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INSTEAD OF PREFACE

It was all very well to say ‘Drink me,” but the wise little Alice was not going to do that in a
hurry. ‘No, I'll look first,” she said, ‘and see whether it’s marked “poison” or not’; for she had
read several nice little histories about children who had got burnt, and eaten up by wild beasts
and other unpleasant things, all because they would not remember the simple rules their friends
had taught them: such as, that a red-hot poker will burn you if you hold it too long; and that
if you cut your finger very deeply with a knife, it usually bleeds; and she had never forgotten
that, if you drink much from a bottle marked ‘poison,’ it is almost certain to disagree with you,
sooner or later.

However, this bottle was not marked ‘poison,” so Alice ventured to taste it, and finding it
very nice, (it had, in fact, a sort of mixed flavour of cherry-tart, custard, pine-apple, roast turkey,
toffee, and hot buttered toast,) she very soon finished it off.

(Lewis Carroll, ‘Alice’s Adventures In Wonderland’)
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A THE REAL NUMBER SYSTEM;
THE SUPREMUM THEOREM

1 NUMBER SYSTEMS, THEIR NOTATION AND SOME
PROPOSITIONS

1.1 N={1,2,3,4,5,...}... the set of all natural numbers.
The following theorem is useful not only when thinking about a structure of the natural
numbers, but it is also a good instrument for proving many mathematical propositions.

1.2 Theorem (Principle of Mathematical Induction). Let M be a subset of N such that
i) 1eM,
ii) YneM: n+1¢€ M.

Then M = N.

1.3 Example. Prove that
Vn e N: 1+2+...+n:%n(n~l—1).
PROOF. Let us denote
M::{keN: 1+2+...+k:%k(k+1)}.

The task is to prove that M/ = N. According to Theorem 1.2 it is sufficient to show that the
premises i) and ii) hold for M. The premise i) holds clearly since 1 = % -1-(1+1). In order
to prove ii) let us assume thatn € M, i.e.,

1
1+2+...—|—n:§n(n—|—1).
We shall show thatthen n+1 € M, i.e.,
1
1+2+...+n—|—(n—|—1):§(n+1)(n+1+1).

This is easy since from our assumption it follows that

(1+2—|—...+n)+(n+1):%n(n—I—l)Jr(nJrl):%(n+1)(n+1+1).

Thus the premise ii) holds too.

0J
There is also another way how to prove this proposition. Given n € N,
21+24+3+...+n)= 1+ 2 + 3 + ... +n+
+n+n—-1)+n-2)+ ... +1 =n(n+1).
0J



14 Z2={...,-3,-2,—-1,0,1,2,3,...} = |J {n,—n,0} ... the set of all integer numbers.

neN

1.5 Q= {§ . p,q €Z N q# 0} ... the set of all rational numbers.

There is a lot of ideas showing certain incompleteness of the rational number system, de-
spite the fact that between each two - arbitrarily near - distinct rational numbers there still lies
an infinite number of them. For example,

i) Ve>0)FpL,p€Q): 2—e<pi<2<pi<2+e,
ii) there is no rational number p such that p? = 2.
Let us prove at least the second proposition.
PROOF. Conversely, we assume that there is a rational number p such that
P’ =2.

Since p € Q, there are integer coprime nonzero numbers m, n such that

m
p=—.
n
Thus we get
2
m
R ]
n2

and so m? = 2n2. This implies that m has to be even (note that the square of an even num-
ber is even and the square of an odd number is odd). Therefore there is a £ € Z such that
m = 2k. By inserting this relation into m? = 2n?, we obtain 4k? = 2n2. Hence it follows that
n? = 2k%. This implies that also n has to be even which contradicts our assumption that m

and n are coprime.
O

1.6 R... the set of all real numbers.
Let us recall that we have number of operations defined in R (and also in N, Z

and Q): +, —, -, 5, | |
An order of the real numbers is their other essential characteristic:

e for every two real numbers z, y exactly one of the following possibilities holds
i) x <y,
i) ==y,
iii) x> v;

e for every three real numbers z, y, z it holds that (z <y A y < 2) = (z < z).

Let us also introduce the notation

Rt ={x €R: x> 0}... the set of all positive real numbers,
R~ ={x €R: x <0}...the set of all negative real numbers,
R\Q ... the set of all irrational numbers.



1.7 R* =R U {+00,—00} ... the extended real number system.
Let us extend the order from R to R*:

e VzeR: —co<a N < +00,
o —00 < +00.
Let us also define the following operations in R*:

o V> —00: x4 (+00) = +00 +z = +00,

Vi < 4o00: 24 (—00) = —00+ 2 = —00,

o Vx € RTU{+0}: x-(+00) = +00 -z = 400,
x-(—00) = —00 1 = —00,

o Vx e RTU{—00}: x:(+00) =400 2 = —00,
x-(—00) = —00-z = +00,

eVzeR: L == —)

o | = oo| = | + 00| = +oo.

Instead of x + (4+00) we usually write « 4+ oo. Similarly, instead of = + (—o0) we write
x — 00. Also, we denote +oo briefly by oco.

1.8 Remark. NCZ C Q C R C R*

1.9 Caution. We do not define: +o00 — 0o, —00 + 00, 0 - (£00), %, 5 (v eRY).

2 MAXIMUM, MINIMUM; SUPREMUM, INFIMUM

Already since secondary school we have been used to dealing with various sets of numbers.
For instance, let us consider the intervals (—1, 1) and (—1, 1] and number 1 which in both
intervals plays role of a “right bound”: any number lying to the right from it belongs neither
to (—1, 1) nor to (—1, 1]. Also, every number from the set [1, +00) U {400} has this quality
(in a while: to be an upper bound). However, number 1 is the best since it is the smallest one.
The fact that in the first case number 1 does not belong to the given interval and in the sec-
ond case it does is an essence of the difference between the concepts “supremum’ and “maxi-
mum”. These concepts (together with other concepts defined below) are used for characteriza-
tion of even much more complicated subsets of R*.

2.1 Definitions. Let M C R*.
e A number k € R* is said to be an upper bound of the set M if

VeeM: x<k.



e A number ! € R* is said to be a lower bound of the set M if

VeeM: x>1.

2.2 Definitions. Let M C R*.

e [f an upper bound of M exists and belongs to M, we call it a maximum of M and denote
it by max M.

e If a lower bound of M exists and belongs to M, we call it a minimum of M and denote
it by min M.

2.3 Definitions. Let M C R*.

e A number s € R* is called a supremum of the set M if

i) VeeM: x<s
(i.e., s is the upper bound of M),

i) (VkeR* k<s)(TxeM): z>k
(i.e., any number smaller than s is not the upper bound of M).

We write s = sup M.
e A number 7 € R* is called an infimum of the set M if

i) VeeM: x>1
(i.e., ¢ is the lower bound of M),

i) MeR* I>i)(FxreM): z<I
(i.e., any number larger than ¢ is not the lower bound of M).

We write 7 = inf M.

2.4 Observation. sup M is the least upper bound of M and inf M is the greatest lower bound
of M.

2.5 Examples.

1) M = (-1, 1] ... min M does not exist, inf M = —1, sup M = max M = 1.

2) M =R" ... neither min M nor max M exists, inf M = 0, sup M = +o0.

3) M =0 ...neither min M nor max M exists, inf M = +oo, sup M = —oo0.

4 M ={-L:neN} ... mnM=inf M = —1, max M does not exist, sup M = 0.
2.6 Definitions. Let M/ C R*.

e If sup M < 400, we call M bounded above.

o Ifinf M > —oo, we call M bounded below.

e If M is bounded above and bounded below, we call it bounded.
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e If M is not bounded, we call it unbounded.
2.7 Theorem (Supremum Theorem). Every subset of R* has exactly one supremum.
2.8 Corollary. Every subset of R* has exactly one infimum.
2.9 Exercises.

1) Think over the relation between max M and sup M (min M and inf M).

2) Find out what is the relation between sup M and inf(—M), where
—M:={—-z:z € M},
and prove that the existence of infimum is really a consequence of Theorem 2.7.

3) Determine sup M and inf M (and also max M and min M, in case they exist), if

a) M={qeQ: ¢ <3},
b) M={zeR: sinl=3}
o) M={z€eR: 2*+32z—6>0}

4) Prove the proposition:

Aset M C R*isbounded < Jk € Rt : M C [k, k].

5) Prove thatinf {1+ 2: n € N} =1andmin {1+ 2 : n € N} fails to exist.



B REAL FUNCTIONS OF A SINGLE REAL VARIABLE

3 DEFINITION OF A FUNCTION

3.1 Definitions. We call every mapping of R into R a function (more precisely: a real function

of a single real variable). In other words, a function f is a prescription that associates each
element z € D(f) C R with exactly one value f(x) € H(f) C R (D(f)... the domain of f;
H(f)...therange of f). If f is a real function of a single real variable, we write

f: R—R.
From now on we shall deal only with functions whose domains are not empty.
3.2 Examples.
1) f(z):=2% D(f)=1[-1,1] ... seeFig. 1.
2) g(x) :=2% D(g) =[-1,1) ... seeFig. 2.

Caution: f # g
(f =9 < [D(f) = D(g) A VzeD(f): f(x)=g(@)]).

Fig. 1 Fig. 2
0, <0,
3) 77(13) T { 1’ T Z O;
D(n) =R, n... the so-called Heaviside function ... see Fig. 3.
-1, =<0,
4) sgn(z) := 0, x=0,
1, =z>0;
D(sgn) =R, sgn... the so-called sign function ... see Fig. 4.
5) h(z) :=|z]; D(h)=R (x| €Z: |z] <z <|z]+1),
|z] ... the so-called lower integer part of a number z ... see Fig. 5.
6) Id(z) := x; D(Id) =R, Id... the so-called identity ... see Fig. 6.

10
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D(l) =R, |z|... the so-called absolute value of a number = ... see Fig. 7.
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Fig. 7
0, reQ

D(x) =R, x...the so-called Dirichlet function.

3.3 Definition. A graph of a function f is defined by
Graph [ := {(z,y) ERxR=R*: 2 € D(f) A y= f(z)}.

3.4 Remark and convention. Now we know that a function is determined by its domain and

its prescription which associates each element of the domain with exactly one value. We often
determine a function only by its prescription; in this case the domain is a set of all real numbers
for which the prescription is meaningful.
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3.5 Example. Let us determine the domain and the graph of the function
k(x) :=+v1—=x.

SOLUTION. D(k)={z €R: /1 —zisdefined} ={z € R: 1 —2 >0} = (—o0, 1].

Graph k = {(z,y) e R?: z € (—o0, 1] A y =1 -2z} =
={(z,y) eR*: x € (-0, 1] ANy>0 A y>*=1—2x} ... seeFig. 8.

4 SOME SPECIAL PROPERTIES OF FUNCTIONS

4.1 Monotonic Functions

4.1.1 Definitions. Let M C R. A function f is said to be

e increasing on the set M if

Vo, 20 € M @ 11 < 29 = f(21) < f(x2),

e non-decreasing on the set M if

Ve, o9 € M @ oy < 29 = f(x1) < f(x2),

e decreasing on the set M if

Ve, 29 € M 21 < 19 = f(xl) > f($2)7

e non-increasing on the set M if

Ve, 29 € M @ 2y < 2o = f(x1) > f(x2).

A function is said to be increasing (non-decreasing, decreasing, non-increasing) if it is in-
creasing (non-decreasing, decreasing, non-increasing) on its domain. Increasing and decreasing
functions are called strictly monotonic, non-increasing and non-decreasing functions are called
monotonic.

12



4.1.2 Examples. Let us consider the above-mentioned functions. Then
1) Id is increasing,
2) n, sgn, h, Id are non-decreasing,
3) k is decreasing,
4) k is non-increasing.

4.1.3 Remark. It is obvious that every strictly monotonic function is monotonic.

4.2 Even and Odd Functions

4.2.1 Definitions. A function f is called

e cven if

Ve e D(f): f(=x) = f(z),

e odd if
Ve e D(f): f(—z) = —f(a).

4.2.2 Remark. Note that if f is even or odd, then Vo € D(f) : —x € D(f).

4.2.3 Examples. Let us consider the above-mentioned functions again. Then
1) f, [, x are even (g is not even!),

2) sgn, Id are odd.

4.2.4 Observation. Graph of an even function is symmetric to the line = 0. Graph of an odd
function is symmetric to the origin.

4.3 Periodic Functions

4.3.1 Definitions. A function f is said to be periodic if there exists a T € R* such that
Vee D(f): f(z)= f(z+T).

We call such 7" a period of f.

4.3.2 Observation. For any periodic function f it holds: Vo € D(f) : =+ T € D(f).

4.3.3 Exercise. Prove the proposition:

T € Rt NQ = Yy is periodic with the period 7.

13



4.4 Injective Functions

4.4.1 Definition. A function is said to be injective if
Vi, xe € D(f) 1 o1 # x2 = f(21) # f(22).

4.4.2 Example. Functions Id and £ are injective.

4.5 Bounded Functions

4.5.1 Definitions. Let M/ C D(f). A function f is said to be bounded above on the set M
if a set

fM) = {f(x) : v € M}
is bounded above. A function f is said to be bounded above if it is bounded above on D(f).
Below-bounded functions and bounded functions are defined analogously.

4.5.2 Examples.
1) f, g, n, sgn are bounded,

2) [, k are bounded below.

5 OPERATIONS WITH FUNCTIONS
5.1 Sum, Difference, Product, Quotient and Composition of Functions

5.1.1 Definitions. Let f and g be functions. Then the functions f +g¢g, f—g, f-g, % andgo f
are defined by the following prescriptions:

e (f+9)(x) = f(z)+g(x),
(f —9) () := f(z) — g(x),
(f-9) (@)= f(z)-g(x),
(o=

e (gof)(x):=g(f(x)).

5.1.2 If we take a close look at the previous definitions, we note certain incorrectness there.
For example, in the relation (f + g) (x) := f(z) + g(x) we use symbol “+” in two different
meanings. On the left side of this equality it means the operation between two functions: the pair
f and g is associated with the function f + g; on the right side of the equality symbol “+”” means
the sum of two real numbers f(x) and g(z). Similar incorrectness also appears in the definitions
of the other operations.

This inaccuracy is usual in mathematical literature, but with a little attention we cannot
make a mistake.

14



5.1.3 Examples.
1) Id=1Idold,
2) k= fyo f1, where fi(z) =1 — 2z and fo(z) = /x,
3) |x| =z - sgn(z) = Va2

5.2 Inverse Function

5.2.1 Definition. Let f be a function. A function f_; is called an inverse of f if
i) D(f-1) =H(f),
i) Ve,y eR: fa(z) =y & x=f(y).

5.2.2 Theorem (Existence of an Inverse Function). Let f be a function. Then f_; exists if and
only if f is injective.

PROOF.

i) f_1exists = f is injective
Let us consider arbitrary x1, 25 € D(f) such that f(z1) = f(z2) and denote the value
f(z1) = f(x2) by x. This gives © € H(f) = D(f_1). Hence it follows that f_;(x) = 2,
and f_;(x) = xo. We thus get 27 = xo.

ii) f is injective = f-1 exists
Let x € H(f). As f is injective there exists a unique y, € D(f) such that f(y,) = x.
Now we define a function g on H(f) by the prescription g(x) := y,. It is clear that

9= /f-.
5.2.3 Example. Find the inverse, in case it exists, of the function
v(z) :=+v1—22, D(v)=[-1,0] ...seeFig. 9.
SOLUTION.

i) Yxi,29 € D(v) =[—1, 0]

v(xy) = v(zg) = \/1—x§ = \/1 —12 =2t =1 = V2l = /1l = v = | =
—x1 = —T9 = X1 = T9. Hence v is injective and thus v_; exists!

ii) Yex € D(v_y)=H(v) =0, 1]:
valr)=yer=vy) =V/1-y¥2=22+1y=1= iy =y =v1—2%
Therefore y = v_1(z) = —v/1 — 2% and we get

v_q(x) == —v1—22 D(v_y)=1[0,1] ... seeFig. 9.

15
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Fig. 9

5.2.4 Observations. Let f be an injective function. Then
o Vo€ D(f-1): (fo fa)(x) =g,
o Vo e D(f): (f-10 f)(z) ==,
e (1) =1,

e (z,y) € Graph f < (y,x) € Graph f_;
(the graphs of f and f_; are symmetric to the line y = x).

5.3 Restriction of a Function

5.3.1 Definition. We say that a function / is a restriction of a function f to a set M (we write
h = f]|a) if the following conditions hold:

i) M =D(h) C D(f),

ii) Yee M: f(x)=h(z).
5.3.2 Examples.

D g=fli-1,1)

2) sgn|g+ = n|g+-
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C ELEMENTARY FUNCTIONS

6 BASIC ELEMENTARY FUNCTIONS

Fig. 10

6.1 An exponential function e” (we shall denote it also by exp(x)) ... see Fig. 10.

This is undoubtedly the most important function in mathematics.

This is exactly how the wonderful Walter Rudin’s book “Real and Complex Analysis” starts.
Then it continues with an exact definition of the exponential function and with a proof of its
basic properties. However, this way is too difficult for us, in this moment we know too little.
For illustration, let us note that the exponential function can be defined using a sum of a series:

2 23 X g
exp(x) ::1+x+§+§+... :ZF
’ ’ n=0

Since we do not know now what the given sum of the series means, we have to make
do with what we know about the exponential function from secondary school.

In what follows, we shall define other basic elementary functions (except the goniometric
functions) exactly.

6.2 A logarithmic function is defined as the inverse of the exponential function, i.e.,

log :=exp_; ... seePFig. 11.
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Fig. 11

6.3 A constant function is defined by

f(z)=c (ceR).

In the case ¢ = 0 we speak about a zero function.

For instance: f(z):=1 ... see Fig. 12.
2
1.57
0.51
-3 2 470 1 2 3
-0.5+ X
-1
Fig. 12

6.4 The power functions:

e a power function with a natural exponent n € N is given by

flr)=2a"=g-z-x---x.

n times
For example: f(z) :=x . see Fig. 6,
f(x) =22 . see Fig. 13,
f(z):=a? . see Fig. 14.

o 1

[T I L —

:L. x . x . :L' PRI x
For example: f(z) :=27' =1 . see Fig. 15,
f(xz):=2"?=2 ... seeFig. 16.
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e a function nth root (n € N, n > 1) is defined by

i) f(z):= (2"j0,400))_, for every even n,
ii) f(z):= (2"|r)_, for every odd n.

We write f(x) = /.

For example: f(z Jr=:\/xr ...seeFig. 17,
i

):
x) = Jx ... see Fig. 18.

e a power function with a real exponent r € R \ Z is defined by

f(.ﬁl?) =" = erlogx ]

V5 . see Fig. 19,
f(z) :=xvs ... see Fig. 20.
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e moreover, we define
VeeR: 2%:=1.

6.5 Remark. It can be proved that

P

(Vp,q € Z, ¢>2) (Vo € RT) : zi = e 5" = /P,

We can further ask why we do not define — for these p and ¢ when, moreover, p is even —
the function z¢ by the prescription z¢ := +/xP also for a negative x. The answer is obvious.
Such definition would not be correct since we could get

1= (-1 = (-)F = ()P = VI

6.6 The goniometric functions:

e sin (sine) ... see Fig. 21,
e cos (cosine) ... see Fig. 22,
e tan := % (tangent) ... see Fig. 23,
e cot:= 22 (cotangent) ... see Fig. 24.
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Fig. 21 Fig. 22

We again find ourselves in a situation when we work with the functions whose definitions
are beyond our comprehension in this moment. Similarly as in the case of the exponential
function, let us mention that the functions sine and cosine are defined by the following sums
of the infinite series:

x3 2n+1

s1n1:—93—§—|———. —Z 2n+1)

2 2n

x
COST : —1—5—1———. —Z

Fig. 23 Fig. 24

6.7 Caution. Note that the domain of every goniometric function is a subset of R; we do not use
the degrees at all. In this context it is good to recall that equalities of the type 90° = 7, 30° = ¢,
etc., are meaningless.

6.8 The cyclometric functions:

e arcsin := <sin |[—§ g]>71 (arcsine) ... see Fig. 25,
e arccos := (cos |jp,]) _, (arccosine) ... see Fig. 26,
e arctan := (tan |(—g,g)>71 (arctangent) ... see Fig. 27,
e arccot := (cot|(,x))_, (arccotangent) ... see Fig. 28.
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6.9 The hyperbolic functions:

e sinhz:= == (hyperbolic sine) . see Fig. 29,
e coshzx := W (hyperbolic cosine) . see Fig. 30,
e tanhx := z;‘;ﬁ = gz;g:z (hyperbolic tangent) . see Fig. 31,
e cothx := Z?jﬁ; = ngg: (hyperbolic cotangent) . see Fig. 32.
6.10 The hyperbolometric functions:
e argsinh := (sinh) , (argument of hyperbolic sine) . see Fig. 33,
e argcosh := (cosh o, +OO))_1 (argument of hyperbolic cosine) . see Fig. 34,
e argtanh := (tanh) , (argument of hyperbolic tangent) . see Fig. 35,
e argcoth := (coth) , (argument of hyperbolic cotangent) . see Fig. 36.
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7 ELEMENTARY FUNCTIONS

7.1 Definition. A function is said to be elementary if it is formed by the basic elementary func-
tions using a finite number of algebraic operations (4, —, -, :) and composition of functions.
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7.2 Examples.

1) The function f(z) = a” := e*!°8% (q € RY) is elementary.

2) The inverse of a® (a € R \ {1}) is elementary <loga T = %).

3) sgn is not elementary.
4) |z| = V22 is elementary.
5) Every real polynomial p, i.e., a function given by
p(z) = apr" + ap_ 12"+ tawt+ayg (a; €R,i=0,1,...,n),
is elementary.

7.3 Exercises. Prove the following propositions:
1) Vo € [~1, 1] : arcsinz + arccosz = 7,
2) Ve € R: arctanx + arccotx = 7,
3) Ve € R: cosh?z —sinh?z = 1,
4) Vr € R: argsinhaz = log (x + \/JT—l—l),
5) Vx € [1, +00) : argcoshz = log (ac + M)
6) Vo € (—1,1): argtanha = ;log 1%,
7) Vz € R\ [-1, 1] : argcotha = §log £,
8) Vu,v € R: cosh(u + v) = cosh(u) cosh(v) + sinh(u) sinh(v),

9) Yu,v € R: sinh(u + v) = sinh(u) cosh(v) + cosh(u) sinh(v).
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D SEQUENCES OF REAL NUMBERS

8 LIMIT OF A SEQUENCE

8.1 Definitions. By a sequence (more precisely: a sequence of the real numbers), we mean

a function f whose domain equals to N.
A sequence which associates every n € N with a number a,, € R (a, ... the so-called

nth term of the sequence (a,,)) shall be denoted by one of the following ways:

® ay,a9,03,...;
o (an);
o {an}, ;.
8.2 Caution. {a,} -, # {a, : n € N} ... the range of a sequence.

8.3 Examples.

1) V13,V/13,V13,...;a, = V13

... aconstant sequence, Vn € N : a,11 = a,.

2) 1,2,3,4,5,...5a, :=n
... an arithmetic sequence, (30 € R)(Vn € N) : a,11 = a, + 9.

3) 1,2,4,8,16,...;a, = 2"
... a geometric sequence, (3¢ € R)(Vn € N) : a,41 = qay,.

1111 . 1
4) 1757571,57...,01”.—5

... a harmonic sequence.

5) 1,1,2,3,5,8,13,...;a1=as =1, Vn € N: a,49 := any1 + ay,
... a Fibonacci sequence (defined recurrently).

6) 0,1,—1,2,-2,3,-3,0,0,—-27,27,... = f(0), f(1), f(=1),..., f(n), f(—n),...,

where f(z) := 755 (1296 — 492% 4 142" — 2°) ... see Fig. 37.

8.4 Definitions. We say that a sequence (a,,) has a limit a € R (we write lim a,, = a or a,, — a)
if

(Ve e RT)(3ng e N)(Vn € N, n > ng) : |a, —a|] <e.
If a sequence has a (finite) limit, we call it convergent. In the opposite case we call the sequence
divergent.

8.5 Examples.

1) an::\/ﬁﬁ\/ﬁ.
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2)

20-

Fig. 37

PROOF. The proposition is obvious since

(Ve e RY)(3ng e N)(Yn e N, n>ng) : |a, — V13| =0 < e.

an::%—>0.

PROOF. We have to prove that
(Ve e RM)(Ing e N)(Vn € N, n > ng) : |a, — 0] <e,

1.e.,
1
(Ve e RT)(Ing e N)(Vn € N, n > ny) : ~<e

First of all, let us note that for n,e > 0 we have % <& & % < n.Now we fixe € R

and choose an ny € N such that

1
- < ny.
3

This is certainly possible. For instance, we can consider ng = EJ + 1. Then

1
(VneN, n>ng): n>ng>—.
£

8.6 Exercises. Prove that

1) the sequence {a,}, ., := {(—1)"} -, has no limit;

2) the sequence {a,}. ., := {—n} _, is not convergent.
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8.7 Theorem. Every convergent sequence is bounded.

PROOF. The task is to show that
lima,=a€R = FkeR": {a, :neN} C [k, k].

a, —a = (Vee R")(3ngeN)(VneN, n>ng): |a, —al|<e =
= (Inp e N)(Vne N, n>ng): |a, —a|] <1.

Let us take such an ny and put
k = max{|ai|, |az|, ..., |an,|, |a| + 1}.

Clearly k € RT.
It remains to prove that Vn € N : a,, € [k, k]:

Vne{l,2,....,n0}: an € {—|anl,|an|} C [k, k],

(VneN, n>ng): a,€(a—1,a+1) C [k, k].
0

8.8 Caution. Theorem 8.7 cannot be reversed. More precisely, not every bounded sequence is
convergent. For instance, the sequence defined by a,, := (—1)" is bounded and lim (—1)" fails
to exist.

8.9 Definition. Let (a,,) be a sequence. Then a sequence
[ee}
{akn}nzl = Ay Agy o oo 3 Ay o o
where (k) is an increasing sequence of the natural numbers, i.e.,
VneN: k, < kyy1 Nk, €N,

is called a subsequence of (a,,).

8.10 Example.

(an) =1,3,4/3,8,12,1, -2, ..
(ar,) = 1,V/3,1,-2,... |

(k) =1,3,6,7,... .

8.11 Theorem. Every bounded sequence contains a convergent subsequence.

8.12 Definitions. A sequence (a,,) is said to be a Cauchy sequence if it satisfies the so-called
Bolzano-Cauchy criterion:

(Ve e RT)(Ing € N)(Vn,m € N; n,m > ng) : |an — am| < &.
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8.13 Theorem. A sequence is convergent if and only if it is a Cauchy sequence.

8.14 Definitions. Let (a,,) be a sequence. Then
e (a,) has alimit +o00 (we write lim a,, = 400 or a,, — +00) if

(Vk € R)(Ing e N)(Vn e N, n > ng) : a, >k,

e (a,) has alimit —oo (we write lim a,, = —o0 or a,, — —00) if

(VI € R)(Ing € N)(Vn € N, n>ng) : a, <.

8.15 Examples.
) a, :=n®— +oo,
2) a, = —n — —oo.

8.16 Theorem. Every sequence has at most one limit.

PROOF. Let (a,) be a sequence and a,b € R*. Conversely, we suppose that a,, — a,
a, — b, a # b. Let, for example, a < b and let us choose ¢ € (a, b). Then there exist
n1, N9 € N such that
(VneN, n>ny): a, <c,

(VneN, n>ny): a, >c.

Hence
(Vn € N, n>max{n;,ne}): c<a, <c

which is impossible.
0J

8.17 Theorem (Limit of a Subsequence). Lef lima,, = a € R* and (ay, ) be a subsequence
of the sequence (a,). Then lim ay,, = a.

The above-mentioned theorem can be very useful, for example, when proving that a se-
quence does not have any limit.

8.18 Example. The sequence {a,} ., := {(—1)"} , does not have any limit.

PROOF. By Theorem 8.17, it is sufficient to find two convergent subsequences of (a,,)
whose limits differ. And that is quite easy:

e for a subsequence containing only even terms of (a,,) we have

az, = (1) =1—-1,

e for a subsequence containing only odd terms of (a,,) we have

g1 = (—1)"""1 = -1 — —1.

28



8.19 Theorem (Limit of a Monotonic Sequence). Let (a,,) be a sequence.

e [f(a,) is non-decreasing, then

lima, = sup{a, : n € N}.

e If (ay) is non-increasing, then

lima, = inf{a, : n € N}.

PROOF. We assume, for example, that (a,) is non-decreasing (if (a,,) is non-increasing,
we proceed analogously, or we can employ the fact that (—a,) is non-decreasing). We put
s = sup {a, : n € N} and split the proof into two parts.

i) Let us consider primarily a situation when s = +oo (i.e., (a,) is not bounded above).
The task is to prove that lim a,, = +o00 which means that

(Vk € R)(3ng € N)(Yn €N, n > ng) : a, > k.

Let £ € R be given. Then k& < +oco = sup{a, : n € N}, and therefore there exists
an ny € N such that a,,, > k. Hence and from the assumption of monotonicity of (a,,)
the desired proposition follows since

(VneN, n>mng): a, > a,, > k.

ii) Now if s € R (i.e., (a,) is above-bounded), we have to prove that
(Ve e RN)(Fng e N)(VneN, n>ng): s—e<a, <s+e.

Let ¢ € R* be given. Since s — ¢ < s = sup{a, : n € N}, there exists an ny € N such
that a,,, > s — €. From the monotonicity of (a,,) and from the fact that supremum is also
an upper bound we finally get that

(VneN, n>ng): s—e<ap, <a, <s<s+e.

8.20 Examples.

1) It can be shown that the sequence (a,,), where a,, := (1 + %)n is increasing and bounded
above. Therefore it is also convergent. Furthermore, it can be proved that

1 n
lm(L%J = e (~ 2.718281828459045 . . ).
n
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2) The sequence (a, ), where

3)

is clearly increasing, and therefore its limit exists. However, for every n € N we have

1 n 1 n N 1 S 1 1
_ = > —n=-.
n+1 n+2 2n — 2n 2

‘CLZTL - an| =

Hence (a,,) fails to be the Cauchy sequence, and therefore its finite limit does not exist,
by Theorem 8.13. So

11 1 = 1
m(14+-+-+... 4= =Y —=+oc.
1m<+2—|—3+ +n) Z +00

The sequence (a,,), where

is clearly increasing. Since

1
Bk (k-1 k-1 &

holds for every k € N\ {1}, we obtain

_1+11+11+11++11_21
1 2 2 3 3 4) 7 \n—-1 n) T w

which holds for every n € N\ {1}. Hence (a,) is bounded above, and therefore it is
convergent. Moreover, it can be shown that

_ 11 1 R [
llm(l+?+§+...+ﬁ> ::;ﬁ:€%1.6449....

9 CALCULATING LIMITS

9.1 Theorem. Let lima,, = a € R* and limb,, = b € R*. Then

i) lim|a,| =|a

1
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ii) lim (a, £ b,) = a £+ b whenever the right side of the equality is meaningful,
iii) lim (a,b,) = ab whenever the right side of the equality is meaningful,

iv) lim §* = § whenever the right side of the equality is meaningful and b, # 0foralln € N,

v) lim {/a, = /a whenever k € N\ {1}, a € Rand a,, > 0 foralln € N.

9.2 Remarks. Let us think over the last theorem in more detail.

e Every of the mentioned propositions gives the information (of course, on the assumption
that the right side is meaningful):

i) that the relevant limit exists,

ii) how to calculate it using numbers a and b.

e Proposition i) cannot be reversed for a # 0. In other words, the statement
lim |a,| exists = lim a,, exists

fails to be true. As a contrary example we can consider the sequence {(—1)"}>° ;. How-
ever, directly from the definition of the limit it follows that

lima, =0 < lim|a,| =0.

e Caution! If the right side in equalities ii) - iv) is meaningless, it does not imply that
the relevant limit does not exist. Let us have a look at the following examples:

ap ‘= 2n — 400

) b, :=n — +oo } = n b= e,

ap ‘=N — 400

i) b, := 2n — 400 } = On = b = —n — —o0,

Qp =N — +00

iii) b, = n—a— +oo } = a,—b, =a—a (a € R canbe chosen arbitrarily),
Qp =N — +00

v) by = — (—1)" — +oo } = a, — b, = (—1)" ... this sequence has no limit.

The examples above also show why it is not reasonable to define (+00) — (+00). We can
also find similar examples for other operations.

9.3 Examples.

1)
nPH6n+7 . 1484 T dim(l4+E4+ ) 1+ S+ i
lim ————— =lim g = — 5 = 2 =
14040 1
3—0 3



2)

lim(l—i— —hm“ 1+ \/hm 1—|— :\3/5

(here we use the fact that { , 1s a subsequence of the convergent sequence

’I’L

{(14 2)"}> , and therefore it has the same limit e).

9.4 Convention. To say that S(n) holds for all large enough n € N means that

(Ino € N)(Vn € N, n.>ng) : S(n).
9.5 Observations.
e a, -acR = Ve e R": |a, — a|] < ¢ forall large enough n € N.

e Let a limit of a sequence (a,,) exist and let (b,,) be a sequence such that a,, = b,, for all
large enough n € N. Then lim b,, = lim a,,.

9.6 Definition. From now on by a sequence we shall now also mean a function defined (only)
onaset N\ K, where K C N is some finite set.

The above-mentioned definitions of the limit remain (without any change!) valid although
we have generalized the concept of a sequence.

9.7 Examples.

1) lim —— = 0 (although — is not defined for n = 3),
2) lim % = 400 (despite the numbers 13 and 2007 do not belong to the domain

of the sequence).

9.8 Theorem (Passing a Limit in Inequalities). Let (a,,), (b,) and (¢,) be sequences and let
lima, = a € R* andlimb,, = b € R*.

i) Ifa <0, then a,, < b, for all large enough n € N.
ii) Ifa, <b, forall large enoughn € N, then a < b.

iii) If a, < ¢, < by, for all large enough n € N and a = b, then limc,, exists and
lime, =a =0

iv) Ifa, < c, forall large enoughn € N and a = +00, then lim ¢,, = +00.

v) If ¢, < by, forall large enough n € N and b = —oo, then lim ¢,, = —o0.

9.9 Caution. The following proposition

a, < b, for all large enough n € N,
a, — a, = a<b
b, — b,

fails to be true (it is enough to consider, for example, a,, =0 — 0, b,, = % — 0).
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9.10 Examples.

1) a, = sin(2007n3 —log n+€3") —0.
n
PROOF. We first observe that

: 3 _ 3n
1 < sin(2007n° — logn + e°") < 1
n

n n

holds for all n € N. Now, since i% — 0, we obtain, by Theorem 9.8 iii), a,, — 0.
O

2) a, := Yn — 1.

PROOF. Let the sequence (h,,) be defined by
Yn=1+h, neN\ {1}

By Theorem 9.1 ii), it suffices now to show that h,, — 0. First of all, let us note that
h, > 0foralln € N\ {1}. Since

n= (1+hn)”:i (Z)hi > (Z)hi: @hi

k=0

holds for all n € N\ {1}, it follows that also

holds for all n € N\ {1}. As % — 0, we have, by Theorem 9.8 iii), h> — 0 and hence,

by Theorem 9.1 v), h,, = |h,,| = \/h2 — 0.
0

9.11 Exercises. Let (a,,) be a sequence defined by

4N
an _q Y

where ¢ € R. Prove that
1) lim a,, does not exist if ¢ < —1,
2) lima, =0if |¢| < 1,
3) lima, =1ifqg =1,
4) lima, = +ooif ¢ > 1.
9.12 Theorem. Letlima, = 0.
i) Ifa, > 0forall large enoughn € N, then lim i = +o0.

ii) If a, <0 for all large enoughn € N, then lim t = —o0.
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E LIMIT AND CONTINUITY OF A FUNCTION

10 LIMIT OF A FUNCTION

10.1 Convention. By writing x( # x,, — xo we mean that z,, — x( and x,, # x, for all large
enoughn € N.
We understand the relations z¢ < x,, — xg and x¢ > x,, — x, in the similar way.

10.2 Definitions. We say that a function f has at x( € R*
e alimit a € R* (we write lim f(z) =a)if
T—T(
o # Ty — x9 = f(x,) — a
(i.e., f (z,) — a for all sequences (z,,) satisfying z¢ # x,, — o),

e a limit from the right @ € R* (we write lim f(x) = a)if

T—x0+

o < T — x9 = f(T,) — a,

e alimit from the left « € R* (we write lim f(z) = a) if

T—xTo—

o > Ty — 9 = f (1) — a.

10.3 Examples. Let f(z) := < (see Fig. 15). Then
1) lin% f(z) =1,

2) lim f(z) =0,

T—-+00

3) lim f(z) =0,

r——00

4) xli%l+f($) = 400,

5) lim f(z) = —o0,

z—0—
6) liIr(l] f(z) does not exist since, for example, 0 # x,, := % — 0and f(z,) = (—1)"n

does not have any limit.

10.4 Definitions. Let 2o € R and 6 € R™. We define the following sets:

o U(xg,d):=(xg—0, zg+ )
... aneighbourhood of x (with radius ¢),

L U(l’o,(5> = [SL’(), To + (5)
... aright neighbourhood of x( (with radius ¢),
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U~ (x9,0) := (o — 0, x0]
... a left neighbourhood of =y (with radius o),

U(+00,8) :={z €R*: x> 1} = (3, +00) U {+o0}
... a neighbourhood of +oo (with radius ¢),

U(=00,8) :={zeR*: 2 < —1} = (—o00, —F) U{—o0}
... aneighbourhood of —oo (with radius 9),

P(xq,6) := U(xo,9) \ {zo}
... an annular neighbourhood of = (with radius ¢)
Analogously we define P (xg,0), P~ (z0,0), P (+00,d) and P (—00, 9).

If we do not care about the size ¢ of a neighbourhood, we write briefly U(x(), P(zo),... .

10.5 Theorem. Leta € R*.

e Forany xy € R,
lim f(z) =a < (YU(a))(3P(x0))(Vz € P(x0)): f(z) € U(a).

e Forany xy € R,
lim f(z)=a <« (YU(a))(3P"(20))(Vz € PT(x0)): f(z) € U(a)

T—To+

and

lim f(z)=a < (VU(a))(3P (z9))(Vx € P (x0)): f(z) € U(a).

T—ro—

PROOF. We shall prove only the first equivalence for z(, a € R. To check the remaining
cases, it is enough to modify slightly the following steps. It is left it to the reader.

0 =
Conversely, we suppose that
(Je e RY) (V6 € RY) (3w € P(x0,0)) : [z & D(f) V |f(z) —a] >¢].
Hence it follows that

(Fe e RT) (Vn € N) (zy, € P (20,2)) : [wn & D(f) V |f(20) —al > €].

In this way we obtain the sequence (x,) satisfying clearly g # x, — g, but not
f (x,,) — a. This contradicts our assumption that lim f(z) = a.
r—x0

”
ii) &
We consider a sequence (x,,) satisfying xy # x, — zo. Our task is to prove that
flx,) — a,ie.,

Ve e R": |f(z,) —a| <e forall large enough n € N.
Given € € R™, there exists a d > 0 such that
Vo € P(x9,0): |f(x)—al <e.
Since x, € P (xo,d) (and therefore |f (z,) —a| < ¢) for all large enough n € N,

the proof is actually completed.
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0

10.6 Remark. Neither existence nor value of lim f(z) depends on the existence or value
r—xQ

of f(xy). However, if lim f(x) exists, then the function f has to be defined on a P (x, 9).
T—T0

10.7 Example.

: > =9 5 (x—3)(xz+3)
z—-3 1+ 3 ) x+3 z——3

The following three theorems are consequences of the definition of the limit of a function
and corresponding theorems concerning the limit of a sequence.

10.8 Theorem. A function f has at most one limit at v, € R*.

10.9 Theorem (Limit of Sum, Difference, Product and Quotient of Functions). Let f, g :
R — Rand xq € R*. Then

i) lim (f(z) £ g(x)) = lim f(x) £ lim g(z) whenever the right side of the equality is
T—T0 T—T0

T—T0

meaningful,

ii) lim (f(z)g(x)) = lim f(x) lim g(z) whenever the right side of the equality is mean-
T—T0

r—xQ T—x0
ingful,
lim f(x)
iii) IILIEO % = T2 5@ whenever the right side of the equality is meaningful.
T—x(

10.10 Examples.

1) lim (2% —2%) = lim (2%(x — 1)) = 400,

Tr——+00 r—+00
s T-1 _ 9. V=1 z+1\ _ 1. z—1 1 1 1
2) })L% =1 }}E% -1 Vatl) = }}L% -1zt ilinl Vatl T 2

3) lim sin(nm) = 0, but lirf sin(nm) does not exist.

10.11 Theorem. Let
e fgh: R—R,
e 1p,a € R*

e lim f(z)= lim g(x) =q,

o (IP(zg))(Vx € P(xg)) : f(z) < h(z) < g(x).
Then

lim A(z) = a.

T—T0
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10.12 Example.

1
lim (x2 Sin—) = 0.
x—0 x
PROOF. The equality follows directly from Theorem 10.11 since
o Vz e R\ {0}: —2%< .1328111% < x2,

e lim (—2?) = lim 22 = 0.

z—0 z—0
(Note the fact that lim sin % does not exist.)

x—0

10.13 Theorem. Let zy € R and a € R*. Then lim f(x) = a if and only if

T—T0

lim f(x)= lim f(z)=a.

T—x0+ T—T0—

11 CONTINUITY OF A FUNCTION

11.1 Definitions. Let z, € R. A function f is said to be

e continuous at x if

lim f(z) = f(o),

T—T0

e continuous from the right at z if

T—T0+

e continuous from the left at z if

lim f(x) = f(xo).

T—To—

Note that the continuity of f
e at o implies the existence of a U(z) belonging to D(f),
e from the right at xo implies the existence of a U™ () belonging to D(f),

e from the left at x( implies the existence of a U~ (z,) belonging to D(f).

11.2 Theorem. Let f : R — R and xy € R. Then the following propositions are equivalent:
i) [ is continuous at x,
ii) xo € D(f) N (VU(f(20)))(3U(x0)) (Ve € U(xo)) = f(z) € U(f(x0)),
iii) (Ve e RT)(F6 e RT)(Vx €R): |z — x| <0 = |f(x) — f(xo)| <&,
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) xn, — x9 = f(r,) = f(20).

11.3 Examples.
1) A constant function is continuous at every zo € R.
2) The function 1d is continuous at every zo € R.
3) A function f defined by f(z) := |z| is continuous at every xo € R.
4) The function sgn is continuous at every zo € R \ {0}, but not at zy = 0.

5) The Dirichlet function  is not continuous at any point.

11.4 Theorem (Continuity of Sum, Difference, Product and Quotient of Functions). Let
functions f and g be continuous at zy € R. Then also functions f + g, f — g and f - g are

continuous at . If, moreover, g(xq) # 0, then the function 5 1s continuous at x.

PROOF. From the assumptions

lim f(z) = f(z0), lim g(x) = g(xo),

T—X0 T—x0

the definition of operations with functions and Theorem 10.9 it follows that

lim (f +g)(x) = lim (f(z) +g(z)) = lim f(z)+ lim g(z) = f(zo) + g(z0) = (f + g)(x0)

T—T0 T—T0 T—T0o T—T0

Hence the function f + ¢ is continuous at x.

We proceed similarly in the case of the functions f — g, f - g and g.
0J

11.5 Theorem (Continuity of Composition of Functions). Let a function f be continuous
at xo € R and let a function g be continuous at f(xg). Then the function g o f is continuous
at xg.

PROOF. We have that

Tn =20 = f(xn) = f(xo) = g(f(xn)) — g(f(20)),

and therefore, according to Theorem 11.2, the function g o f is continuous at x.
O

11.6 Definition. A function f is continuous on an interval / C R if the following conditions
hold:

e f is continuous at every interior point of the interval [;
o if the basepoint of I belongs to I, then f is continuous from the right at it;

e if the endpoint of  belongs to /, then f is continuous from the left at it.

38



11.7 Theorem (Continuity of Basic Elementary Functions). Let [ be a basic elementary
function and let I C D(f) be an interval. Then f is continuous on I.

11.8 Example.

sinx

lim =1
z—0
PROOF. By comparing the areas of the triangle O AC, sector of the circle O BC' and the

triangle OB D (see Fig. 38), we obtain the following inequalities:

T coszsinx T tan x
‘v’xE(O,§>:—§§§ .

2 2

D
C tan x
X
0.59
sin x
cosXx g5 A B
X
Fig. 38
Hence it follows that )
7 sin x 1
Vx € <0, —) s cosx < < )
2 x COsS T

Furthermore, since cosine and sine are even and odd function, respectively, it holds that

T T sin x 1
Vo € (—— —> 0} : cosz < < )
27 2 \ {0} ~ x T cosx
Finally, the continuity of the functions cos x and L at0,ie.,
CcosxT
limcosz =1 = lim ,
z—0 z—0 COS T

implies, according to Theorem 10.11, that

sinx

lim =1.
z—0

11.9 Theorem (Limit of Composition of Functions). Let x, a, b € R* and assume

o lim f(x)=a,

T—x0
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o limg(y) = b,

o (3P(xzg))(Vx € P(xy)): f(x) #a or giscontinuous at a.

Then
lim g(f(z)) = 0.

Tr—XT0

11.10 Examples. Let us show that the third assumption of the previous theorem cannot be
omitted.

1) Let

Then
lim f(x) =0, limg(y) = +oo,

r—1 y—0

but lim g(f(x)) does not exist since D(g o f) = 0.

2) Let
L 240
=0 = v ’
fl) =0, gl { o o
Then
lim f(x) =0, limg(y) = +oo,
r—1 y—0
but

lim g(f(z)) = lim g(0) = lirr% 1918 = 1918 # +o0.

rx—1 r—1
11.11 Exercises.
1) Prove Theorem 11.9.

2) Modify (and prove) Theorem 11.9 for the case of one-sided limits.

11.12 Examples.

D
i 5)
iy SR(VT)
=0 /Bx
since
o lim (\/5x) =0,
x—0
o lim 52Y¥ — 1,
y—0 Y

o ¥z € R\ {0} : v5z #0.
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2)

1
lim cos (:1:2 sin —) =1

xTr—>

since

e lim 2% sin * = 0 (see Example 10.12),

x—0

e the function cosine is continuous at 0 (i.e., lin% cosy = 1).
y—)

(Note that (VP(0))(3z € P(0)) : z?sin< = 0.)
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F DIFFERENTIAL AND DERIVATIVE OF A FUNCTION

12 MOTIVATION

12.1 It is often useful to substitute a function f (at least locally, i.e., on a neighbourhood) by
a simpler function, preferably linear. However, this simplification (for a non-linear f) causes
a certain error.

Let us try to find a linear function approximating a function f on a neighbourhood of a point
¢ so that the approximation error is small. More precisely, we try to find a £ € R such that
f(c+ h) = f(c) + kh for any small h. Let us define a function w(h) (an error) by

w(h) == f(c+h) — f(c) — kh.
Thus we want w(h) to be small for any small h. We could require

}lllir(l)w(h) = 0.

However, this is not very reasonable, since for a continuous function f any choice of £k € R
complies with this accuracy rate. It is more reasonable to ask for

1.e.,

. fle+h)—=fle)=kh . (flc+h)—f(c)
lim :lm( N —k:):O.

h—0 h h—0

It follows that "
o et h) = fe)
h—0 h
If f’(c) € R, then we call a function df. defined by

df.(h) :=kh = f'(c)h
a differential of f at c. Note, by the way, that the line
y=fe)+ f(e)(x—c)

is said to be a tangent of a graph of f at (¢, f(c)). Number f’(c) is the slope of the tangent.

12.2 Now let us consider a mass point moving along a line and let us denote its position in a time
t by s(t). An average velocity of the point on a time interval [c, ¢ + h] can be expressed by

s(c+h) —s(c)
- :

If h tends to zero, then the average velocity clearly tends to an immediate velocity of given mass
point in the time ¢, i.e.,

o(c) = }IL{% s(c+ h})l —s(e) _ 50,
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13 DIFFERENTIAL AND DERIVATIVE; CALCULATING
DERIVATIVES

13.1 Definitions. Let f : R+— Rand z € R.

o If
L @ h) — f(@)
h—0 h

exists, we denote it by f’(x) and we call it a derivative of the function f at the point .

o If

i @+ = 1 (@)
h—0+ h

exists, we denote it by f\(z) and we call it a derivative from the right of the
function f at the point z.

o If

St h) (@)
h—0— h

exists, we denote it by f’(x) and we call it a derivative from the left of the
function f at the point z.

13.2 Convention. Unless otherwise stated, we shall use the concept of derivation in the meaning
of the proper (i.e., finite) derivation.

13.3 Observations.
o If f'(z) exists (proper or improper), then there is a U(x) such that U(z) C D(f).

o lim fEoth=te0) _ Jip, fle)-ie)

h—0 T—T0o

whenever one side of the equality is meaningful.

13.4 Examples.
1) If f is constant, then f/(x) = 0 for all z € R.

PROOF. Let us assume that (3¢ € R)(Vz € R) : f(z) = ¢, and therefore for all z € R

we have Ja+h) — o) 0
p L x—l——x__c—c____
Fo=im= = it
O
2) (Id) = 1inR.
PrOOF. For all z € R, we have
oy (e+h)—(@) ok
(1) (z) = Jim h =g = pml=1
O
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13.5 Definitions. If there is a £ € R such that for a function w defined by
w(h) == fle+h) - f(c) - kh

it holds that )
L w
= =

then the function f is said to be differentiable at the point c. A linear function df. defined by
df.(h) := kh
is called a differential of the function f at the point c.

13.6 Theorem (Existence of a Differential). A function f is differentiable at a point ¢ € R if
and only if the (finite!) derivative of the function f at the point c exists. Moreover, in such case

VheR: df.(h) = f'(c) h.

13.7 Theorem (Continuity of a Differentiable Function). If a function f is differentiable
at a point x, then it is continuous at x.

PROOF. The task is to prove that

lim (f(x) — f(x0)) = 0.

T—X0

First, we note that for all z, zo € D(f) such that x # x, we have

@) - f(ao) = L) )
Hence it follows that
f(@) = flzo)

lim (f () — f(zo)) = lim

z—10 z—x0 T — Xo

(x —z0)| = f'(x)-0=0.

(From the assumption and Theorem 13.6 it follows that f'(z) = lim Lﬁgm) e R)

T—T0 x

13.8 Examples.

1) The function sgn has an (improper) derivative at the point 0, but it is not continuous at 0.

PROOF.

enl(0) = lim ) —sen(0) _ sen() g1

x—0 xr — O o x—0 €x x—0 |J]|
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2) The function f(x) := /z has an (improper) derivative at the point 0 and it is continuous

at 0.

PROOF.

f'(0) = hmﬂ i VT i L

3) The function f(z) := |z| is continuous at the point 0, but f’(0) does not exist.

PROOF. We can easily calculate that

fi0)=1 and f(0)=—1,

and therefore, by Theorem 10.13, f’(0) does not exist.

13.9 Theorem (Derivative of Sum, Difference, Product and Quotient of functions).

x € R. Then
i) (fx9)(z)= f(x) =% g (x) whenever the right side of the equality is meaningful,

i) (fg)(x)= f'(x)g(x)+ f(x)g'(x) whenever f'(x) and ¢'(x) exist finite,

! ! /
iii) <§) (z) = L@@ T @@y ponever f(2) and g'(x) exist finite and g(x) 0.

9%(x)
PROOF.
)
(f +9)'(z) = lim (fE9)@+h) —(f£g)() _

h
. fle+h)—f(x)  glz+h)—g(r)
= Jim h + h

whenever f'(z) + ¢'(z) is meaningful (see Theorem 10.9).

= f'(z) £ 4'(z)

(fg)'(z) = lim

h—0

(f($+h) — f(z)
h

where the last equality follows from

(f(l‘ +h)gla+h) — fla)g(z) | fla)g(z + h))
h h

g(x +h) —g(v)
)

= lim
h—0

gz +h) + f(x)

¢ (z) € R = giscontinuous at z = }Lir% gz +h) =g(x)

and the fact that f'(z) € R.
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iii)

g h—0 h h—0 hg(z + h)g(z)
. 1 fl@+h) = f(z) glx+h)—g(x)\] _
=t | (7 et — ) 2 )
1

13.10 Remark. Analogous propositions hold also for the one-sided derivatives.

13.11 Theorem (Derivative of Composition of Functions). Let x € R and let f'(x) and
g'(f(x)) exist finite. Then

(g0 f)(x) =g (f () f'(x).

13.12 Remark. For the sake of lucidity, we shall write, not very correctly, (f(x))" instead

of f'(x).
13.13 Examples.

1) Vz € R: sin’z = cosz.

PrOOF. First, we recall that

1-— 2 i
VreR: sin2x:ﬂ and lim ST = 1.
2 z—0 I
Therefore for all x € R we get
., . sin(x 4+ h) —sinz . sinzcosh 4+ cosxsinh —sinz
sin’ x = lim = lim —
h—0 h h—0 h
1 sin h ) 1—cosh o sin h ~ 2sin? % B
= hli% CcoS T . sinx . = hli% CcoS T . sinx . =

, sinh . sin% A _
= lim | cosz —sine ——sin - =cosx-1—sinz-1-0=cosz.
h—0 h 3 2

2) Ve e R: cos’z = —sinx.

PROOF. From Theorem 13.11 and the previous example it follows that for all z € R we
have

(cosx) = (sin (g — x))l = sin’ (g — x) (g — x>/ = CoS (g —x) (0—1) = —sinx.
U
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3) Vo € D(tan) : tan'z =

cos?z”

PROOF. From Theorem 13.9 and the previous examples, it follows that for all x &
D(tan) we have

, sinz\’ (sinz) cosx —sinz(cosx)  cos’z +sin’z 1
(tanz)" = = 5 = 5 =—.
cos x cos? x cos? x cos? x
U
4) Yz € D(cot) : cot' z = —Sinl%.
PROOF.
, cosr\’ —sin’x — cos’x 1
VxGD(cot):(cotx):(. >: — =——
sin x sin” x sin”
U

5) Vx e R: (e%) =e”.

(Let us leave this proposition without proof . ..)

13.14 Theorem (Derivative of an Inverse Function). Ler a function [ be continuous and
strictly monotonic on an interval I C R, let x be an interior point of I, and let f'(f~1(x))
exist. Then (f~1)(x) exists and is defined by

e PN ) A0,
(f(x) = +oo if f/(fHx)) = 0 and [ is increasing on I,
—oo if f/(f~Y(x)) = 0and f is decreasing on I.

13.15 Examples.
1) Vz e RY: log'z = 1.

PROOF. 1 1 1
Ve € RT: log'x = = =—.
exp’(logz)  exp(logz) =z

2) Letn € N. ThenVx € R: (") = na" L.

PROOF. We shall use the mathematical induction.

i) Ve eR: (z) =1d(z) =1.

ii) The task is to prove the implication
(neNAVzeR: (z") =na"") = Ve eR: (") = (n+1)2"

(xn—i-l)/ = (:Enaj)/ = ($n)/x 4oy = nr g 4ot = (n 4 1)$n_
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3) Let —n € N. Then Vo € R\ {0} : (2") = na" L.

PROOF. | A
Ve e R\ {0}: (") = (x") = T=0F =
= —_<—;>§;n_l = pa "I = gt
0
4) Letr € R. ThenVx € RT: (27) = ra™ %,
PROOF.
Vo € RT: (27) = (e"'°87) = "¢ (rlogz) = x’”r% =ra" .

0J

5) Letz € R and let f and g be functions satisfying f(x) > 0 and f'(x), ¢’(z) € R. Then

(f(x)g(x))’ _ (eg(a?)bgf(r))’ _ eg(w)logf(x)(g(x) log f(z)) =

= ()79 ( ¢'(z)log f(x xf’(x)
= 10 (f0oe ) + g0 ).

6) Vr € (—1, 1) : arcsin’xz = \/1177

PROOF. First, let us recall that Vo € (—1, 1) : arcsinz € (-3, §)andVz € (=73, 3):
cos z > 0. Therefore
1 1

\V/ € _17 1 : i ,: - -
ze(=1,1): (arcsinz) sin’(arcsinz)  cos(arcsin x)

1 1 1

~ cos(arcsinz)| /1 — sin?(arcsin z) Va2

7) Yz € (-1, 1) : arccos’x = —

1—22°

PROOF. Since Vx € (—1, 1) : arccosz € (0, ) and Vo € (0, ) : sinz > 0, we get

1 1
Vo e (—1,1): (arccosz) = = =
cos’(arccos x) sin(arccos )
1 1 1

~|sin(arccosz)| /1 — cos?(arccos z) V1=
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) /|
7 Ve eR: arctan’z = .

PROOF. First, let us observe that Vo € R : arctanz € (-3, §) and Vo € (=3, §) :

COSIQm = COSQCﬁ;gS;HQm = 1 + tan® x. Therefore
Vi€ R tan’ 1 1 1 1
T : arctan’x = = = = .
tan’(arctan z) m 1+ tan?(arctanz) 1+ 22
U
8) Vox € R: arccot' x = —ﬁ.
PROOF. First, let us observe that Vo € R : arccotz € (0, ) and Vo € (0, 7) :
1 _ sin®?z4cos’z __ 2
S = Tt =1+ cot” . Therefore
Vi€ R ¢ 1 1 —1 —1
T . arccot’ ¥ = = = = :
cot’(arccot ) m 1 + cot?(arccot z) 1+ 2
U

13.16 Definition. Let f be a function. A function f’ defined by

f'(@) = f'(x)

is said to be a derivative of the function f. Analogously we define functions f’ and f’.

13.17 Definitions. Let / C R be an interval with end points a,b € R*, a < b. A function f is
said to be

o differentiable on the interval [ if the following three conditions hold:

i) Yr € (a,b): f'(x) €R,
ii) ifa € I,then f/ (a) € R,
iii) ifb e I,then f' (b) € R;

e continuously differentiable on the interval [ if the following three conditions hold:

i) the function f’ is continuous on (a, b),
ii) if a € I, then the function f ; is continuous from the right at the point a,

iii) if b € I, then the function f’ is continuous from the left at the point b.

13.18 Definitions. Let n € N. Let us define a function called (n + 1)th derivative of a function
f by induction

/

f(n+1) — (f(n)) )

Moreover, let us define a function ) by



13.19 Example.

sin(®

T =sinz,
sin' x = cos,
sin” x = (sin’ ) = (cosx) = —sinwx,
sin” x = (sin” ) = (—sinz)’ = —cos z,
sin® z = (sin” z) = (— cosz)’ = sin z,

!/

sin® z = (sin® z)’ = (sinz)’ = cosz,
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G BASIC THEOREMS OF DIFFERENTIAL CALCULUS

14 THEOREMS ON FUNCTION INCREMENT

14.1 Theorem (Rolle). Let a function f be continuous on an interval |a, b| and differentiable
on (a, b), and let f(a) = f(b). Then there is a § € (a, b) such that f'(§) = 0.

PROOF. We shall carry out the proof later (see 17.2.6).

The meaning of Rolle’s theorem is illustrated in Fig. 39.

0.8
0.6

0.47

0.2 0.51

Fig. 39 Fig. 40

14.2 Theorem (Lagrange’s Mean Value Theorem). Let a function f be continuous on an in-
terval |a, b] and differentiable on (a, b). Then there is a £ € (a, b) such that

ey J0) = fla)
f(€) = B R—

PROOF. Let us define a function £ by
f(b) — f(a)

F(z) = f(z) — ﬁ(aj —a).

From the assumptions it follows that F' is continuous on the interval [a, b] and differentiable
on (a, b). Moreover, since F'(a) = F'(b) (= f(a)), there is (see Rolle’s theorem) a { € (a,b)
such that F/(£) = 0. For all x € (a, b), the derivative of F' is given by

b) — f(a
Hence and from F”(£) = 0 it follows that

The meaning of the latter theorem is illustrated in Fig. 40.
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14.3 Theorem (Cauchy’s Mean Value Theorem). Let functions f and g be continuous on an in-
terval [a, b] and differentiable on (a, b). Let ¢’ be finite and nonzero on (a, b). Then there is
a& € (a, b) such that

PROOF. First, note that g(b) — g(a) # 0. (If it were true that g(a) = g(b), there would be,
by Rolle’s theorem, a point £ € (a, b) such that ¢’(§) = 0, which contradicts the assumption.)
Let us define a function F' by

F(x) = f(x)(g(b) — g(a)) — g(z)(f(b) — f(a))-

It can be easily checked that this function satisfies all assumptions of Rolle’s theorem. Therefore
there is a £ € (a, b) such that

F'(§) = f'(€)(9(b) — g(a)) — ' ()(f(b) — f(a)) = 0.

Hence and from ¢'(§) # 0 and g(b) — g(a) # 0 we get

15 L’HOSPITAL’S RULE

15.1 Theorem (I’Hospital’s Rule). Let
e 1p,a € R¥

o lim f(z)= lim g(z) =0or lim |g(x)| = 400,
T—x0

T—x0 T—x0

o lim L&

=a.
w—zg 9' (%)

Then
f(z)

lim —= =a
=0 g(x)

PROOF. We give the proof only for the case

o€ R and lim f(z) = lim g(z) =0.

T—To+ T—x0+

In other words, we prove only the implication

Jm @)= g =01
P i = lim =
lim = =a € R*, z—zo+ g(x)
z—xo+ I (z)
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Let us first define (or redefine) functions f and g at the point z( by

f(xo) = g(x0) = 0.

(This step affects neither existence nor value of the studied limit since the limit depends neither
on the value f(z() nor on the value g(z().) The assumption

lim S(@)

ot g (@)

yields the existence of a § > 0 such that for every = € (xq, xo + J) there are f'(z),¢'(z) € R
and, moreover, ¢'(x) # 0. Hence (see Theorem 13.7) it follows that functions f and g are
continuous on [z, 2o + d). Therefore (see Theorem 14.3)

S T@) -0 f@) - fa) 1O
(Vr € (r0, 20 +0) (B € (0. 1) = s = 0070 = g(0) —glma) _ 9(6)

Hence it is easily seen that

o flx) (&)
A ) e o)

If ¢ € R, then the analogous propositions hold also for the one-sided limits.

15.2 Examples.

)
. tanz PH ., —o
lim = lim &% — |
z—0 31 z—0 3 3
2)
. 1l—cosxryg. .. sinx I'H. .. COSZ 1
lim —— =" lim =" lim = —.
z—0 2 z—0 2% z—0 2 2
3)
oot =222 +x—1vrH .. 32 —4drxr+1yvH .. 6xr—4
lim = lim —— = lim = +4o00.
z—+oo 222+ 3x+1 z—+00 4r + 3 z—+00
4) Caution!
lim r +sinz ~ lim (1 N sinx) 1,
T——+00 €T r——+00 €T
but
(x +sinzx)’ 1+ cosz
lim = lim
xr—-+00 (I)/ xr—-+00 ]_
does not exist.
5)
. . logzra .+ .
g (wlogw) = lig, == = gy o = o) =
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6)
. 1 1 . x—sinx g, .. 1—cosz 7TH
lim - - )]=lim — = lim ——m— =
t—0+ \sinx =z t—0+ xsinx z—0+ Sin T + T CosS T
I'H. .. sinx
=" lim - =0.
z—0+ COSX + COSxT — xrSInx
7
1 X
lim (1+—) =el =e¢,
T——+00 €T
since (see Theorem 11.9)
1
a) Ve e RT: (14 %)x = exlog(H;),
. . log 2L ’H. . .
b) lim (zlog (1+1))= lim z = ]im £ = lim =1,
) lim (zlog (143)) = lim === lim 5= lim o

c¢) the exponential function is continuous at 1.

15.3 Observation. If a function f is continuous from the right at a point xy € R and if

lim f’(x) exists, then
T—x0+

Futeo) = tim LOZHEDINR gy gy,

Analogous proposition holds also for f” (zg).
15.4 Example. Let the function f be defined by

f(z) :=|sinz|.

Decide whether f’(0) exists.

The function f is clearly continuous on R, and therefore

SOLUTION.
/ o . / _ . . ! : _
f+(0) - xlir(r]lJr f (IE) N :plir(r)lJr(Sln l’) - IILI(I]1+ coST = 1’
1(0) = lim f'(x) = lim (—sinz) = lim (—cosx) = —1.
Since f (0) # f”(0), the derivative of f at the point 0 does not exist.
|

. see Fig. 4.

: _ ! _ !/ : /! _ : _
15.5 Caution. +o0o = sgn’(0) = sgn’, (0) # xll,%lJr sgn’(x) = xliz%l—‘,— 0=0
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H FUNCTION BEHAVIOUR

16 INTERVALS OF STRICT MONOTONICITY

16.1 Theorem. Let a function f be continuous on an interval I with end points a,b € R*, a < b.
o If f'(x)

o If f'(x)

o If f'(x)
(z)

()

0 for all x € (a, b), then the function f is increasing on the interval I.

>
> 0forall x € (a, b), then the function f is non-decreasing on the interval 1.

o If f'(x

)
)
0 forall x € (a, b), then the function f is decreasing on the interval 1.
)
o If f'(x) =0 forall x € (a, b), then the function f is constant on the interval I.

(

< (

< 0forall x € (a, b), then the function f is non-increasing on the interval I.
(

PROOF. We give the proof only for the first statement of the above theorem (the other
ones can be proved analogously). Let z; and z» be arbitrary points of the interval I such that
x1 < x9. The task is to show that f(z1) < f(x2). From the assumption it follows that f is
continuous on [z, 5| and differentiable on (x;, x2). Therefore (see Theorem 14.2) there is
a € (x1, z2) C (a, b) such that

f(fz) - f(l‘l)

To — X1

= f'(§) > 0.

Hence it is evident that
f(x2) = f(z1) = f(§) (22 — 21) > 0,
so that

f(z1) < f(w2).

16.2 Example. Find the intervals of strict monotonicity of the function f defined by
f(z) :=22° — 32 — 122 + 1.
SOLUTION. The function f is continuous on R and
Vo eR: fl(z) =62 -6z —12=6(x+ 1)(z — 2).

Since it is obvious that

o fl(x) >0 & z € (—o0, —1)U (2, +00),

e fllz) <0 & ze(—1,2),
it follows from Theorem 16.1 that

e f isincreasing on (—oo, —1] and on [2, +00),
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e fisdecreasing on [—1, 2].

It is important to note that f is not increasing on (—oo, —1] U [2, +00)!
[

16.3 Theorem (Darboux’s Property of a Continuous Function and its Derivative). Ler
a function f be continuous on an interval [a, b|.

o If f(a)f(b) <O, then there is a & € (a, b) such that f(&) = 0.

o If f'(x) exists for all x € [a, b] and if f'(a)f'(b) < 0, then there is a £ € (a, b) such that
f'(€) = 0.

16.4 Corollaries.

i) If a function f is continuous on an interval J, then f(J) is either a one-point set or
an interval.

ii) If a continuous function f has a nonzero derivative at all points of an interval J, then f
is strictly monotonic on J.

PROOF.

i) Itis sufficient to prove the implication
(a,be f(J)anda <c <b) = ce€ f(J).

So let us assume that a,b € f(J) and a < ¢ < b. Hence it follows that there are
points x1,z5 € J such that a = f(z1) < ¢ < f(x2) = b which implies (f(z1) —
¢)(f(xz2) —c) < 0. Since, by the assumption, the function g(z) := f(z) — ¢ is continuous
on the interval [z, 5], it follows from the first proposition of Theorem 16.3 that there is
anx € (r1, 22) C J suchthat g(x) = f(z) — ¢ = 0. Hence ¢ = f(z) € f(J).

O

ii) Note that f’ does not change the sign on .J, in other words, f” is either positive or neg-
ative on .J. (If there were numbers a,b € J satisfying f'(a) < 0 < f’(b), then the sec-
ond proposition of Theorem 16.3 would imply that there is a £ € (a, b) C J such that
f'(¢€) = 0. But this contradicts the assumption that f’ is nonzero on .J.) The proposition
now clearly follows from Theorem 16.1.

O

16.5 Remark. Proposition i) certainly corresponds to our notion of a continuous function.
Proposition ii) is more interesting since the function f’ need not be continuous!

16.6 Remark. Let us focus on solving the equation f(z) = 0 numerically. Let a function f be
continuous on an interval [a, b] and satisfying f(a)f(b) < 0. We look for a point £ € (a, b) such
that f(£) = 0 (such point does exist!). We put ¢ := “T”’, so that exactly one of the following
cases happens:

i) f(e)=0,
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i) f(a)f(c) <O,
iii) f(c)f(b) < 0.

In situation i) we choose £ := ¢ (we have found the root). If the second or the third case happens,
we are in the same situation as at the beginning, but on a half interval [a, c] or [c, b]. After certain
number of these steps (we speak of the bisection method) we shall either find the desired root
of the equation f(x) = 0, or get arbitrarily near to it (i.e., we shall find an interval of an arbitrary
pre-given small length where the root lies).

17 EXTREMES OF FUNCTIONS

17.1 Local Extremes

17.1.1 Definitions. Let 2y € R. A function f has

e alocal maximum at x if there is a P(z() such that

Vo € P(xg) @ f(z) < f(xo);
e alocal minimum at x if there is a P(x) such that

Vo € P(xo) : f(z) > f(xo);

e a strict local maximum at x if there is a P(z) such that

Vo € P(xg) @ f(x) < f(xo);

e a strict local minimum at x if there is a P(x() such that

Vo € P(xg) : f(x) > f(xo).

17.1.2 Observation. If a function f has a local extreme (i.e., local maximum or local minimum)
at a point z, then there is a U(z) such that

U(xo) C D(f)-

17.1.3 Examples.

1) Function f(x) := |z| has a strict local minimum at 0 (note that f'(0) does not exist)
. see Fig. 7.

2) Function f(z) := x* has a strict local minimum at 0 (note that f'(0) = 0)
. see Fig. 13.

3) Function f(z) := 23 does not have a local extreme at 0 (note that f'(0) = 0)
. see Fig. 14.
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17.1.4 Theorem (Necessary Condition for Existence of a Local Extreme). If a function f
has a local extreme at xy € R, then either f'(x¢) = 0 or f'(x¢) does not exist.

PrOOF. It is sufficient to prove the validity of the implication
0 # f'(z9) € R* = f does not have a local extreme at z.

Assume f'(zg) = lim J@)=/@o) + () (in case f’ (o) < 0 it is possible to proceed analogously,

T—x0 T—Zo
or get to the function — f). Hence it follows

f(@) — f(wo)

T — X9

(3P(20))(Vz € P(x0)) : >0,

and thus (P(xo) = P*(z9) U P~ (x)):
o f(x) > f(xg) forevery x € P (xg),
o f(x) < f(xg) forevery x € P~ (xg).

Therefore f does not have a local extreme at x.
OJ

17.1.5 Theorem (Sufficient Condition for Existence of a Local Extreme). Assume f'(xq) = 0.

If
o f"(xg) > 0, then the function [ has a strict local minimum at the point x,

o f"(xg) <0, then the function f has a strict local maximum at the point x,.

17.1.6 Remarks. Let n € N and
f'(xo) = f"(wo) = .. = f1" V(o) = 0 # £ (o),
Then
e if n is odd, the function f does not have a local extreme at the point x;
e if nis even and f(™(z4) > 0, the function f has a strict local minimum at the point ;
e if nisevenand f(™(x4) < 0, the function f has a strict local maximum at the point .

SKETCH OF THE PROOF. Similarly as in the proof of Theorem 17.1.4, it can be shown
that the assumption

f'(xo) =0 < f"(20)

implies that there is a > 0 such that

i) f'(z) > 0forevery zo < x € P(xy,9),
ii) f'(xz) < 0forevery g > x € P(x,0).
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Moreover, the function f is clearly continuous at the point z (f'(z¢) = 0 € R). There-
fore (see Theorem 16.1) f is increasing in [xg, o + J) and decreasing in (zq — J, o).
Hence we get that f has a strict local minimum at xy. Now we can employ the mathemat-
ical induction to finish the proof.

(The previous two statements can be proved analogously.)

17.1.7 Definition. If f'(zy) = 0, then we call z a stationary point of the function f.

17.1.8 Example. Find all local extremes of the function f defined by

f(z) = 2*(x 7).

SOLUTION. First, f is differentiable on R, and therefore (see Theorem 17.1.4) it can have
local extremes only at stationary points. It is easily seen that

o VzeR: f(zx) = a2(4x — 21),

o fll)=0 & [r=0V o=2],
o [7(0) =0 —42= f"(0),

o ["(F)="F>0,

and therefore (see Theorem 17.1.5) the function f has a unique local extreme: f has a strict

local minimum at the point 24—1. The situation is illustrated in Fig. 41.
|
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17.2 Global Extremes

17.2.1 Definitions. A function f attains its maximum on a set A/ C D(f) at a point x if
rg € M N f(xg) =max {f(x): z€ M} =: mee}\}(f(x)

A function f attains its minimum on a set A/ C D(f) at a point x if
xo € M N f(zo) =min {f(z): € M} = mlﬁf(x)
s

17.2.2 Example. Let the function f be defined by f(x) := arctanx ... see Fig. 27.
Then

ther mi .
e neither min f(z) nor max f(z) exists,

e min f(zr)=0, max f(x)does not exist,

z€[0, +00) z€[0, +00)
Py TSR e S0 =

17.2.3 Theorem (Weierstrass). If a function f is continuous in an interval |a, b (a, b € R,
a < b), then both m[a>l<)] f(z) and H%inb] f(z) exist.
re|a, xE|a,

PROOF. Let us show that

Jnax. f(x)

exists (the existence of the minimum can be shown analogously).
We know (see Theorem 2.7) that

sup {f(z): = €a, b} =: s
exists, so that we have to prove that
dxg € [a, b] : f(xg) = s.

From the definition of the supremum it follows that there is a sequence (z,) such that
Ty € |a, b] forevery n € Nand f(z,) — s.

Now let us choose a convergent subsequence (xy,) of the bounded sequence (z,,) (it is
possible due to Theorem 8.11), i.e., there is an xy € R such that x;, — . Since for every
n € N it holds that z, € [a, b], we get

Ty € [CL, b]

To finish the proof, it suffices to note that since (f(xy, )) is a subsequence of (f(x,)), it has
to have the same limit s (see Theorem 8.17). Moreover,

[a, b] >z, — x0 € |a, D],

and therefore (f is continuous in [a, b)) f(zk,) — f(x). Since any sequence can have no more
than one limit (see Theorem 8.16), we get

f(zo) = s.
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17.2.4 Examples.

1) Let f(z) :== 2* and M = (0, 1). Then neither m11\141 f(z) nor max f(z) exists.
TE €

2) Let f(z) := —x +sgn(z) and M = [—1, 1]. Then neither ml]\I/} f(z) nor max f(z) exists.
TE €

3) Let f(z) := sgn(x) and M = R. Then mlj\r} f(z)=—1and max f(z)=1.
BAS Tre

17.2.5 Example. Find global extremes of the function
f(z) = 2* — 227

on the set M = [—1, 3].

SOLUTION. From the Weierstrass theorem it follows that the desired extremes exist!

If f attains its extreme on M at a point zq, then either zy € {—%, 3} or Ty € (—%, 3).
If the second possibility happens, x, is obviously also a local extreme, and since f is differen-
tiable on R, we get f'(xy) = 0 (see Theorem 17.1.4). It holds that

4 4 1
f’(x):3x2—4x:0(:)[x:0\/x:§} and 0,56(—5,3).

Thus —%, 0, %, 3 are the so-called “suspicious points” (points at which f can have an extreme

on M). By comparison of the function values

1 5 4 32
f (—§> =3 ~ —0.6; f(0)=0; f (g) Y ~—1.2; f(3) =9,

we conclude that f attains its maximum on M at the point 3 and minimum on M at the point %.

17.2.6 Proof of the Rolle Theorem (see Theorem 14.1). At least one of the following possi-
bilities is bound to happen:

i) thereis an z; € [a, b] such that f(z,) > f(a),
ii) thereis an xy € [a, b] such that f(z2) < f(a),
iii) forevery x € [a, b] it holds that f(z) = f(a).

If the first case happens, let us consider £ € [a, b] such that f attains its maximum on [a, b]
at it. (It follows from the Weierstrass theorem that such ¢ exists!) Then obviously f(&) >
f(z1) > f(a) = f(b), and therefore £ € (a, b). Hence it follows that f has a local maximum
at &, and thus (according to the assumption that f’(&) exists) f/(£) = 0 (see Theorem 17.1.4).

If the second case happens, we choose ¢ so that f attains its minimum on [a, b] at . Simi-
larly as in the first case, it can be shown that £ € (a, b) and f'(£) = 0.

If the third case happens, f'(£) = 0 even for every £ € (a, b) since f is constant in [a, b].

0

61



18 CONVEX AND CONCAVE FUNCTIONS

18.1 Definitions. Assume / C R is an interval. A function f is

e strictly convex in [ if
n f(xs) — f(z1)

T3 — T

Vi, 2o, 23 € I; 1 < 9 < x3: f(x2) < f(27) (xg — x1).

e convex in [ if

N f(x3) — f(1)

r3 — I

vxl,xz,l’g € [, 1 < To < T3 f(ﬂfz) < f(l’l) (I‘Q — LC1>.

e strictly concave in [ if

f(xs) — f(z1)

p— (xe — x1).

Yy, o, w3 € I; 11 < 19 < w3 : f(x2) > f(21) +

e concave if

N f(x3) — f(z1)

p— (X9 — 21).

Vay, xo, 23 € I; 1 < w9 < x3: f(x2) > f(21)

18.2 Observation. Assume / C R is an interval, x{, x5, 3 € [, 1 < x5 < x3, and f is
a function defined on /. Let p is a line passing through the points (x1, f(z1)) and (z3, f(x3)),

1.e.,
f(x3) — f(1)

T3 — I

(x — x1).

If the function f is strictly convex in /, then the point (z9, f(x2)) “lies under the line” p. Sim-
ilarly, if the function f is strictly concave in /, then the point (z2, f(z2)) “lies above the line”

.

pry=fz)+

18.3 Example. Function f(z) := z* is strictly concave in the interval (—oo, 0] and strictly
convex in the interval [0, +00) ... see Fig. 14.

18.4 Theorem. Assume f is a continuous function in an interval I and f"(x) exists at every
interior point x of I. Then f is

e convex in I if and only if f"(x) > 0 at every interior point x of I;

e concave in I if and only if f"(x) < 0 at every interior point x of I.
Moreover,

e if f"(x) > 0 at every interior point x of I, then f is strictly convex in I,

o if f"(x) < 0 at every interior point x of I, then f is strictly concave in I.

18.5 Remark. It is useful to note that
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o if f”(x) > 0 for every = € I, then the function f’ is increasing in [;

o if f”(x) < 0 forevery = € I, then the function f” is decreasing in /.

18.6 Definition. We say that a function f has an inflection point at a point x if the derivative
f'(zo) exists finite and there is a neighbourhood P(xo) = P*(x¢) U P~ (xo) such that either

e f is strictly convex in P~ (z) and strictly concave in P*(x), or
e f is strictly concave in P~ () and strictly convex in Pt (x).

In other words, f has an inflection point at a point at which the derivative exists proper and
at which the function f changes from being strictly convex to being strictly concave, or vice
versa.

18.7 Example. A function f(z) := arctan x has an inflection point at the point 0
. see Fig. 27.

18.8 Exercise. Prove the following proposition: if a function f has an inflection point at a point
xg and f"(x) exists, then f”(zq) = 0.

19 ASYMPTOTES OF (A GRAPH OF) A FUNCTION

19.1 Definition. A line z = zo (xg € R) is called a vertical asymptote of a function f if at least
one of the one-sided limits of the function f at the point x is improper (i.e., equal to 00 or
—00).

19.2 Example. The line x = 1 is a vertical asymptote of the function f defined by

f) bt
T) =
ﬁ, x> 1,
since 1
li = 1i = .
i, o) = Jiy gy = oo

The situation is depicted in Fig. 42.

19.3 Definition. A line y = ax + b (a,b € R) is called

e an asymptote of a function f at +o0if lim (f(z) — (ax +0b)) =0,

r——+00

e an asymptote of a function f at —occ if lim (f(z) — (axz + b)) = 0.

Tr——00

19.4 Example. Let the function f be defined by

fa) 20e”, x <0,
xT) = :
2z + —105“;(2@, x> 0.

Then
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e lim (f(x)—0)= lim (20e”) =0,

li —92) = i 20sinCz) _
o lim (f(z)—22)= lim == ,

and therefore
o the line y = 0 is the asymptote of f at —oo,
e the line y = 2z is the asymptote of f at +ooc.

The situation is depicted in Fig. 43.

30+

25+

274776 8 10 12 14

54

Fig. 42 Fig. 43

19.5 Observation. Assume a line y = ax + b is an asymptote of f at +oo, i.e.,

lim (f(xz)— (ax+0b))=0.

T——+00

Hence it follows
lim (f(x) —azx) =b(€R),

T——+00

and therefore

T——+00 x T—+00 x
so that
im L% _ o (eR).
T——+00 €T

(Similar relations can be derived also for an asymptote of f at —o0.)

19.6 Theorem (Existence of Asymptotes at +oc and —o0). A line y = ax + b is an asymptote
of a function f at o0 if and only if
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e lim
r—+00
lim (f(z) —ax)=beR.

[ ]
T——+00
A line y = ax + b is an asymptote of a function f at —oc if and only if

lim 1% =qeR,
Tr——00

[ ]
lim (f(x) —azx) =beR.
Note that the statements of the theorem include formulas saying how to find the asymptotes

[ ]
r——00

of a given function f at +oo and at —oo.
19.7 Example. Find all asymptotes of the function f defined by

x
(x) = arctan x’

The function f is clearly continuous at every point of its domain D(f)

SOLUTION.
R\ {0}, and since
: : ‘Ho,. 1
lim f(z) = lim "B i =1,
x—0 z—0 arctan z—0 m
there is no vertical asymptote of the function f. Moreover, since
o lim L& — Jim L L=42
rotoo T r—s-Foo arctanm 5 7’
: 2 1 r(rF2arctanz)
® xEIinoo (f((L’) - (:l:;aj)) - xgrinoo marctan -
_ : 1 : mF2arctan I’E~ 2 _ 4
- <ml_l>rj?oo ﬂarctanx) (xkr:iloo % ) - (irr2) (iZ) - +7r27

it follows from Theorem 19.6 that
e the line y = %x + % is the asymptote of f at +oo,
21 + 2 is the asymptote of f at —co.

e theliney =
The situation is depicted in Fig. 44.

Fig. 44
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20 EXAMINATION OF A FUNCTION BEHAVIOUR

20.1 To examine the function behaviour means to determine (calculate)

domain of the function;
points (and intervals!) in which the function is continuous;
whether the function is even or odd; whether the function is periodic;

one-sided limits at the end points of the domain of the function and at the points of dis-
continuity;

derivative of the function;
intervals of the strict monotonicity of the function;

intervals of the strict convexity and strict concavity of the function; inflexion points of
the function;

asymptotes of the function;

eventually other properties of the function (for example: function values at significant
points, one-sided derivatives at significant points, intersection points with axis, . . .);

and to draw the graph of the function with all essential qualitative characteristics.

20.2 Example. Examine the behaviour of the function f defined by

2z
x?

f(z) := arcsin 1

SOLUTION. It can be easily checked that

D(f) =R,

f is continuous in R,

f is odd,

Jim f(z) =0,

Veel0,1): fl(z) = H%’

Vo e (1, +00) : f'(x) = — 152,

Vo el0,1): f'(r) = —2

(1+x2)2 ’

vx € (17 +OO) : f//(x) = (1;1;2)2’

f(0)=0, f(1) = 3, f(0) =2, fi(1) = -1, f.(1) = 1.

Now let us think over the validity of the following statements:
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e f is continuous in R, and therefore f has no vertical asymptote;

e fisoddand lim f(x) = 0, and therefore the line y = 0 is the asymptote of f at +00

r—-+00
and at —oo;

e fiscontinuousinR, fisodd, Vz € [0, 1): f'(x) > 0,Vz € (1, +o0) : f'(z) <0, and
therefore f is increasing in the interval [—1, 1] and decreasing in the intervals (—oo, —1]
and [1, +00);

e fiscontinuous in R, fis odd, Vx € (0, 1) : f"(z) < 0,Vz € (1, +o0) : f"(z) > 0,
and therefore f is strictly convex in the intervals [—1, 0] and [1, +00) and strictly concave
in the intervals (—oo, —1] and [0, 1]; moreover, since f'(0) € R, f has the inflection point
at 0.

Finally, let us calculate that f(0) = 0, f(1) = 7, f'(0) = 2, f.(1) = —1, f_(1) = 1. To finish
the task, it remains to draw the graph of the function f:

Fig. 45
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I APPROXIMATION OF A FUNCTION
BY A POLYNOMIAL

21 TAYLOR’S POLYNOMIAL (APPROXIMATION
OF A FUNCTION IN A NEIGHBOURHOOD OF A POINT)

21.1 Taylor’s Polynomial

21.1.1 Letus try to approximate a function f on a neighbourhood of a point xy by a polynomial
p. We already know (see Chapter F) that the best polynomial of the first degree approximating
a differentiable function f on a neighbourhood of a point x is

p(x) = f(zo) + f'(20)(z — o)
(graph of p is the tangent of graph of the function f at ). We also know that for the function
R(z) := f(z) — p()
(the so-called approximation error) it holds that

lim M

T—x0 T — X

=0.

It is certainly natural to expect that in the case of approximation of a function by a polynomial
of the degree greater than 1, it can sometimes happen that the approximation error is reduced.
Let us try to find a polynomial p (of the degree at most n) so that the approximation error I? is
in the neighbourhood of z( as small as possible; more precisely, for a k € N as large as possible
we want

lim ()

w0 (1 — 10)"

= 0. (1)

(If (1) holds, we say that the function R is infinitely small of order greater than £ at the point
xo.) Note that (1) holds if

R(ZEQ) = R/(ZE()) = RH(ZL'Q) = ... = R(k_l)(l’()> = R(k) (Io) =0.
PROOF.
, / (k—1)
R (o N {C Y P v o N
T—T0 (gj — IO) z—zo k (ZL’ — 1‘0) - z—zo k (k’ — 1) Tt 2({23 — CL’())
1 (k—1) _ p(k-1) 1
= lim |— a (@) ~ & (o) =7 R(k)(xo) =0.

a—wzo | k! T — g k!

OJ
Thus let us look for a polynomial p of the degree at most n so that for a k as large as possible
it holds:
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o R(xg) = f(xg) — p(wo) = 0,
o R'(xo) = f'(z0) — p'(x0) =0,
° R//(ZL‘()) _ f”<170) —p"(%) -0,

o R¥)(z0) = f®)(20) — p®(z0) = 0.
(Let us assume that the function f has “needed number of derivatives” at the point x.)

1) Let n = 1 and let us look for a polynomial p in the form

p(z) = ax + b,
where a, b € R. It is easily seen that the first two requirements
f(@o) = plzo) = azo +b,  f'(20) = p'(x0) = a
already uniquely determine the numbers a and b, so that
p(x) = f'(zo)z + f(z0) — f'(z0)z0 = f(20) + ['(20)(z — 20).

(We are certainly not surprised by this result . . .)

2) Let n = 2 and let us look for a polynomial p in the form
p(z) = ax® + bx + ¢,
where a, b, c € R. In this case, the polynomial p is determined by these three conditions:
o f(xo) = p(x0) = axd + bxg +c,
o f'(z0) =p'(x) = 2ax¢ + b,
o f"(x0) = p"(x) = 2a.
Hence we get
(@) = flan) + (o) — ) + L)

3) Let n € N and let us look for a polynomial p in the form

(z — x0)°.

p(z) = ag + ar(z — 20) + az(z — 20)* + ... + an(z — 20)",

where ag,...,a, € R. Let us remark that every polynomial of the degree at most n can be
written in such way. It can be checked again that the conditions

* f(z0) = p(zo) = av.
o ['(xo) = p'(x0) = ax,
o ["(wo) = p"(x0) = 20,
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o [U(x0) = pY(x0) = jlay,

o [ (z9) = p™(x0) =nla,

yield .
(@) = Fa0) + £ (ao) — a0) + ...+ T gy
m ) (g .
= Z / k(' >(a: —x0)" =: T, ().
k=0 ’

T,, is the so-called Taylor polynomial of the order n of the function f at the point x,. We al-
ready know that the function

By (z) = f(x) = Ta(x)

(the so-called remainder after nth term) is infinitely small of order greater than n at the point
Zo, i.e.,

lim —Rn+1(x)n
z—zo (x — x0)

=0.
The following theorem shall give us more accurate information about the size of R, ().

21.1.2 Theorem (Taylor). Assume a function f has (finite) (n + 1)th derivative in a neigh-
bourhood U (x,9) and x € P(x, ). Then there exists a £ lying between points x and x such

that
AR

Rn+1 (x) — m n+1'

(x — x9)

By “¢ lies between points = and x(,” we mean that either
o ¢ € (xg, x)if x > xp, Or
o € (x, ;) ifx < .

21.1.3 Remarks.

1)

e The term " (z — )" "' |

is called the Lagrange form of the remainder.

e If we put h = x — xy, we can write

h™.

F@o), ARED

e If zy = 0, we obtain the so-called Maclaurin polynomial.

21.1.4 Examples. Find the Maclaurin polynomial of the function
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1) e*.

SOLUTION. Forevery x € R, we have e” = (e”)’ = (e”)” = ..., and therefore
2

n n k

X X x x

Tn(x):1+ﬁ+a+...+m:kg ﬁ
=0

2) sinx.

SOLUTION.

e sin0 =0,

e sin0=cos0=1,

e sin"0=—sin0 =0,
e sin” 0= —cos0 = —1,

e sin® 0 =sin0= 0,

and therefore

. I " 2+ n . 22k
i) =@ =gt g = DG _kz_o(_ S e
3) cosz.
SOLUTION.
e cosO =1,
e cos’0 = —sin0 =0,
e cos"0=—cos0=—1,
e cos” () =sin0 =0,
e cosW0=cos0=1,
and therefore
2 gt 220 n 22k
Ty, —1l— 4 — (=) = —1)* .
on+1(2) ST DG ;( NoTaT

21.1.5 Approximation of a function by the Taylor polynomial is useful in many applications.

Let us show — for illustration — at least one of them.
71



21.2 Numerical Derivative

21.2.1 In applications we often work with a differentiable function given only by values at
certain points (for example, obtained by measurement).
For simplicity, let us assume that values of a function f are given at the points:

a = g, T1, Ta, ..., Tp =b € [a, b,

where 2, = zo + khand h = =2, i.e., we know f(zx) (n € N, k € {0,1,...,n}).

We shall be concerned with the following problem: How fo approximate the derivative
of the function f at the points xy, where k € {1,...,n — 1}, so that the approximation error is
for h — 0 (i.e., for n — 4-00) as small as possible?

The first idea could be a use of the definition of the derivative:

f'(zg) = lim f@p+h) = flzr) _ flex+h) = flaw) _ f(@hy1) — f(xk)

h ~ h h
Note that if the Taylor polynomial of the first order of the function f at the point z, is used, i.e.,
if we employ the equality

flog +h) = fxr) + f'(wp)h + Ry 4 ),

we get the same result since

Flay) ~ flzg + h})L — f(xy) _ f($k+1)h— f(:vk) o

(The aim of this subsection is only to show one way how we can think about the given problem.
Therefore we shall not pay attention to a precise formulation of the assumptions under which
our ideas are possible and correct. On the other hand, the reader is capable of correction of this
inaccuracy.) How large is the error for h — 0? The answer is obvious (see Subsection 21.1):

f(xk‘f‘h})L_f(xk) —f,<xk) — w — 0 forh — 0.

RY(h) :=
If we use the Taylor polynomial of the second order:

Flaw+ ) = fw) + F @)+ @R + Ry + ),

Flon = h) = F(ex) = /(@b -+ 5 " (@)h? + Ry — h),

we obtain by subtracting these equations and neglecting the remainders after the second term
the following approximation:

Let us again estimate the extent of the error:

f(l’k + h) — f(xk — h) _ f/(I ) . Rg(l‘k + h) _ Rg(l'k — h)
2h M on oh

R*(h) :=

and thus even
RQ(h) . Rg(ZL‘k; + h) _ Rg(l‘k - h)

h o 2h2 2h2

— 0 forh — 0.
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21.2.2 Remark. We showed that the approximation (3) causes (for 4 — 0) an error of lower
order than the approximation (2).

Let us also mention another advantage of (3). If the function f is linear (i.e., f(x) =
ax + b), the approximation (2) is accurate, furthermore, the approximation (3) is accurate even
for functions at most quadratic (f(z) = az? + bx + c).

22 INTERPOLATION POLYNOMIALS (APPROXIMATION
OF A FUNCTION IN AN INTERVAL)

22.1 Let us start with the similar situation as in Subsection 21.2. Let a function f be given
by values at mutually distinct points

Aa=Tog<T1 <Tyg<...<xy,=>0.

Now we shall deal with the task: How to approximate values of f also at another points
of la, b]?

It can be shown that there is a unique (the so-called Lagrange) polynomial ¢ of the degree
at most n such that ¢(xy) = f(z) forevery k € {0,1,...,n}.

22.2 Remark. The approximation of a function by the Lagrange polynomial carries many dis-

advantages. One of them is the fact that when n € N is large, it happens that polynomial ¢
attains in the intervals (xy, xx41) also values “differing considerably” from the values f(zy)
and f(xyy1) (see Fig. 46). This drawback can be removed if we approximate the function f
in [a, b] by functions that are piecewise polynomial.

B2 ] 3
2/ ¢

r—6

Fig. 46
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Fig. 47 Fig. 48

22.3 We speak of a linear interpolation when we approximate the function f in every interval
[k, xk+1] by a linear function given by points (zy, f(zx)) and (z41, f(xr41)) (the so-called
Lagrange polynomial of the first order) ... see Fig. 47.

22.4 Remark. We removed the above-described disadvantage of the Lagrange polynomials
though, but at the cost of obtaining a function which is (generally) not differentiable. More-
over, the differentiability fails exactly at the points x.

22.5 Now let us describe an interpolation by cubic spline-functions ... see Fig. 48.
It can be shown that there is a function ¢ such that

i) itis equal to a polynomial of at most third degree in every [z, Ti1],
ii) ¢, ¢, ¢" are continuous in [a, b],
iii) (xy,) = f(xy) forevery k € {0,1,...,n}.

Conditions i), ii), iii) do not determine the function ¢ uniquely, however, if we add (for example)
the condition

v) ¢"(a) = ¢"(b) =0,

then there exists a unique function ¢ satisfying i), ii), iii), iv).

22.6 Remark. In all mentioned cases we required equality of the function values of f with its
approximation ¢ at the points g, x1, . .., T,; i.e., f(xx) = p(x) forevery k € {0,1,...,n}.

However, if the values f(xj) are obtained, for instance, by measurement, i.e., they are
loaded in certain error, this requirement is too restrictive. It often suffices to require that the val-
ues of f and ¢ do not differ “too much”. The similar ideas lead to many other approximations,
however, we shall not be focused on them.
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J ANTIDERIVATIVE (INDEFINITE INTEGRAL)

23 ANTIDERIVATIVE

23.1 Definition. A function F': R — R is said to be an antiderivative of a function f : R +— R
in an open interval / C R if

Vo€ D(F)=1: F(z) = f(x).

23.2 Example. The function F'(z) := sinz is the antiderivative of the function f(z) := cosx
in R.

23.3 Theorem (Existence of an Antiderivative). If a function f : R +— R is continuous on an
open interval I C R, then f has an antiderivative in 1.

Continuity of a function is the sufficient, but not necessary condition for existence of an an-
tiderivative.

23.4 Theorem. Suppose F' is an antiderivative of a function f in an open interval I C R. Then
the functions G, : R — R defined by

Ge(x) :=F(x)+c¢ (ceR)
are exactly all antiderivatives of f in 1.

PROOF. Note that we need to prove these two statements:
i) G.is an antiderivative of f in [ for any ¢ € R;

ii) if G is an antiderivative of f in I, then there is a ¢ € R such that G(z) = F(x) + ¢
forevery x € I.

The proof of the first statement is straightforward since for all z € I we have (G.(x)) =
(F(z) + ) = F'(z) + ¢ = f(z) + 0 = f(z).

To prove the second statement, let us consider the function G — F. Our assumptions imply
that (G — F)'(z) = G'(x) — F'(x) = f(x) — f(x) = 0 for all x € I, and therefore G — F is
constant in / (see Theorem 16.1). Thus there is a ¢ € R such that (G—F)(z) = G(z)— F(z) =

cforevery x € I.
0

23.5 Convention. If a function F' is an antiderivative of a function f, then we shall write

Fo) = [ f(o)ds

and speak of an indefinite integral of the function f.
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23.6 Remarks.

e This notation, used by historical reasons, is not fully correct. We have already ob-
served that the antiderivative F' is uniquely determined, except for an additive constant,
by the function f. The question is how to understand the equalities [ cosz dz = sinz,
[ cosxdx =sinx + 5, etc.

e Let us make a convention that | f(z)dx stands for some antiderivative of f (we would
get any other by adding an arbitrary constant). Thus the equality [ f(z)dz = G(x) shall
be understood so that there is an antiderivative F' of f satisfying F'(z) = G(z) for every
x € D(F).

e In speaking of an antiderivative (or indefinite integral), we have always in mind some
open interval too. (See Definition 23.1.)

23.7 Theorem. On every open interval that is a subset of the domain of the corresponding
integrated function it holds that

o [kdx=kz (keR),

o [adz =22 (neR\{-1})

n+1

1

o [Ldz=log|z

e [sinzdr = —cosz,

o [coszdx =sinz,

1 _
° f = dx = tanz,

o [ dr=—cotu,

sin® x

1 _
° f 152 dr = arctan z,

1
[ ) —_— —
i = dx = arccot z,

° fexda::ex.

24 TECHNIQUES OF INTEGRATION (METHODS
OF CALCULATING ANTIDERIVATIVES)

24.1 Theorem (Linearity of Indefinite Integral). Assume o, 3 € R and functions f and g are
continuous on an open interval I C R. Then

/(af(x)+59(x)) dx—a/f(:v)d:v+6/g(x)dx inl.
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PROOF. The existence of all mentioned integrals is ensured by the continuity of the func-
tions f and g and Theorem 23.3. Moreover, by Theorem 13.9,

(/f dx+ﬁ/ dx) —@(/f dw> +ﬁ</g(x)dx)l—@f(x)+ﬁg(x) in 1.

O

24.2 Examples.
1)

/W—V_” » :/<x%—é_l«§—é+x2—é> ds —

5 @ .
23 dz— /m?dx+/x6dx—— oy = Z
/ 5 5 & 4 5 17

2 1_
/tanzxdx—/smmdx—/ﬂdx—/ — 1) de =
cos? x cos? x

cos? x

1
:/ 5 d:p—/ldx:tanx—x
cos? x

(inevery (=3 + kr, 5 + kr), where k € Z.).

24.3 Theorem (Integration by Parts). Suppose functions u and v have continuous first deriva-

tives in an open interval I C R. Then

/ (@) (@) de = u(z)o(z) — / o (2)o(x)de in .

PROOF. The existence of both integrals is ensured by Theorem 23.3. Moreover, by Theo-

rem 13.9, forallz € I

(w(z)v(r)) = v'(z)v(z) + u(z)v'(z),

and therefore, by Theorem 24.1,

24.4 Examples.

1)
/xsinxdx:—xcosx—i—/cosxda::—a:cosa:—i—sinx (in R).

u=u=xz, v =sinzx
uw =1, wv=—cosz
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2)
1
/logxdx:/l~logxdx:xlogx—/x—dx:mlogx—x (inRT).
T

u=logz, v =1
u’:%, v=u1
3)
/exsinxdx = exsinx—/excos:vdx =e"sinx — (excosx— /ex(—sinx) dx) =
u = sinz, v =e® u = cos , v =e®
u' =cosxz, v=¢e® uw = —sinz, v=¢e%

=e“sinx —e"cosx — /exsinxdx,

and thus .
/ex sinzdr = 3 e”(sinz —cosz) (inR).

4) Let us derive a recurrent formula for calculation of the integral

where n € N,

— dz_ _
o [i(z) = | 135z = arctanuz,

x x s x
L4 ]n(l,’) = f 1- (1fx2)n = (I+a2)n +2nf (1+;_21)n-1%1 = (1+a2)™ +2n[n(x) — 27’Lln+1($)

Hence it is easily seen that

T 2n—1

I =
wi1() 2n(1 4 22)" T

I,(z) (inR).

24.5 Theorem (First Substitution Rule). Let

e a function ¢ have a finite derivative in an interval (a, b) and o(x) € (a, ) for all
x € (a, b),

e a function f be continuous on an interval («, [3).

Assume F' is an arbitrary antiderivative of f in («, 3). Then
[ et @) do = (@) in o, 1),

PROOF. The statement follows directly from Theorem 13.11 since

(F(p(x))) = F'(p(x))¢'(x) = f(p(x))¢'(x) (i (a, D).
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24.6 Remark. When we use the first substitution rule, we write it formally in this way:

/f wmmz/ﬂwm=Fm=me»

(z) dx—dt

24.7 Examples.

1)
1
/cotxdx = / BT 4z = /—dt = log |t| = log | sin x|
sin x t
sinz =t
cosxdr = dt
(in every (km, m + k), where k € 7).
2)
x 2z dt
—de= | —/——dz= | — =Vt=V22 -1
/ Va2 —1 / 222 — 1 / 2/t
2 —-1=t
2cxdr = dt
(in (—oo, —1) and in (1, 4+00)).
3)
dx 1dt 1 1
— = [ = —log|t| = - log|3 2007
/3x—|—2007 /St 08 |f] = g log[3x 42007
31 + 2007 = ¢
3dz = dt
dz = L dt

(in( 0o, —207) and in (—2T, —i—oo))

24.8 Theorem (Second Substitution Rule). Let

e a function ¢ map an interval (o, [3) onto an interval (a, b) and let p have a continuous
and nonzero derivative in («, (3),

e a function f be continuous on (a, b).

Assume F' is an arbitrary antiderivative of (f o ) ¢’ in (o, 3). Then
[ f@)de =P @) in a 0)

PROOF. First, let us note that F'(¢~!(z)) is well defined (our assumptions imply that
the function ¢ : (a, B) — opL (a, b) is strictly monotonous, and thus injective; hence we see

that the inverse of ¢ exists and o' : (a, b) '+ opL (cr, B)). By Theorems 13.11 and 13.14, we
get

(Flp™ () = F'(¢™ (@) (e~ () = fle(e™ (@)¢ (¢ () —

@) @

for every = € (a, b).
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24.9 Remark. When we use the second substitution rule, we write it formally in this way:

/ flayds = [ £ — F(t) = Py~ (x).
dx

= )
24.10 Examples. Leta € R™.

1)
x adt dt . o
/\/ﬁ = \/ﬁ = ﬁ = arcsint = arcsma (in (—a, a)).
o=
2)

/\/@2—x2dx:/\/a2—a%in%-acostdt:a2/|cost|costdt:

¢ =asint t = arcsin £
dx = acostdt - a
z € (—a,a), te(—m/2,7/2)

:QQ/COSQtdt:aQ/HCTOS(zt)dt:aQ/%dt—l—aQ/COS;%) dt =

2 . 2 2
a sin(2t a a
:§t+a2 i ):Et+38int 1 —sin’t =
a’ 0y a? | (arcsi m) | — sin®(arcsi x)
= — arcsin — + — sin(arcsin — — sin“(arcsin —) =
2 a 2 a a
a? o x  d’z x2  a? .
= —arcsin— + ——1/1— = = — arcsm 4z \/a2 — 2?2 (in (—a, a)).
2 a 2a a? 2

24.11 Exercise. Try to calculate the second example using the integration by parts.

25 INTEGRATION OF RATIONAL FUNCTIONS

25.1 Partial Fractions Decomposition of Rational Functions

25.1.1 Let us recall that every function ¢ given by
q(z) == apa™ + a1 2"+ .+ a1 + ag,

where ag, ay, ..., a, € R, a, # 0and n € N, is called a polynomial of the degree n with real
coefficients. Such a polynomial can be also written in the form

¢() = an(r — )™ - (2 — o)™ (2% + frz + 7)™ - (@® + B+ )™

)

where
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e «; are mutually distinct real numbers,

* Gj, v R,

e polynomials (22 + 3;x + 7;) have mutually distinct non-real roots,
e n;, m; € NU{0}.

25.1.2 Theorem (Partial Fractions Decomposition of a Rational Function). Let p and q be

polynomials with real coefficients such that the degree of p is less than the degree of q. Let us
write q in the form

q(z) = ap(z —ay)™ - (x — ap)™ (2% + Bz + 7)™ - - - (2 + Bz + 7)™,

Then there are real numbers a;j, b,s, c,s such that

P(SU) o an Q12 Q1n, 0751 QA2 Ak,
q(z) :z:—a1+(:c—a1)2+'“+(:c—a1)”1 "'+x—ak+(:z;—ak)2+'“ (x — ag)™
biir + ¢ bisx + ¢ bim, T + C1im
T i P i A .
2?2+ bix+y (22 + frix+m) (22 4 1z 4+ )™
bllx +cn 51233 + 0 4 blmlﬂf + Clmy,
2+ Gx+y (@2 +Bx+v)? T (224 G+ )™

25.1.3 Examples.

T+2 _ z+2 _ _a + b
322+3x—18 = 3(z—2)(z+3) = z—2 z+3°

322—2z+12 _ _a b c d e

® GiiPe-1)p — s T e taa T oo T o
2342213 _ a b cx+d

® z2(z24+2z+3) =z + z? + z2+22+3°

o _ZH20-13 _ 2’42213 _ a

b c d
z2(x24+2z+1) ~  22(z+1)2 T = + x? z+1 + (z+1)2>

° T _ _a + br+c 4 dz+e
T— x2+z+ T ox—1 T2 +x+ r2+x+3)2 "
1)(2z2 3)2 222 3 212 3)2

25.1.4 Definitions. Functions of the form %, where p and ¢ are polynomials, are said to be

. . ) a
rational functions. Functions of the form T and @Etiet™

(a, b, c, o, B, v € R;n, m €N; 2%+ Bz + ~ has no real root).

brtc are called partial fractions

25.1.5 Example. Decompose the rational function % into the partial fractions.

SOLUTION.

?+r+1 > +r+1 __a b +cx—|—d
-1 (z+D@-D@2+1) z+1 -1 22+1
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for some a, b, ¢, d € R. After multiplying this equation by the expression 2* — 1, we obtain
?rrt+l=alz—1)(2*+1)+bx+1) (2> +1)+ (cz + d)(2* - 1).

By comparison of the coefficients of the powers of x we get the following system of linear
equations

2 0=a+b+ec,
% 1=—a+b+d,
' l=a+0b-—c,
2% 1l=—a+b—d.

By solving this system we (uniquely) obtain the desired numbers a, b, ¢, d. The result is

ZL‘Q—I—JZ—I—l_ 1 3 T

s 4(x—|—1)+4(a:—1) 2(x2 + 1)
u

25.1.6 Observation. Solving the above-mentioned system of equations can be accelerated if we
insert into

?+r+l=alz—1)(2*+1)+bxz+1)(2*+1)+ (cv +d)(2* — 1)

the real roots of the denominator z* — 1:

r=1: 3=4b = b:%,

1

=—1: 1=—-4a = a=—-.

x a a 1
25.1.7 Remark. If the degree of a polynomial p is not less than the degree of a non-constant
polynomial ¢ in %, we perform the polynomial division p(z) : ¢(x) with remainder, so that

we obtain

M:u(x)+@

q(x) q(x)
where u and v are polynomials, and the degree of v is less than the degree of ¢.

I

25.1.8 Example. Decompose the rational function #4—:&1

SOLUTION. z* : (2% =23 —24+1) =1+ %, and therefore there are a, b, c,d € R
—(z* =¥ -z +1)

-1
such that
m 4+ x—1 14 P 4+r—1 iae b N cx+d‘
at =¥ —x+1 (z—1)*22+z+1) -1 (z—12  224z+1

Hence it follows
Ptz —1=alz-1)(*+z+1)+b@*+z+1)+ (cz+d)(z —1)%

By comparison of the coefficients of the powers of x we get the system
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23 l=a+c,
x% 0=b—2c+d,
2t 1=b+c—2d,
2% —1=—-a+b+d,
whose solutionisa =1, b = %, c=0,d= —%, and therefore
x? 1 1 1

=14+ + 5 — )

zt—a3 —x+1 r—1 3(x-1° 3@@*+x+1)

25.2 Integration of Partial Fractions

can be calculated using the substitution z — o = t.

25.2.1 Integrals of the type

25.2.2 Examples.

1)
d dt
/ x6 =/ 5= log |t| = log |x — 6] (in (—o0, 6) and in (6, 00)).
Tz —
z—6=1t
de = dt
2)

dx dt 1 1 . .
/m = /t_3 = op = —m (in (—o0, 6) and in (6, 00)).

25.2.3 In order to calculate integrals of the type

/ br +c da
(22 + Bz + )™

we first use the decomposition into addition:

bx + ¢ b 2x+ 0 _bp dx
/(w2+ﬁx+v)mdx_2/(x2+6w+v)mdx+(c 2)/<x2+ﬁx+v)m'

Then

e the first integral can be calculated using the substitution 2% + 3z + v = t (since then
(2x 4+ B)dz = dt),

e by modifying the denominator in order to “complete the square” and using the appropri-
ate (linear) substitution, we transform the second integral into f (1+th2er’ for which we
derived (by the integration by parts) the recurrent formula.
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25.2.4 Example.

/ 6x — 1 d 3/ 2z + 2 d 7/ dz
2?2+ 22+ 3 22+ 21+ 3 22+ 21+ 3
22422 +3=t
(2z +2)dx = dt

dt d 7 d
:3/——7/—’” :3logyt|——/—x - =
t (x+1)2+2 2 1+<m>

\/i
ztl _
2
dz = v2du
7 du 7
=3log(z® + 22 +3) — = V2 = 3log(z® + 22 + 3) — — arctanu =
og(z” + 2z + 3) 2\/_/1+u2 og(x® + 2z + 3) \/ﬁarcanu

7 r+1
= 3log(x? + 22 + 3) — — arctan (—) inR).
g( ) 7 7 (in R)

/ 6xr — 1 d
T
(22 + 22 + 3)?

Let us disclose the solution: 3 7_ztl 7_ arctan (’”—“)

25.2.5 Exercise. Calculate

T 224224+3 0 42242243 42 V2
25.2.6 Example. Compare the length of the following two calculations:

x3 x3
/ " dx:/ dr =
rt+1 (22 + V22 +1)(22 — V2r + 1)

/ ar +b n cx+d d / 201 + 2 20 — /2
= xr =
2242 +1 22—2x+1 4(x2+\/§x+1 4(x2—\/§$+1)

dox =

)
1 4
Zlog(x +1),

1 1
= Zlog(x2 +V2z +1) + Z—llog(ac2 V2 +1) =

A1t T T T

1=t
43 dx = dt

s 1 [fdt 1 1
/x de = - —:—10g|t|:110g(w4+1).

25.2.7 Exercise. Calculate

2x
/ 3rt 44 dz.
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26 INTEGRATION OF SOME OTHER SPECIAL FUNCTIONS
26.1 Integrals of the Type [ sin"z cos™z dx

26.1.1 Letn, m € NU{0}. We distinguish two cases. First, suppose n or m is odd. Then we
use the first substitution rule; see the following example.

26.1.2 Example.

/sin3x cos® rdz = /sinx (1 — cos® z) cos® v dx =

cosx =1

—sinzdz = dt
t3 t5 3 5
:—/(1—1t2)152dt:—§+€:—CO?3 x+cos5 T (inR).

26.1.3 If both n and m are even, we can employ the equalities

1— 2 1 2
Gin? o — w cos? 1 — +C+<fv>;

see the following example.

26.1.4 Example.

1— 2 1 2 1
/sian cos® z dz —/ CZS( z) . +C;S( ?) der = 1 / 1 — cos®(2z) dz =

1 1 [1+4cos(4x) . 1 1 lsin(4r) =z sin(4z) .

26.1 By R(u,v) we mean a fraction in whose numerator and denominator there are only finite
sums of expressions of the type ku"v™, where k,u,v € R; n,m € NU{0}. A mapping
(u,v) — R(u,v) is called a rational function of two variables. Examples of such mappings:

_ 3uv® + 2uv? + 1ul0°
n 1100

R(u,v) = 3u? +2u + 1,

1u2v? + 3uv® + 2u%°
R(u,v) = Ta0 00

2122 + 1u%° 202 + 1

1200 + 103 w2 + 03’

= u*v? + 3uv® + 2,

R(u,v)
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26.2 Integrals of the Type [ R(sinz,cosz)dx

26.2.1 Using the substitution tan § = ¢ we can transform these integrals into those of rational
functions. To show this, let us express sin x and cos x by ¢. Since

in2 > +cos?~ =1 = tan? ! 1 = cos? > ! !
sin” — + cos” — = an? 2 = _ L _ ’
2 2 2 cos?g 2 1—|—tan2§ 1+ 2
we get
. 96 x x 92t x 2t
sinx = 2sin — cos — = 2tan — cos” — = ——
279 2 9 T T
x 1 1 — ¢2
= 2cos’= —1=2 =
coS T coS 5 7 e
1 1
= dx = dt,
2cos? 5

so that
2

_ 2t 1—+¢*
R(sinz,cosx)dx = | R T 2 142 1+t2dt'

Note that the integrals of the type [ sin™z cos™ x dx are also of the type | R(sinz,cosz)dx
— it is sufficient to set R(u,v) := u™v™. However, the method of calculation of these inte-

grals examined in Subsection 26.1 takes often less labour than application of the substitution

tan% =t

26.2.2 Example.

1—si 1-2 2 2—2t+1 2t
/—Smxdx:/ EEE dt:/—+ dt:/l— dt —
1+ cosz 1+ﬁ§21+t2 241 241

=t—log(t* +1) = tang — log <tan2 g + 1) (in, for example, (—, 7)).

26.2.3 Example. Sometimes, though, a less laborious way of solving can be invented. Compare:

[ )
3
/Sin3x 1 /(1?,52) 2 4 / 1663 "
T = — == ...
2 1-42\2 2 14+12)2(t — 1)2(t 4+ 1)2 ’
cos? x (L5) 1+t (1+12)2%( )2(t+1)
[ )
.3 2 . 2
1— 11—t 1 1
/sm xd$:/< cos x)sm:z:dx:_/ dt=-+4+t= + cos .
cos? x cos? x 12 t COS T
cosr =1t
—sinzdzr = dt
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26.3 Integrals of the Type [ R (x, : gﬂg) dx

26.3.1 These integrals, where a,b,c,d € R, s € N\ {1}, ad # bc, can be calculated using

the substitution 1’/ artb _ ¢
cx+d

26.3.2 Exercise. Why do we assume ad # bc?

26.3.3 Example.

V2E+ 34z t+ 53 242t -3

A e Zotdt = [ ———tdt =

V2r+3—x - = -4+ 20+ 3

V2z+3=t

=

de =tdt

8t + 12 2 9 1

= [ —t—4 dt=———dt+ [ ——— 4+ ——dt =
/ T TEr e -3) > +/ =3 it1

2

t
:—5—4t—9log]t—3\+log\t+1|:

2 3
=— x2+ —4v2x 4+ 3 —9log|v2x +3 — 3| +log|vV2zx + 3+ 1|

26.4 Integrals of the Type [ R(z,Vax? + bx + ¢) dx

26.4.1 Let us focus only on the situation when a,b,c € R, a # 0, and az? + bx + ¢ has two
distinct (generally complex) roots aq, as. If a > 0, we choose the so-called Euler substitution

Var? +br +c=+ax +t

which is suitable on every open interval that is a part of the domain of the integrated function.

26.4.2 Example.

/ dz B 1 4t—2t2+2dt_
V2 -1 ) = 2 41 -2
rvVrt+2r —1 ;(;j) ;(;i) 4+t ( )

V2 + 2z —1=+1z+t

241
2(1—t)

_ 4t—2t%42
dz = 10-1)2 dt

T =

2
= / dt = 2arctant = 2arctan(va? + 2z — 1 — x)

t24+1

(in <—oo, —1—\/§> and in <—1+\/§, oo))
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264.3 If a < 0, it is reasonable to consider only the case when a;,as € R (otherwise

ar’ + bx + ¢ < 0inR). If a; < ay, then for every z € (ay, as) (and another one we
cannot be concerned with)

Vaz? +br +c = valr — o)z — ) = V(—a)(x — ay) (g — x) =

ol -y [ 2,

and therefore we can rewrite the calculated integral as

/R(x,\/—_a(x—al) az_x) dz.

r — O

We are already familiar with integrals of this type — we choose the substitution

Qo — T
= 1.
r — Oy

26.4.4 Exercise. Using the above-mentioned method, show that

d 3 2v1 —
/ - = 2arctan y/ ~ i + ~ (in (=3, 1)).
24 V3 — 2z — a2 l—z Voe+3++V1-ux
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K RIEMANN’S (DEFINITE) INTEGRAL

27 MOTIVATION AND INSPIRATION

27.1 Let a function f be non-negative and continuous in an interval [a, b]. Let us try to find
a solution of the problem:

How to calculate an area of the region {(x,y) € R*: z € [a, b] A 0 <y < f(x)}?

Fig. 49

We can use the following idea: let us divide the interval [a, b] into n subintervals of the same
length. In each of them we approximate the function f by a constant function whose value
equals to the value of f at, for example, left end point. Then we approximate the desired area
by the sum of areas of the relevant rectangles (see the figures below; the left one corresponds
to n = 4, and the right one to n = 16).

—]

Fig. 50 Fig. 51

It can be guessed that if the number of subintervals n increases to infinity, then the sum
of areas of the rectangles tends to the area of the region. We shall denote this area by fab f(z)dz.
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28 DEFINITION OF A DEFINITE INTEGRAL

28.1 Now let us generalize the ideas from the preceding section also for some non-continuous
(and not necessarily non-negative) functions. Let a function f be bounded in an interval [a, b]
(a,b € R; a < b), i.e., there are numbers m, M € R such that

Vo € [a, b]: m < f(x) < M.

For every partition D : a = 2o < 21 < ... < Tp1 < &, = b of the interval [a, b], we define
a lower and upper sum corresponding to the partition D as

n

k=1

and
S(D) := Z (x sup f(:c)) () — 1),

respectively.

28.2 Definitions. By a lower and upper Riemann’s integral of a function f from a to b we mean

the numbers ,
/ f(z)dz :=sup{s(D) : D is a partition of [a, b|}

and B
b
/ f(z)dx :=inf {S(D) : D is a partition of [a, b]},

/a ) de = / ) do

we call this number the Riemann integral of the function f from a to b and we denote it by

/a ) de.

28.3 Observation. Note that numbers fab f(z)dz and ff f(x) dx are defined for every function
f that is bounded in [a, b]. Moreover, the inequalities

respectively. If

3

k=1

m(b—a) =Y m(zy —zp1) < s(D) < S(D) < M(ay — ax-1) = M(b—a)

imply that ~
b b
/ f(x)de, / f(z)dz € R.

28.4 Examples.
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1) If a function f is defined by f(z) := 1in [a, b], where a, b € R, a < b, we get

/bf(:v) dz = sup

D

Zl'($k—$k—1)} :s%p{b—a}:b—a.

/abf(:v) dz = inf

Similarly,

and therefore

and thus

fails to exist.

28.5 Remark. Let us consider a “sequence” of partitions of an interval [a, 0]

Dy, Dy, ..., D, ...,

where
Dp:a=2m0<ZTmi<...<ZTmnn-1 < Tmn, =0,
such that
/Dl == max (zpmr — Tmpr—1) — 0.
ke{l,...,nm

Then the following statements hold:

e if the function f is bounded in the interval [a, b|, then
b b
lim s(D,,) :/ f(z)dz, lmS(D,,) :/ f(z)dx;
o if fabf(x) dz exists, then

/b f(z)dz =lims(D,,) = im S(D,,) = im I(D,,),

where

(D) = S F(Emi) ke — T 1)

k=1
for arbitrarily chosen points &, x € [Tmk—1, Tm.k]-
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28.6 Theorem (Existence of the Riemann Integral). Let a function f be continuous or mon-
otonous in an interval [a, b]. Then fab f(z) dz exists.

28.7 Theorem (Properties of the Riemann Integral). Assume fab f(z) dx and f; g(z) dz exist.

Then
Y b b b
Vo, € R: /(ozf(x)—l-ﬁg(x))dx:oz/ f(x)dx—l—ﬁ/ g(z) da
ii)
b c b
‘v’ce(a,b):/f(x)dx:/f(x)dx+/f(x)dx
iii) b
0| < [ 5] de.
iv)

b b
if f(x) < g(z)forall x € [a, ], then / fz)dz < / g(x)dx.

28.8 Remark. Statements i) - iv) of Theorem 28.7 also contain the fact that all integrals appear-
ing there exist!

28.9 Corollary. If a function f is continuous in an interval [a, b], then

m(b— a) /md:p</f dx</de— (b—a),

m:= min f(x) and M := max f(x).

z€[a, b] xz€la, b]

where

Since a continuous function f attains on [a, b] all values lying between numbers m and M (see
Corollaries 16.4 1)), there exists a & € (a, b) such that

b
:bia/ f(z)dx

(This proposition is sometimes called the mean value theorem of the integral calculus.)

28.10 Definitions. In what follows, the following extensions of the definition of the Riemann
integral shall be helpful:

o [" f(x)dz := 0if f(a) is defined,

o [ f(z)da:=— f f(z)dzif a < band fab f(x) dx exists.

92



29 INTEGRAL WITH VARIABLE UPPER BOUND

29.1 Theorem. Assume f is a continuous function in an interval |a, b] and

=/:f<t>dt

Then
i) F'(x) = f(x)forevery z € (a, b),
i) Fi(a) = J(a)
iii) F'(b) = f(b).
PROOF. The task is to show

a) zg € [a, b) = F'.(zo) = f(x0),

b) xo € (a, b] = F' (x¢) = f(xo).
We prove only the statement a) since the proof of b) is absolutely analogous. It is left to the reader.
First, let us note that for 2y € [a, b) and 7o < x < b

‘F(a:) — F(zo) f($0)' _ ‘fjf(t) dt — [ f(t)dt

r — X9

/f dt—/fxodt‘

- f(ifo)

r — X9

/f t)dt — f(xo)(z — x0)

T - T — X
:x—xo /Io(f() f(0)) dt‘ T — g / |f(t) = f(xo)| dt <
< oy e ) = el a0 = s 116) = ) =) =
— max [/(s) - flao)|.

Under the assumptions, the function f is continuous from the right at the point x(, so that

lim max |f() f(zo)| = 0.

T—x0+ s€[zo, x]
Hence

lim
T—xo+ T — 2o

i.e.,

O

29.2 Theorem. Assume f is a continuous function in an open interval I C R and c € I is
an arbitrary point. Then the function F' defined on I by

0= [ 10

is an antiderivative of f in I (i.e., F'(x) = f(x) for everyx € I = DF).
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30 METHODS OF CALCULATING DEFINITE INTEGRALS

30.1 Theorem. Let functions f and I be continuous in an interval |a, b], where —oco < a <
b < +oo, and F'(x) = f(x) for every x € (a, b). Then

[ 1@ de=Fo) - Fl@) = [F@)

PROOF. Redefine (or change) the function f on R\ [a, b] so that it is continuous in R (this
is certainly possible and the calculated integral remains unchanged). By Theorems 23.4 and
29.2, it follows that for every x € [a, b] we have F/(z) = [ f(t) d¢ + c. The rest of the proof
is now easy:

F(b) — Fla) = (/abf(t)dtJrc) - (/aaf(t)dtJrc) :/abf(t)dt.

30.2 Examples.

1)
! Y1 1
/m2dx:{m—} =-—0==
) 3], 3 3
2)
/ sinzdr = [—cosz]; = —[cosz]y = —(—1—1) =2.
0
3)
/2 Sin(?-l-l’)dl’z/Q(SiHQCOSZE—f—COSZSiDZL’)dZE:
0 0
3 3
:Sin2/ cosxdx+0052/ sinzxdr =
0 0
= sin 2 [sinx]g + cos2 [— cos:c](? = sin 2 + cos 2.
4)

3 —1 1 3
/ \x2—1|dx:/ |x2—1\d:c+/ ]:c2—1|d:c—|—/ 22— 1|dz —
—92 -2 -1 1

:/__1(;;52—1)dx+/1(—$2+1)d$+/13(x2—1)dx:

2 -1

x3 -1 N x3 N ! N x3 398
=|=—x —— 4z x| ==
3 7], I 3

1
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30.3 Theorem (Integration by Parts). Suppose u and v have their first derivatives continuous
in an interval [a, b]. Then

30.4 Examples.

1)
/msinxdx:[—xcosx]g—i-/ coswder =7+ [sinz]) = 7.
0 0
W=1, v=cos
2)
e e e 1
/logxdx:/ 1-log:cdx:[xloga:]f—/ r—dr=e—[2]$ =1
1 1 1 T
u=1logz, v =1
u =1 v=21

30.5 Theorem (Substitution Rule). Let

e a function p have its first derivative continuous in an interval |a, b),
e a function p map an interval [a, b into an interval J C R,

e a function f be continuous in an interval J.

Then

b @ (b)
[ reyv@ar= [ wa

30.6 Remark. We use the proposition of this theorem for calculation of the integral on the left

side (analogy to the first substitution rule; see Theorem 24.5) as well as for calculation of the in-
tegral on the right side (see Theorem 24.8 concerning the second substitution rule). Calculation
mechanism is the same as when dealing with indefinite integrals, we only have to be aware
of changing the bounds. Moreover, it is necessary to verify that all assumptions of the sub-
stitution theorem hold since — in contrast to indefinite integrals — we have no chance to verify
the correctness of the result by differentiating. Finally, let us note that a substitution is cho-
sen (according to the type of the integrated function) the same as when calculating indefinite
integrals.

30.7 Examples.
1)

Wl

1 t5 1 1
sin z cosx dz = / ttdt = {—} = -
0 5/, 5

J

sinz =1t
cosxdx = dt

(go(x) =sinz, [a, b] = [O, g] , J=R, f(t) = t4> .
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2)

2 3
/ \/4—x2dx:/ \/4(1 —sin?t) 2costdt =
0 0

r = 2sint
dx = 2costdt
2 21 2t
—/ 4cos2tdt—4/ Ls()dtzw
0 0 2

(o(t) = 2sint, o, 8] = [0, 3], 7= [-2.2), fl2) = VA—2?).

Remark:
We could choose, for example, [a, b] = [—7, 5 + 27]; the choice [a, b] = [0, Z] is more
suitable, however, since v cos?t = |cost| = cost for every t € [O, g}

31 NUMERICAL CALCULATION OF THE RIEMANN INTEGRAL

31.1 Letus introduce two methods —rectangle and trapezoidal — that are used for approximation
of fab f(x)dz.
Let us divide the interval |a, b] into n subintervals of the same length h = b_T“, Le., let us
choose a partition
D:a=xg<ri=20+h<...<2,=2,_1+h=0b
of the interval [a, ], and denote

onf(OCo), n :f(ﬂfl), Sy yn:f(xn)-

We speak of a rectangle and trapezoidal method when we use the approximations

b
b—a '
/f(x)dx%hyo+hy1—|—...+hyn_1:—(yo—i—...—l—yn_l) ... see Fig. 52

and ,

/f(x)dx%hy0+yl+hy1+y2+...+h—y”1+y”:

a 2 2 2

b—a .

:W(Z/0+2y1+2y2+...+2yn71+yn) ... see Fig. 53,
respectively.

Now we shall try to calculate an error estimate for the rectangle method on an assumption
that f has its first derivative bounded on [a, b]. We shall employ the mean value theorem
of the integral calculus (see Theorem 28.9):

[ @i =3 [ s =3 feom - ) = 3 6"
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Fig. 52 Fig. 53

for suitable & € (z_1, zx). Hence, by the Lagrange mean value theorem (see Theorem 14.2),

we get (for suitable dy, € (zy_1, &)

b h— n
JRCEEE ) Sy S (6 — Sai)
a k=1 k=1

b— a — b—a
< sup |f'(x
- ;Q@,m’ I )

- <b_“)2 sup |f'(z)|n = (b—af sup |f'(z).

n z€la, b) n xz€la, b)
It can be shown that if the second derivative of the function f is bounded on [a, b], then the error
is of lower order. For instance, in case of the trapezoidal method the error is estimated by
b— 3
(12;2 sup | f"(z)|.

z€|a, b]

b—a — ‘

b—a
n

D S (d) (& = )

31.2 Example. Approximate the integral

5 dx
1= /
2 xr — 1
using the trapezoidal method so that the error is at most equal to the number ﬁ.

SOLUTION. Due to the relations
1 2
< —  holding in [2, 3]

<xi1)" :\(‘ﬁ)/ RNCENHRRE

and the above estimate, we know that the number of subintervals n can be chosen so that
! 2 < L .
12n2 ~ — 1000

Hence

n > ? ~ 12.9.

If we put n = 13, we obtain I ~ 0.69352. (The exact value is [ = [log |z — 1|]3 = log2 =
0.69314....)
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32 APPLICATIONS OF A DEFINITE INTEGRAL
32.1 Area of a Plane Region

32.1.1 Let us return to the ideas from the beginning of Section 27 and form the problem:
Is it possible to assign a non-negative number P(f;a,b) to every non-negative and contin-
uous function f on an interval [a, b] so that

i) Yee RT: [f(z) =cinla, b] = P(f;a,b) =c(b—a))
ii) V& € (a,b): P(fia,b) = P(f;a,8) + P(f;€,0),
iii) if g is a continuous function and f < g in |a, b], then P(f;a,b) < P(g;a,b) ?
32.1.2 Exercise. Prove (it is not too difficult) that
e the answer to the above question is yes,

e the number P(f;a,b) is uniquely determined by i), ii) and iii), and
b
P(fiah) = [ fla)ds.

32.1.3 Definition. Assume f is a continuous and non-negative in [a, b}, where —0co < a < b <
+00. By an area of the surface

{(z,y) eR*: z€a,b] AN 0<y< f(z)}

we mean the number

P(f;a,b) ::/ f(z)dx.

32.1.4 Examples.

1) Calculate the area O of the half-circle

{(z,y) eR*: 2>+ ¢y <4Ay>0}.
SOLUTION. O = P(f;—2,2), where f(x) := /4 — 22, and therefore

2 2
O:/ \/4—x2dx:2/ V4 — 22dx = 27.
) 0
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2) Calculate the area O of the surface

Ti={(z,y) eR*: 2 <y <2—2?}.
SOLUTION. From Fig. 54 it is easily seen that

1 1
O:P(Z—x2;—1,1)—P(xQ;—l,l):/ (2—x2)dx—/ ridr =

1 1

32.1.5 Observations.

e If a function f is continuous and even on [—a, al, then

/_:f(a:) dr — 2/0af(x) dz.

e If a function f is continuous and odd on [—a, a], then
/ f(z)dz = 0.
e If a function f is continuous in R and periodic with a period T € R, then

Va €R: /OTf(x) dz — [+Tf(x) d.

32.1.6 Example.
1

/2 in(rr) di — /_ sin(rz) dz = 0

1

since the function f(z) := sin(7z) is continuous in R, periodic with the period 2, and odd.
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32.2 Length of a Plane Curve

32.2.1 In this subsection by a curve we mean a graph of a continuous function in a closed
bounded interval.

Assume f is a continuous function in an interval [a, b]. We shall be concerned with the ques-
tion: How to define and calculate the length of the curve

={(z,y) eR*: z€a, b] A y=f(2)}?
The problem shall be solved gradually:

o Leta = (ay, as), 3= (B, [B2) be points of the plane R2. By the length of the line seg-
ment with the end points «, 3 (let us denote such segment by [«; (3]) we mean the non-
negative number

Ma; B]) == V(81 — a1)? + (B2 — aa)?.

e Letz, 21, ..., 2, be mutually distinct points of the plane R2. By the length of the broken
line [zo; 215 ... 2n) := U [2k—1; 2x] we mean the number
k=1

Mlzo; 215 -5 2n)) = D M[zn-1; 24]).

e Let us return to the function f that is continuous on [a, b]. For every partition
D:a=xy<z1<...<x,=0
of the interval [a, b], we consider points

20 = (1:07 f(xO))7 21 = (1’1, f(xl))7 ceey B = (xmf($n))

and define the number
Lp = M[z0; 215 - -+ 2n))-

32.2.2 Definition. Let f be a continuous function in an interval [a, b], where —oco < a < b <
+00. By the length of the curve

{(z,y) eR*: z€a, b] A y=f(z)}

we mean the number
A(f;a,b) :=sup {Lp : D is a partition of [a, b]} .
32.2.3 Observation. If a function f is continuous on an interval [a, b], then
0 < A(f;a,b) < +o0.

32.2.4 Examples.
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1) Let the function f be given by f(z) := 2. Then L := +/5 for all partitions D of the in-
terval [0, 1]. Therefore A(f;0,1) = \/_ (In fact, we calculated the length of the line
segment with the end points (0,0) and (1,2).)

2) Let the function f be given by

o 2% sin 55, x #0,
/(@) '_{ 0, z=0.

Then f is continuous in R (and so also in [0, 1]) and it can be proved that

A(f;0,1) =

32.2.5 Theorem. If a function f has its first derivative continuous in an interval [a, b|, then
A(f;a,b) / V14 (f'(x))?de.

SKETCH OF THE PROOF. If D is a partition of the interval [a, b, then

Lp=> Mz-v;2])) = >V (we — wem1)? + (fwn) — frp-1))? =

=3 V(@ — o) + (F(E) (e —x1)? = ) ( L4 (f"(&)? (wx — xkq))

k

for suitable & € (zy_1, zx) (see Theorem 14.2); the bright reader can already see the conse-
quence with the second statement of Remark 28.5.

OJ
32.2.6 Examples. Let us calculate the length of the curve
1)
{(x,y)GRQ:xel—\/—_ \/—_] y:\/l—xQ}.
SOLUTION.
V2
2 V2 —2c 1\’ ER
AMV]1I—2%——)— dz = ——dr =
< v 272) \/ < 1—$2)$ /_Vf =22
larcsi ]§ 7r n T T
= |arcs =—4-=—_
I'CSINn I —§ 1 1 9
(We actually calculated the length of the quarter-circle with radius 1.)
|
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2)
{(z,y) eR*: z€[-1,1] A y=cosha}.

SOLUTION.

1 1
A(cosh; —1,1) = / \/1+ (cosh’ z)2dx = / V14 sinh® rdz =
—1 -1

1

1
:/ coshzdr =e — —.
-1 c

32.3 Volume of a Rotational Solid

32.3.1 Definition. Assume f is a continuous and non-negative function on an interval [a, b]. Let
us consider a body (2 obtained by rotating a “curvilinear” trapezium

{(z,y) eR*: z€a,b] AN 0<y< f(z)}

around the axis x. It can be shown that it is reasonable to calculate (define) the volume of
the rotational solid €2 by

b
V(f;a,b) =7 / f2(z) da.
32.3.2 Example. Let us calculate the volume of the ball with radius r € R™.

SOLUTION.

v(ViT=a% ) :n/

-

r

(TQ—IQ) dx:27r/ (T2—$2) dr =
0

32.4 Area of a Rotational Surface

32.4.1 Definition. Area of a rotational surface created by rotating a curve

{(x,y) cR?*: x¢ca, b A y:f(x)},

where f is a non-negative function having its derivative continuous in [a, b, around the axis
is given by

o(f1a,b) = 2 / f(2) VIt (F@)?de.
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32.4.2 Example. Let us calculate the area of the rotational surface that is obtained by rotating
the curve

{(z,y) eR*: €0, 1] A y=2"}
around the axis z.

SOLUTION.

o(z%0,1) —27T/ Vv 1+ (322)2 dx—27r/ 22 V14 924 dr =

—27r—/ Vidt = ;[2[]1 %(10@—1).

32.4.3 Remark. There are many other applications of the definite integral. For example, in phys-
ics it is possible to calculate static moments and centres of gravity of a curve, curvilinear trapez-
ium, rotational solids, etc., by using the definite integral.

33 IMPROPER INTEGRAL

33.1 Let us consider the following situation: we have a function f that is continuous and non-
negative on an interval [a, +00) (a € R) and we want to calculate (define) the area of the “un-
bounded surface”

{(a:,y) €R?: z € [a, +00) A Ogygf(a:)}.
It is certainly natural to express this area as the limit

lim P(f;a,t)= hm/f

t—+o0 t—+o0

t
i [ s
expresses the area of the surface

{(x,y)ERQ: x € la, b) A Ogygf(x)},

where the function f is continuous, non-negative (and eventually unbounded too) on an interval
la, D) (a, b € R).
These ideas lead us to the following definitions.

Similarly,

33.2 Definitions. Let —0o < a < b < +o00 and suppose f is such a function that fj f(z)dx
exists for every ¢t € [a, b). If hm f f(z) dz exists (for b = +o0, we understand the limit as

tli+m [} f(x) dz), we define

/b f(z)dz = tlirz?f tf(:c) dz

In case
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. thrgl f f(x)dx € R, we say that the integral f: f(x) dx converges,

o thrgl [} f(x) dz does not exist or thrzfl [} f(z)dz = +oo, we speak about the divergent

integral.

Analogously we define f ’ f(x)dx and its convergence when —oo < a < b < +oo and
ft r) dx exists for every t € (a bl.

33.3 Examples.

1)
/+oo dx . /t dx lim [arctan 2]’ T mw
= 1m = m jarctanrxr|, = —— — = —.
1 ]. + .7;2 t——+oo 1 1 + .TQ t——+00 1 2 4 4
2)
/1 dQJ 1 /t dx 1 [ . ]t
—— = 111Nl — = l1In |arcsinx|, = —
0 \/1_‘7/‘2 t—1— 0 ‘/1—{,5'2 t—1— 0
3)

€ e
dz dz e
= li lim [log(1 — 0 — (—00) = 400,
/1xlog:c t_lgi/t zlog x tirﬁr[og(ogx)] 0 — (—00) = +00

33.4 Definition. Let —0o < a < b < 400, f be a continuous function in an interval (a, b), and
¢ € (a, b). Integral fab f(x) da is said to be convergent if integrals [* f(z)dx and fcbf(m) dzx
converge. In such case we moreover define

/abf(m)d$ = /acf(x)dx+/cbf(:£)da:

It can be shown that this definition is independent of the choice of ¢ € (a, b).

33.5 Theorem. Assume f is a continuous function in an interval (a, b), where —oco < a < b <
+00, and F' is an antiderivative of f on (a, b). Then fab f(z) dz converges if and only if

lim F(x)=: F(b—), lim F(z)=: F(a+)

x—b— r—a+

exist finite. Moreover, in such case
b
/ J(x)de = F(b—) — Flat) = [F(2)]!.

(F(—l—oo—) = lim F(z), F(—oo+):= lim F(x).>

T——+00 T——00

SKETCH OF THE PROOF.

/f dx—/f da:+/f dx:tl_igi/f dx—i—hm/f =

= lim [F(z)]¢ + lim [F ()], = F(c) — F(a+) + F(b—) — F(c) = F(b—) — F(a+).

t—a+ t—b—
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33.6 Example. Think over in detail that

[t e ()56 -5

33.7 Theorem (Comparison Criterion). Let

i) —co<a<b<+oo,

ii) functions f, g and h be continuous in (a, b),
iii) g(x) < f(z) < h(x) hold for every z: € (a, b),
iv) integrals fab g(x)dx and fab h(z) dz converge.

Then the integral fab f(z) dzx converges too.

33.8 Corollary. If a function f is continuous in an interval (a, b) and if fab | f(x)| dz converges,

b .
then fa f(z)dz also converges. Moreover, in such case

/a " Ha) da

(Compare this statement with Theorem 28.7 iii).)

< [war

33.9 Example. Let us decide on the convergence of the integral
+o0o
[Tt
fus T
2

COS & 1 T
‘ ‘ < — foreveryx € <§, +oo> ,

SOLUTION. Since

0<|—;

and

the examined integral converges.

33.10 Exercise. Let o € R. Decide on the convergence of the integrals
D Jo %
2 [

3) [0 dz,

0 fre
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Index

absolute value, 11
antiderivative, 75
area

of a plane region, 98

of a rotational surface, 102
asymptote of a function

at +o00, 63

at —oo, 63

vertical, 63

Bolzano-Cauchy criterion, 27
bound of a set

lower, 8

upper, 7

curve, 100

derivative, 43
from the left, 43
from the right, 43
proper, 43

differential, 44

domain of a function, 10

form of the remainder
Lagrange, 70
fractions
partial , 81
function, 10
nth root, 19
arccosine, 21
arccotangent, 21
arcsine, 21
arctangent, 21
argument of hyperbolic cotangent, 22
argument of hyperbolic sine, 22
argument of hyperbolic tangent, 22
argument of hyperbolic cosine, 22
basic elementary, 17
bounded, 14
above, 14
below, 14
concave, 62
constant, 18
continuous, 37
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from the left, 37

from the right, 37

on an interval, 38
continuously differentiable, 49
convex, 62
cosine, 20
cotangent, 20
cyclometric, 21
decreasing, 12
differentiable, 49
differentiable at a point, 44
Dirichlet, 11
elementary, 23
even, 13
exponential, 17
goniometric, 20
Heaviside, 10
hyperbolic, 22
hyperbolic cosine, 22
hyperbolic cotangent, 22
hyperbolic sine, 22
hyperbolic tangent, 22
hyperbolometric, 22
identity, 10
increasing, 12
infinitely small of order greater than k, 68
injective, 14
inverse, 15
logarithmic, 17
monotonic, 12
non-decreasing, 12
non-increasing, 12
odd, 13
periodic, 13
power, 18
power with a natural exponent, 18
power with a negative integer exponent, 18
power with a real exponent, 19
rational, 81
signum, 10
sine, 20
strictly concave, 62
strictly convex, 62
strictly monotonic, 12



tangent, 20
zero, 18

graph of a function, 11

infimum of a set, 8
inflection point, 63
integral
convergent, 104
divergent, 104
indefinite, 75
Riemann, 90
lower, 90
upper, 90
interpolation
by cubic spline-functions, 74
linear, 74

length
of a broken line, 100
of a curve, 100
of a line segment, 100
limit
of sequence, 25

of monotonic subsequence, 29

of subsequence, 28
of a function, 34
from the left, 34
from the right, 34
lower integer part of a number, 10

mathematical induction, 5
maximum
of a set, 8
of a function
local, 57
strict local, 57
of a function on a set, 60
method
of bisection, 57
rectangle, 96
trapezoidal, 96
minimum
of a set, 8
of a function
local, 57
strict local, 57
of a function on a set, 60

neighbourhood, 34
annular, 35
number
integer, 6
natural, 5
rational, 6
real, 6

order on R, 6

partition of an interval, 90
passing a limit in inequalities, 32
period of a function, 13
polynomial

Lagrange’s interpolation, 73

Maclaurin, 70

Taylor, 70

range of a function, 10
restriction of a function, 16

sequence, 25
Cauchy, 27
convergent, 25
divergent, 25
set
bounded, 8
bounded above, 8
bounded below, 8
unbounded, 9
stationary point, 59
subsequence, 27
substitution
Euler, 87
sum
lower, 90
upper, 90
supremum of a set, 8
supremum theorem, 9

tangent of a graph of a function, 42
theorem
Cauchy’s mean value, 52
comparison criterion, 105

continuity of a differentiable function, 44
continuity of basic elementary functions,

39

continuity of composition of functions, 38
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continuity of sum, difference, product and
quotient of functions, 38

Darboux’s property of a continuous func-
tion and its derivative, 56

derivative of an inverse function, 47

derivative of composition of functions, 46

derivative of sum, difference, product and
quotient of functions, 45

existence of a differential, 44

existence of an antiderivative, 75

existence of an inverse function, 15

existence of asymptotes at +oo and —oo,
65

existence of the Riemann integral, 92

integration by parts, 77, 95

I’Hospital’s rule, 52

Lagrange’s mean value, 51

limit of composition of functions, 40

limit of sum, difference, product and quo-
tient of functions, 36

linearity of the indefinite integral, 76

mean value of the integral calculus, 92

necessary condition for existence of a lo-
cal extreme, 58

partial fractions decomposition of a ratio-
nal function, 81

properties of the Riemann integral, 92

Rolle, 51

substitution rule, 95

sufficient condition for existence of a local
extreme, 58

Taylor, 70

the first substitution rule, 78

the second substitution rule, 79

Weierstrass, 60

volume
of a rotational solid, 102
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