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Abstract

A new variant of the FETI method for numerical solution of elliptic PDE is presented. The
basic idea is to simplify inversion of the stiffness matrices of subdomains by using Lagrange
multipliers not only for gluing the subdomains along the auxiliary interfaces, but also for
implementation of the Dirichlet boundary conditions. Results of numerical experiments are
presented which indicate that the new method may be even more efficient then the original
FETI.
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1 Introduction

The FETI (Finite Element Tearing and Interconnecting) domain decomposition method by Farhat
and Roux [8] turned out to be one of the most successful methods for parallel solution of linear
problems described by elliptic partial differential equations. Its key ingredient is decomposition of
the spatial domain into non-overlapping subdomains that are ”glued” by Lagrange multipliers, so
that, after eliminating the primal variables, the original problem is reduced to a small, relatively
well conditioned, typically equality constrained quadratic programming problem that is solved
iteratively. The time that is necessary for both the elimination and iterations can be reduced nearly
proportionally to the number of the subdomains, so that the algorithm enjoys parallel scalability.
Observing that the equality constraints may be used to define so called ”natural coarse grid”,
Farhat, Mandel and Roux [7] modified the basic FETI algorithm so that it was possible to prove
its numerical scalability, i.e. the asymptotically linear complexity.

Implementation of the FETI method into general purpose packages requires an effective method
for automatic identification of the kernels of the stiffness matrices of the subdomains as these
kernels are used both in elimination of the primal variables and in definition of the natural coarse
grid projectors. An effective method based on combination of the Cholesky factorization and the
singular value decomposition was proposed by Farhat and Girardon [5]. However, it turns out that
it is still quite difficult to determine the kernels reliably in the presence of rounding errors. This was
one of the motivations that led to development of the FETI-DP (Dual–Primal) method introduced
by Farhat et al. [6]. The FETI–DP method is very similar to the original FETI, the only difference
is that it enforces the continuity of displacements at the corners on primal level so that the stiffness
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matrices of the subdomains of the FETI–DP method are invertible. However, even though FETI–
DP may be efficiently preconditioned so that it scales better than the original FETI for plates and
shells, the coarse grid defined by the corners without additional preconditioning is less efficient [3, 4]
than that defined by the rigid body motions, which is important for some applications [2, 3, 4], and
the FETI–DP method is more difficult to implement as it requires special treatment of the corners.
More discussions concerning the FETI and FETI–DP methods may be found e.g. in [10].

In this paper, we propose a new variant of the FETI method for numerical solution of elliptic
PDE which is easier to implement and which preserves efficiency of the coarse grid of the classical
FETI. The basic idea is to simplify inversion of the stiffness matrices of subdomains by using
Lagrange multipliers not only for gluing of the subdomains along the auxiliary interfaces, but also
for implementation of the Dirichlet boundary conditions. We give heuristic arguments and results
of numerical experiments which indicate that the new method may be not only easier to implement,
but also more efficient then the original FETI.

2 FETI and total FETI (TFETI)

Let us consider a boundary value problem for Lamé equations describing the equilibrium of an
elastic body which occupies in the reference configuration the domain Ω ⊂ IRd, d = 2 or d = 3
with the boundary Γ. We shall assume that the boundary Γ is decomposed into two disjoint parts
Γu and Γf , Γ = Γu ∪ Γf and that there are prescribed Dirichlet boundary conditions on Γu and
Neumann boundary conditions on Γf as in Figure 1. The Dirichlet boundary conditions represent
the prescribed displacements and the Neumann conditions represent the surface tractions. We shall
assume that our problem is well posed. Let us mention that our reasoning remains valid for any
well posed elliptic boundary value problem.

To apply the FETI based domain decomposition [7], we partition Ω into Ns subdomains Ωs as
in Figure 2 and we denote by Ks, fs, us and Bs, respectively the subdomain stiffness matrix, the
subdomain force and displacement vectors and the signed matrix with entries -1, 0, 1 describing
the subdomain interconnectivity. We shall get the discretized problem

min
1
2
u�Ku − u�f s. t. Bu = 0 (3.1)

with the bock–diagonal stiffness matrix

K =

⎡
⎣

K1

. . .
KNs

⎤
⎦ , f =

⎡
⎣

f1
...

fNs

⎤
⎦ , u =

⎡
⎣

u1
...

uNs

⎤
⎦ , B = [B1, . . . , BNs ]. (3.2)

The original FETI method assumes that the boundary subdomains inherit the Dirichlet con-
ditions from the original problem as in Figure 3a, so that the defect of the stiffness matrices Ks

may vary from zero corresponding to the boundary subdomains with sufficient Dirichlet data to the
maximum corresponding to the interior floating subdomains. For 3D linear elasticity, this maximum
is six corresponding to the number of independent rigid body motions.

In this paper, we shall use the other option which we shall coin TFETI (Total FETI). The basic
idea is to keep all the subdomain stiffness matrices Ks as if there were no prescribed displacements
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and to enhance the prescribed displacements into the matrix of constraints B. To enhance the
boundary conditions like ui = 0, just append the row b with all the entries equal to zero except
bi = 1. The prescribed displacements will be enforced by the Lagrange multipliers which may
be interpreted as forces as in Figure 3b. An immediate result of this procedure is that all the
subdomain stiffness matrices will have known and typically the same defect. For example, the
defect of all Ks for 2D and 3D elasticity will be equal to three and six, respectively.

The remaining procedure is exactly the same as in the paper by Farhat, Mandel and Roux. We
shall introduce the Lagrangian associated with problem (3.1) by

L(u, λ) =
1
2
u�Ku − f�u + λ�Bu.

It is well known [1] that (3.1) is equivalent to the saddle point problem

Find (u, λ) so that L(u, λ) = sup
λ

inf
u

L(u, λ). (3.3)

For fixed λ, the Lagrange function L(·, λ) is convex in the first variable and the minimizer u of
L(·, λ) satisfies

Ku − f + B�λ = 0. (3.4)

Equation (3.4) has a solution iff
f − B�λ ∈ ImK, (3.5)

which can be expressed more conveniently by means of a matrix R whose columns span the null
space of K as

R�(f − B�λ) = 0. (3.6)

The key point is that the kernels Rs of the locall stiffness matrices Ks are known and can be
formed directly. For example , if the subdomain Ωs of a 2D elasticity problem is discretized by
means of ns nodes with the coordinates (xi, yi), i = 1, . . . , ns, then

R�
s = [(R1

s)
�, . . . , (Rns

s )�]�, Ri
s =

[ 1 0 −yi
0 1 xi

]
, i = 1, . . . , ns. (3.7)

Using Rs , we can easily assemble the block–diagonal basis R of the kernel of K as

R =

⎡
⎣

R1

. . .
RNs

⎤
⎦ . (3.8)

To eliminate the primal variables u from (3.4), assume that λ satisfies (3.5) and denote by K†

any matrix that satisfies
KK†K = K. (3.9)

Let us note that the generalized inverse K† may be chosen in such a way that it is symmetric
and that for any vector x, K†x may be conveniently evaluated at the cost comparable with the
Cholesky decomposition of regularized K by using either modified Choleski factorization or a clever
combination of the singular value decomposition and Cholesky factorization [5]. The critical point
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of these procedure, the determination of the ranks of the subdomain stiffness matrices Ks, is trivial
when the TFETI procedure is applied.

It may be verified directly that if u solves (3.4), then there is a vector α such that

u = K†(f − B�λ) + Rα. (3.10)

After substituting expression (3.10) into problem (3.3) and changing signs, we shall get the mini-
mization problem to find

min Θ(λ) s.t. R�(f − B�λ) = 0, (3.11)

where
Θ(λ) =

1
2
λ�BK†B�λ − λ�BK†f. (3.12)

Let us denote
F = BK†B�, d = BK†f,
G = R�B�, e = R�f

so that the problem (3.12) reads

min
1
2
λ�Fλ − λ�d s.t Gλ = 0. (3.13)

Our final step is based on observation that the problem (3.13) is equivalent to

min
1
2
λ�PFPλ − λ�Pd s.t Gλ = 0, (3.14)

where
Q = G�(GG�)−1G and P = I − Q

denote the orthogonal projectors on the image space of G� and on the kernel of G, respectively.
The problem (3.14) may be solved effectively by the conjugate gradient method as the proof of the
classical estimate by Farhat, Mandel and Roux ([7], Theorem 3.2)

κ(PFP |ImP ) ≤ const
H

h
(3.15)

of the spectral condition number κ of the restriction of PFP to the range of P by the ratio of the
decomposition parameter H and the discretization parameter h remains valid for TFETI.

Closer inspection of the proof [7] of (3.15) reveals that the constants in the bound (3.15) may
be in many cases more favorable for TFETI than for classical FETI. The reason is that the proof
of (3.15) is based on estimates of bounds of the eigenvalues of the regular parts of the subdomain
matrices Ks that will be in many cases more favorable than those generated by FETI. For example,
if Ω is decomposed into identical subdomains, introduction of the Dirichlet boundary conditions
into the boundary subdomains can only increase these local estimates. From a different point of
view, the slightly faster rate of convergence of TFETI than that of FETI should not be surprising as
TFETI generates larger kernel of the global stiffness matrix K that have similar role as the coarse
grid in multigrid methods. A certain drawback of the procedure is that the dimension of the coarse
problem is larger, so that it may happen that the number of the iterations may be slightly larger
then that required by the classical FETI.
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3 Numerical experiments

We have implemented FETI as described in [7] and TFETI in Matlab and applied both methods
to the solution of two simple problems.
Problem 1. The 3D model problem is described by a model brick Ω = (0, 3)× (0, 1)× (0, 1) made
of an elastic isotropic, homogeneous material characterized by the Young modulus E = 21.2× 1010

and the Poisson’s ratio σ = 0.277 (steel). The applied surface tractions are seen in Figure 1 a). The
volume forces vanish. The brick Ω is artificially decomposed onto three parts as seen in Figure 1 b),
so that the resulting problem has 12 or 18 rigid modes when we use FETI or TFETI, respectively.

ΩΓu

Γf

Γf

Γf

a b

Figure 1: a) The cross-section of the 3D brick Ω; b) Domain decomposition and discretization.

Table 1: Numerical scalability for the 3D model problem.

prim. dual FETI dual TFETI CG steps FETI CG steps TFETI

243 54 81 17 22
1125 150 225 22 31
3087 294 441 25 36
6561 489 729 29 41

11979 726 1089 31 43
19773 1014 1521 34 47

Problem 2. The 2D model problem and its solution are illustrated in Figure 2 a), b), its decom-
position and discretization is drawn near in Figure 3 and Figure 4 demonstrates two approaches
of prescribtion of Dirichlet boundary conditions - a) the classical one, b) the new one by Lagrange
multipliers. To this end, we have implemented algorithm in Matlab 7 to solve the basic dual problem
(3.11) so that we could plug in the projectors to the natural coarse space (3.14).
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Figure 2: 2D model problem and its solution
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Figure 3: Decomposition and discretization of model problem

Ω
3

Ω
4

Ω
2

Ω
1

λ E

λ E

Ω
3

Ω
4

Ω
2

Ω
1

λ E

λ E

λ E

a b

Figure 4: Two possibilities how to prescribe Dirichlet boudary cond.
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Figure 5: Numerical scalabilities for FETI and TFETI

Table 2: Numerical scalability for the 2D model problem.

H h prim. dual FETI dual TFETI CG steps FETI CG steps TFETI

1/2 1/4 36 11 17 7 4
1/4 1/8 144 63 75 12 5
1/8 1/16 576 287 311 13 7
1/16 1/32 2304 1215 1263 15 11

1/2 1/8 100 19 29 9 9
1/4 1/16 400 111 131 16 12
1/8 1/32 1600 511 551 18 16
1/16 1/64 6400 2175 2255 20 21

1/2 1/16 324 35 53 14 9
1/4 1/32 1296 207 243 22 14
1/8 1/64 5184 959 1031 24 20
1/16 1/128 20736 4095 4239 23 23

4 Comments and conclusion

We have presented a new variant of the classical FETI method called TFETI with preconditioning
by the natural coarse grid formed by the kernels of the local operators. The new method is easier to
implement and both the theory and results of numerical experiments indicate that it should enjoy in
many cases faster convergence then the original method at the cost of larger dual problem. Similarly
to the classical FETI method, the performance of the method may be improved by standard FETI
preconditioners [9, 10]. The results are useful also for solving contact problems by FETI based
methods [2]. We shall discuss these topics elsewhere.
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