5. pf‘@d naska (Lagrangeiiv interpolaéni polynom, Bézierovy Kivky)

=l Lagrangeiiv interpolaéni polynom

Priklad:

Najdéte linearni polynomp(x) =ax+ b, jehoz graf prochazi bodyl[2 & [/,5]
[ > restart;

> p: =Xx->a*x+b;

p:=X-ax+hb

(> p(1)=2;
| at+tb=2
(> p(7)=5;
| 7a+b=5
"> solve({p(1)=2,p(7)=5},{a, b});
‘ 1b 3
a=_, =
| T
[ > assign(%;
> a:
1
| 2
> b;
3
| 2
(> p(x);
X 3
2.2
| 2
Priklad:

Najdéte polynom nejvySe druhého stupakovy, aby jeho graf prochazel body2] 9 , ]
[-1.0] a B 4]

[ > restart;
[ > p: =x->a*x"2+b* x+c;

p:=x - ax’+bx+c
> sol ve({p(-2)=9, p(-1)=0,p(3)=4},{a, b, c});

{a=2,b=-3,c=-5

[ > assign(%;



[ > p(x);
2x*-3x-5

P¥iklad:

Najdéte polynom nejvyse 3. stupraby v bodech-1 2 a 4 byl roven nule a v bbdB byl
roven jedné.

ﬁ > restart;
[ > p: =x->a*x"3+b*x"2+c* x+d;

| pi=x-ax+bx+cx+d
[ > solve({p(-1)=0, p(2)=0,p(4)=0,p(3)=1},{a, b, c,d});

I
I ta=y b=yc=7.d=2
[ > assign(9;
(> p(x);
1, 5, 1
=X+ —Tx=2
4= 45 2

RozloZime polynomp na kdenovécinitele:

"> factor(p(x));
_(x=2) (x-4) (x+1)
4

Nyni vyfeSme vSechny Ulohy s pomodikazuPolynomiallnterpolatiorz balikuCurveFitting

"> with(CurveFitting):
[ Arraylnterpolation, BSpline, BSplineCurve, Interactive, LeastSquares,
Polynomialnter polation, Rational Interpolation, Spline, Thielelnterpolation ]

Priklad:
Najdéte linearni polynomp(x) =ax+ b, jehoz graf prochazi bodyl[2 & [/,5]

"> body:=[[1,2],[7,5]];

i body :=[[1, 2], [7, 5]]
[ > Pol ynom al I nt er pol ati on( body, x);

Z .=
2

P¥iklad:




Najdéte polynom nejvySe druhého stépakovy, aby jeho graf prochazel body2[ 9 , ]
[-1,0] a 3, 4]

> Polynom al Interpolation([[-2,9],[-1,0],[3,4]],X);
2X-3x-5
> Polynom al Interpolation([[-2,9],[-1,0],[3,4]],x, form=Lagr ange
);
9(x+1)(x—3)+(x+2) (x+1)
5 5

DalSi povolenéa syntaxe:

> Pol ynom al Interpolation([-2,-1,3],[9,0,4],x);
2xX-3x-5

P¥iklad:

Najdéte polynom nejvyse 3. stupraby v bodech-1 2 a 4 byl roven nule a v bbdB byl
roven jedné.

> Pol ynom al Interpolation([-1,2,4,3],[0,0,0, 1], x, formeLagr ange)
(x+1) (x-2)(x—4)
4

JesSE jinak:

ﬁ> I nteractive();
[ >

Aproximace funkce f(x) =| x| na intervalu <-1,1> Lagrangeovym interpol@&nim
polynomem (interval <=1,1> pFitom rozdélime na 100 podintervaii):

[ > restart;

[>with(CurveFitting):

[ > pol y: =x->Pol ynom al I nt er pol ati on([seq([i,abs(i)],i=-1..1,1/50
L)1 x):

Hodnota interpokniho polynomu v polovi&posledniho dilku:

> pol y(0. 99);

| -0.5075224627 18
> pol y(99/100);

3640269951810318113713099392751536876042560580883668951120890971860\




322985815921

L 6277101735386680763835789423207666416102355444451P39600
> eval f(%;

0.5799284615 14
(Tato hodnota jeid/éryhodnd.)

> Digits: =100;

L Digits:= 100
> plot(poly,0.96..1);
1.4e+24
1.2e+24-
1e+24-
Be+23-
6e+23-
4e+23
2e+23
! Obos 0965 0.97 0.975 0.98 0.985 0.99 0.995 1
[ >
Bézierovy kifivky
[ > restart;
[ > with(plots):
[ > with(plottools):
Linearni Bézierova kiivka:
(je dana démartidicimi body)
"> B[0]:=[1,2]; B[1]:=[7, 4];
B,:=[1 2]
B, =[7 4]

> bezierl:=(1-t)*B[0] +t*B[1];
bezierl:=(1-t)[1, 2] +t[7, 4]
> bezi er 1l: =expand( bezierl);
bezierl :=[6t+1,2t+2]
> body: =pointplot([B[0], B[1]], synbol si ze=15, synbol =circl e, col or
=bl ue) :
[ > krivka: =plot([op(bezierl),t=0..1],thickness=3):
> di spl ay([ body, krivka]);
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Linearni Bézierovaikvka je tedy vZdy usia spojujicitidici body.

Kvadratickd Bézierova krivka:
(je danaitemitidicimi body)

> B[0]:=[-1,2]; B[1]:=[0,0]; B[2]:=[2,4];

B, :=[-1 2]
B, :=[0, O]
B, :=[2 4]

> bezier2:=(1-t)A2*B[ 0] +2*(1-t)*t *B[ 1] +t A2* B[ 2] ;

bezier2 :=(1-t)?[-1, 2] + 2 (1 -t)t[0, O] +t°[2, 4]
> bezi er 2: =expand( bezi er 2);

bezier2 :=[t*— 1+ 2t, 6t° + 2 — 41]

[ > body: =pointplot([B[0], B[1],B[2]], synbol si ze=15, synbol =ci rcl e,
col or =bl ue):

[ > krivka: =pl ot ([ op(bezier2),t=0..1],thi ckness=3):

[ > polyg: =seq(line(B[i],B[i+1], col or=bl ack),i=0..1):

> di spl ay([ body, kri vka, pol yg]);




i -1 s o5 1 15 2

Pozor! Zalezi na gaditidicich bod.

"> bezi er2: =(1-t)"2*B[ 0] +2*(1-t)*t*B[ 2] +t *2*B[ 1] ;

I bezier2 :=(1-t)?[-1, 2] + 2 (L—t)t[2 4] +t*[0, O]

[ > bezi er2: =expand( bezi er2);

I bezier2 :=[6t-5t°-1,4t-6t*+2]

[ > krivka: =pl ot ([ op(bezier2),t=0..1],thi ckness=3):

[ > polyg:=line(B[0], B[2], col or=bl ack), line(B[2], B[1], col or=bl ack

L)
"> di spl ay([ body, kri vka, pol yg]);
4,
3
/
1
B 05 0 05 1 15 2

Kvadraticka Bézierovarkvka nemusi byt parabola.

Kubicka Bézierova kiivka:
(je danastyimi ridicimi body)

> B[0]:=[0,0]; B[1]:=[2,1]; B[2]:=[-1,4]; B[3]:=[2,5];




B, :=[0, O]

B,:=[2 1]
B, :=[-1 4]
B;:=[2 5]

[ > bezier3:=sumbinomal (3,i)*(1-t)"(3-i)*t”i*B[i],i=0..3);

bezier3:=(1-t)°[0, 0] + 31 -t Ft[2 1] + 3(L-t)t°[-1, 4] +t°[2 5]
> bezi er 3: =expand( bezi er 3) ;
bezier3:=[11t° - 15t° + 61, -4 t> + 6 t* + 31]
[ > krivka: =pl ot ([ op(bezier3),t=0..1],thi ckness=3):
> body: =poi ntplot([seq(B[i],i=0..3)], synbol si ze=15, synbol =ci r cl
e, col or =bl ue):
[ > polyg: =seq(line(B[i],B[i+1], col or=bl ack),i=0..2):
> di spl ay([ body, kri vka, pol yg]);

I 05 0O 05 1 15 2

Aproximace funkce f(x) =| x| (definované na intervalu <1 ,1>) Bézierovou kivkou
100.¥adu

[ > B:=seq([i,abs(i)],i=-1..1,1/50):
[ > body: =poi ntpl ot ([ B], synbol si ze=5):
[ > di spl ay(body, scal i ng=const r ai ned) ;




08"
0.6-
0.4-

02

> bezi er: =sum( bi nom al (100,1)*(1-t)”(100-i)*t~i *B[i+1],i=0..100
L)

> bezi er: =expand( bezi er);

bezier :=[-1+ 2t, 1 - 2t + 3956523315512321307247548%12
- 186413117750099753899163362280+ 4305087851436266014576904817600
- 64948362400680457652012070211230
+719745943331177071616388305340480
- 6246366579624143871527941364204880
+44199436031258561897946251758408600
- 262148379219878367118853631118838480
+1329625465788959345090117781564616800
- 5855276588233602449304259415853071i760
+22653201226608691443209921674447949760
— 777250599270738093506029570648214112D0
+238315726072694563590869913328380993600
- 657086869724472751054634111989550473850
+1637662659928685933397703479112418119%60
- 3705418543677026758394803831527087461760




+7638969199184915238854959391487745608800

- 14392452349329364524417042867353209283400
+24844941897715102689492866270213591548800
- 39378298887506343210113505336549060890880
+57403576547280373552771095807504616932480
- 77069616660700501529183415667483050511700
+95401244035786174993783705072824598017600
- 108965933258265760392429801798807883987200
+114898522957882451791573202118965202115392
- 111874877616885545165479170484255591538408
+100586803052144845803128125310519512867200
- 83488001773575114180374151492302045817600
+63937014016472081112818179307395870531200
- 4514173662025054692361904211444587 7556580
+29351417226335746559390159070298142608480
- 103509009350047204347251327501222841%0
+2530852151690714611787189051540888160

- 543475674143552183337121721036086800
+101292957188045568220538815390238400

- 16138709655888507158344135851388600
+2154401911001384448410532967721¢£80

— 234390948650613585822442244173880
+19961577877013259213923812816206- 1248140344893577649502835017600
+50955224517961713805460857280- 1019104490359234276109217 1A%
- 17550808097572909036299387012924145068800
+9634442095730911662245672539474173008%00

— 4845026075558762935487181645031384261800
+222636492330174296827923087356459456 1560

- 931966712079799382070375714515411679%50
+354099740541175371859433940061730491200

- 121585844571570659010702440107191243800

I +37532708968870422237484727224100431340
[ > krivka: =pl ot ([ op(bezier),t=0..1],thi ckness=3):
> di spl ay([ body, krivka], scal i ng=const rai ned) ;




3e+251

2e+251

1e+251

-1e+25

-2e+25+

> Di gi ts: =100;

| Digits := 100

[ > krivka: =pl ot ([ op(bezier),t=0..1],thi ckness=3):
> di spl ay([ body, krivka], scal i ng=const rai ned) ;




=/ Cviéeni

1) NapiSte proceduru, ktera vyfith Lagrangév interpol&ni polynom prochazejici danymi
body. Volani procedury by mohlo vypadat nasledovn

p0| y([['l’ 0]’[3’ 2]’[6’ 5]’[4’ 2]])1

Na vstupu tedy bude seznam bpkiterymi ma polynom prochazet (& bodi neni peva
stanoven). Proceduru napiste bez pouZikigai z balikuCurveFitting

Poté svou proceduru préite na seznamu bad[[1, 2], [3, 7], [2,-7], [-1, 1], [4, 1]]. K
ovéeni spravnosti pouZijtefikaz Polynomiallnterpolatiorz balikuCurveFitting Jaka je
hodnota tohoto interpataiho polynomu v bogl 470 ?

2) Na rednasce jsme si ukazovali kvadratickou Bézierdwkld urcenou body f1 2], [0, O
] a [2, 4]. MiZete si vSimnout, Ze tatdikka je grafem jisté funkce (viz obrazek nize).




4 95 o5 1 15 2

Urdete tuto funkci. Jakou hodnotu ma tato funkce wna

4

-1 05 0 o5 1 15 2

Jaky je obsah vybarvené plochy?

3) Vytvorte animace ilustrujici vznik kvadratické a kubid&zierovy Kivky (viz piednaska).




