů a

neznámých v uzlech

možnost zakřivených hran prvků

(prvky se středostranovými uzly)
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Opakovánı́: Geometrické vztahy ve
3D

Maticově (ε = ε∂ u):
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Fyzikálnı́ vztahy ve 3D

Maticově (σ = D ε) pro lineárně pružný materiál:
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= A
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0 0 0 0 0 1−2 µ
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,

A =
E(1− µ)

(1 + µ) (1− 2 µ)
(2)
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Odvozenı́ konečného prvku
pro 3D úlohy (1)

x

y

z

4

1

3

2

Neznámé parametry deformace:

u, v, w v každém uzlu.

Tj. celkem dvanáct, neznámých uzlových parametrů:

{u1, v1, w1, u2, v2, w2, u3, v3, w3, u4, v4, w4}T .
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Odvozenı́ konečného prvku
pro 3D úlohy (2)

Aproximace neznámých uzlových posunutı́:

u(x, y) = a1 x+ a2 y + a3 z + a4 (3)

v(x, y) = a5 x+ a6 y + a7 z + a8 (4)

w(x, y) = a9 x+ a10 y + a11 z + a12 (5)
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Odvozenı́ konečného prvku
pro 3D úlohy (3)

Maticově (u = U a):


u
v
w

 =


x y z 1 0 0 0 0 0 0 0 0
0 0 0 0 x y z 1 0 0 0 0
0 0 0 0 0 0 0 0 x y z 1
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(6)
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Odvozenı́ k. p. pro 3D úlohy (4)
Aproximace neznámých uzlových posunutı́ v uzlech 1, 2, 3

(r = S a):

u1
v1
w1
u2
v2
w2
u3
v3
w3
u4
v4
w4



=



x1 y1 z1 1 0 0 0 0 0 0 0 0
0 0 0 0 x1 y1 z1 1 0 0 0 0
0 0 0 0 0 0 0 0 x1 y1 z1 1
x2 y2 z2 1 0 0 0 0 0 0 0 0
0 0 0 0 x2 y2 z2 1 0 0 0 0
0 0 0 0 0 0 0 0 x2 y2 z2 1
x3 y3 z3 1 0 0 0 0 0 0 0 0
0 0 0 0 x3 y3 z3 1 0 0 0 0
0 0 0 0 0 0 0 0 x3 y3 z3 1





a1
a2
a3
a4
a5
a6



(7)
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Odvozenı́ k. p. pro 3D úlohy (5)

Kombinacı́ vztahů ε = ∂ u a u = U a vznikne ε = B a, kde

B = ∂T U:



εx
εy
εz
γyz
γzx
γxy


=



1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0





a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11
a12


(8)
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Odvozenı́ k. p. pro 3D úlohy (6)

Z r = S a plyne: a = S−1 r.

Pak: ε = B S−1r.

Potenciálnı́ energie vnitřnı́ch sil:

Πi =
1

2

∫
V
εTσ d V =

1

2

∫
V
εT D ε d V. (9)

Potenciálnı́ energie vnějšı́ch sil:

Πe = −
∫
V
XT r d V −

∫
S
pT r d S. (10)
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Odvozenı́ k. p. pro 3D úlohy (7)

Potenciálnı́ energie soustavy:

Π =
1

2

∫
V
εT D ε d V −

∫
V
XT r d V −

∫
S
pT r d S. (11)

Po dosazenı́ za ε a vytknutı́ r:

Π =
1

2
rT

∫
V
S−1T BT DBS−1 d V rT−

∫
V
XT d V r−

∫
S
pT d S r.

(12)

Stručně:

Π =
1

2
rT K r − FT r. (13)
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Odvozenı́ k. p. pro 3D úlohy (8)

Aplikacı́ Lagrangeova variačnı́ho principu (∂ Π = min.) na (13):

K r = F, (14)

kde K . . . matice tuhosti konečného prvku:

K =
∫
V

S−1T BT D B S−1 d V, (15)

F . . . zatěžovacı́ vektor konečného prvku:

F = −
∫
V
XT d V −

∫
S
pT d S. (16)
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Odvozenı́ k. p. pro 3D úlohy (9)

Pro studovaný konečný prvek (B,D,S−1 obsahujı́ jen kon-

stanty):

K = S−1T BT D B S−1. (17)

F = X. (18)
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Analýza konstrukce

Z Ke a re a Fe jednotlivých prvků (e je čı́slo prvku) sestavı́me

K a r a F celé konstrukce a neznámé určı́me řešenı́m sou-

stavy rovnic:

K r = F. (19)
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Výpočet výsledků (napětı́ a defor-
macı́) na konečných prvcı́ch

1. z vektoru r celé konstrukce sestavı́me vektory re jednot-

liných konečných prvků

2. pro každý prvek stanovı́me poměrné deformace:

εe = B S−1 re

3. pro každý prvek stanovı́me napětı́:

σe = D εe nebo σe = D B S−1 re
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Přı́klad – velmi krátká konzola (1)

1.25 kN

0.4 m

0.4 m

0.8 m

uFEM 0.2.25

Time: 1
CS: CART

 02. 12. 2007

x

y

z

E = 27MPa, µ = 0,2
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Přı́klad – velmi krátká konzola (2)

uFEM 0.2.25

Time: 1.0000

7.214838e+00

6.312983e+00

5.411129e+00

4.509274e+00

3.607419e+00

2.705564e+00

1.803710e+00

9.018548e-01

0.000000e+00

-9.018548e-01

-1.803710e+00

-2.705564e+00

-3.607419e+00

-4.509274e+00

-5.411129e+00

-6.312983e+00

-7.214838e+00

 02. 12. 2007

Result: s_x

x

y

z

uFEM 0.2.25

Time: 1.0000

y

x

7.214838e+00

6.312983e+00

5.411129e+00

4.509274e+00

3.607419e+00

2.705564e+00

1.803710e+00

9.018548e-01

0.000000e+00

-9.018548e-01

-1.803710e+00

-2.705564e+00

-3.607419e+00

-4.509274e+00

-5.411129e+00

-6.312983e+00

-7.214838e+00

 02. 12. 2007

Result: s_x

z
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Přı́klad – velmi krátká konzola (3)
uFEM 0.2.25

Time: 1.0000

1.661957e+00

1.454212e+00

1.246468e+00

1.038723e+00

8.309785e-01

6.232339e-01

4.154892e-01

2.077446e-01

0.000000e+00

-2.077446e-01

-4.154893e-01

-6.232339e-01

-8.309785e-01

-1.038723e+00

-1.246468e+00

-1.454212e+00

-1.661957e+00

 02. 12. 2007

Result: s_y

x

y

z
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Přı́klad 2 – krychle (1)

Je dána krychle o rozměrech 1 × 1 × 1 m, E =

10 GPa, ν = 0.2.

q = 4 MN/m2

Rozdělte na nejmenšı́ možný počet konečných prvků.
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Přı́klad 2 – krychle (2)

Model (kolik obsahuje prvků?):

2

1

1

3

6

7

2

4

8

5

5

4

3

tetrapack  09. 03. 2011

x
z

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

y
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Přı́klad 2 – krychle (3)

Konečný prvek 1:

8

4

1

2

5

6

1

3

7

tetrapack

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

 09. 03. 2011

xz

y
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Přı́klad 2 – krychle (4)

Konečný prvek 2:

2

1

2

5

6

3

4

7

8

tetrapack

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

 09. 03. 2011

xz

y
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Přı́klad 2 – krychle (5)

Konečný prvek 3:

1

2

4

5

3

6

8

3

7

tetrapack

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

 09. 03. 2011

xz

y
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Přı́klad 2 – krychle (6)

Konečný prvek 4:

3

2

7

4

1

6

8

5

4

x

tetrapack

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

 09. 03. 2011

z

y
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Přı́klad 2 – krychle (7)

Konečný prvek 5:

2
1

3

6

4

8

5

5

7

tetrapack

uFEM 0.2.53d

Time: 1
CS: CART

ETyps:         2
RSets:         1
Mats :         1

KPs  :         0
GEnts:         0

Nodes:         8
Elems:         5
Disps:        12
Loads:         4

 09. 03. 2011

x
z

y
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Přı́klad 2 – krychle (8)

Napětı́ σx:
3

4

2

6

1

5

7

8

x

tetrapack

uFEM 0.2.53d

Set:    1: 1.000
Result: s_x

 09. 03. 2011

-8.60133e+08

-7.52617e+08

-6.45100e+08

-5.37583e+08

-4.30067e+08

-3.22550e+08

-2.15033e+08

-1.07517e+08

0.00000e+00

1.07517e+08

2.15033e+08

3.22550e+08

4.30067e+08

5.37583e+08

6.45100e+08

7.52617e+08

8.60133e+08

z

y
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Přı́klad 2 – krychle (9)

Napětı́ σ1:

2

1

1

6

3

4

2 8

5

5

3

7

4

x

tetrapack

uFEM 0.2.53d

Set:    1: 1.000
CS: CART

 09. 03. 2011

0.00000e+00

2.03874e+08

4.07748e+08

6.11622e+08

8.15495e+08

1.01937e+09

1.22324e+09

1.42712e+09

1.63099e+09

z

y

3

4

1

2

6

5

7

8

x

tetrapack

uFEM 0.2.53d

Set:    1: 1.000
Result: s_1

 09. 03. 2011

0.00000e+00

2.18307e+08

4.36615e+08

6.54922e+08

8.73230e+08

1.09154e+09

1.30984e+09

1.52815e+09

1.74646e+09

z

y

σ1 = 1.63 MPa (všechny) a 1.75MPa (jen 4 prvky)
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Přı́klad 2 – krychle (10)

Napětı́ σ1:
uFEM 0.2.53d

Set:    1: 1.000

1.63099e+09

1.42712e+09

1.22324e+09

1.01937e+09

8.15495e+08

6.11622e+08

4.07748e+08

2.03874e+08

0.00000e+00

 09. 03. 2011

Result: s_1

x

y

z

uFEM 0.2.53d

Set:    1: 1.000

5.94926e+06

5.20560e+06

4.46194e+06

3.71829e+06

2.97463e+06

2.23097e+06

1.48731e+06

7.43657e+05

0.00000e+00

-9.13756e+04

-1.82751e+05

-2.74127e+05

-3.65502e+05

-4.56878e+05

-5.48254e+05

-6.39629e+05

-7.31005e+05

 09. 03. 2011

Results

x

y

z

σ1 = 1.63 GPa (5 prvků) a 5.94MPa (podrobný model)
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Přı́klad 2 – krychle (11)

Napětı́ σx:
uFEM 0.2.53d

Set:    1: 1.000

6.62240e+06

5.79460e+06

4.96680e+06

4.13900e+06

3.31120e+06

2.48340e+06

1.65560e+06

8.27800e+05

0.00000e+00

-8.27800e+05

-1.65560e+06

-2.48340e+06

-3.31120e+06

-4.13900e+06

-4.96680e+06

-5.79460e+06

-6.62240e+06

 09. 03. 2011

Result: s_x

x

y

z
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