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Euclidean inner product 

 Euclidean inner product (dot product) is a mapping 

 u ∈ Rn, v ∈ Rn   (u, v) ∈ R 
 

 It is defined for two vectors u, v by  

    (u, v) = u1 v1 + … + un vn  = uTv 
 

 It satisfies for each u, v, w a 𝛼 ∈ R the following properties 

 

 

 

 

   

 

 

 

 

 
 

 



Orthogonal matrices 

Square matrix Q satisfying 

   QTQ = I 

is called orthogonal matrix. This matrix has 

orthogonal columns and it holds 

   Q-1 = QT.  

 

The columns form an orthogonal set of vectors, i.e.  

 



QR factorization 

For an arbitrary matrix                there exist an orthogonal 

matrix                and an upper triangular matrix               , 

such that 

   A = QR. 



QR factorization 

m = n: 

 

 

 

 

 The columns of A can be written as a linear combination of 

the columns of Q 

 

 

 

 



Gram-Schmidt process 

Example:  

For matrix 

 

 

 

 

Find the columns                   and the elements of matrix R. 



Gram-Schmidt process 
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Gram-Schmidt process 



Gram-Schmidt process 



Gram-Schmidt process 

Problem: Find the columns                  and the elements of 

matrix R 

 

Process: 

   
 

 Let us consider that we already know 

 

(*) 

||a||2 = (a,a) 



Gram-Schmidt process 

 Requirement:      is orthogonal to 

 

    for  

 

 

    

 Since    for 

|| vj ||
2 = rjj

2 qj
Tqj = rjj

2  



Algorithm 

function [Q,R] = my_gram_schmidt(A) 

n = size(A,1); Q = zeros(n); R = zeros(n); 

for j=1:n 

    v=A(:,j); 

    for i=1:j-1 

        R(i,j)=Q(:,i)'*A(:,j);  

   v=v-R(i,j)*Q(:,i); 

    end 

    R(j,j)= norm(v); 

    Q(:,j)=v/R(j,j); 

end 

 Remark: The Gram-Schmidt process can be stabilized by a small modification  

modified Gram-Schmidt, which gives the same result as the original formula in 

exact arithmetic and introduces smaller errors in finite-precision arithmetic. 

rjj = || vj || 

modify A(:,j) to v 

for more accuracy 



Givens transformation 

Let us consider Givens matrix (rotation matrix)  

 

 

 

which rotates a vector (a,b)T  

in the xy-plane through 

an angle        about the origin. 

 

We will use a notation 

 

x = (a,b)T  

Gx  

Example in Matlab: givens_rotation 

 



Givens transformation 

 We can use matrix G to zeroing elements. Let us 

consider that 

 

 

 

 It is easy to see that 

 

 

 

 



Givens transformation 

 Generalization for vectors of the order n 

 

 

 

 

 

 To zeroing the element in the j-th row we have 



Givens QR method 

 Form of the rotation matrix to zeroing element in 

the i-th row is 

 

 

 Using the rotation matrices we will edit matrix A:  

where 



Example 

 Example: 

 

 

 Solution: 

To set A(3,1) = 0, we need to build matrix G1(2,3) 

 

G(i-1,i) = 

i-1 

i 



Example 

 

 

 

 To set A1(2,1) = 0, we need to build matrix G2(1,2) 

 



Example 

 To set A2(3,2) = 0, we need matrix G3(2,3) 

 



Algorithm 

function [Q,R] = my_givens_QR(A) 

n = size(A,1); Q=eye(n); R=A; 

for j=1:n 

    for i=n:(-1):j+1 

        x=R(:,j); 

        if norm([x(i-1),x(i)])>0 

            c=x(i-1)/norm([x(i-1),x(i)]); 

            s=-x(i)/norm([x(i-1),x(i)]); 

 

            G=eye(n); G([i-1,i],[i-1,i])=[c,s;-s,c]; 

            R=G'*R; 

            Q=Q*G; 

        end 

    end 

end 



Householder transformation 

 For vector x we are able to find its reflection Px to 

axis x  

 

 

 

 

 

 

 Both vectors have the same length 



Householder transformation 

 Px is mirror image of x with axis H. H is orthogonal 

to vector  

Reflection matrix: 



Function sign 

sign(x) 



Householder transformation 

 The image of x is not unique:       for all 

 For numerical stability we choose           

   



Householder QR method 

 Using the reflections P we can modify matrix A 

A = = R 



Example 

 Example: 

 

 

 Solution: 



Example 



Example 



Algorithm 

function [Q,R] = my_householder_QR(A) 

n = size(A,1); Q=eye(n); R=A; I = eye(n); 

for j=1:n-1 

    x=R(j:n,j); 

    v=-sign(x(1))*norm(x)*eye(n-j+1,1)-x; 

    if norm(v)>0, 

        v=v/norm(v); 

        P=I; P(j:n,j:n)=P(j:n,j:n)-2*v*v'; 

        R=P*R; 

        Q=Q*P; 

    end 

end 

 



QR factorization 

m > n: 

 Full QR factorization 

 

 

 

 

 Reduced QR factorization 



Matlab function: qr 

 [Q,R] = qr(A), where A is m-by-n, produces 

an m-by-n upper triangular matrix R and an m-by-

m unitary matrix Q so that A = Q*R. 

 

 [Q,R] = qr(A,0) produces the "economy size" 

decomposition. If m>n, only the first n columns of 

Q and the first n rows of R are computed. If m<=n, 
this is the same as [Q,R] = qr(A) 

For more details see: help qr 
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