VSB — Technical University of Ostrava
Faculty of Electrical Engineering and Computer Science
Department of Applied Mathematics

Line Integrals and Surface Integrals

Jifi Bouchala, Oldfich Vlach, Jan Zapletal

2022

EUROPEAN UNION ~
European Structural and Investment Funds
Operational Programme Research, o -

Development and Education







ShareAlike 4.0 International” license.

This work is licensed under a Creative Commons “Attribution- @ @ @

The lecture notes ‘Line and surface integrals’ are a translation of the original Czech manuscript
‘Ktivkovy a plosny integral’ by Jifi Bouchala and Oldfich Vlach available at http://mi21.vsb.
cz/sites/mi21.vsb.cz/files/unit/krivkovy_plosny_integral.pdf.

The translation was co-financed by the European Union and the Ministry of Education, Youth
and Sports from the Operational Programme Research, Development and Education, project
‘Technology for the Future 2.0’, reg. no. CZ.02.2.69/0.0/0.0/18 058/0010212.

Ostrava, September 1, 2022.


https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
http://mi21.vsb.cz/sites/mi21.vsb.cz/files/unit/krivkovy_plosny_integral.pdf
http://mi21.vsb.cz/sites/mi21.vsb.cz/files/unit/krivkovy_plosny_integral.pdf




Contents

1 Vector-valued Functions 1
1.1  Vector-valued functions and operations on vector-valued functions . . . . . . . . . . ... 1
1.2 Limit of a vector-valued function . . . . . . . . . . ..o oL 2
1.3 Continuity of a vector-valued function . . . . . . . . . . . ..o 3
1.4 Differential of a vector-valued function . . . . . . . . . . . .. ... ... 5
2 Curves in R™ 8
3 Line Integral 14
3.1 Lineintegral of the firstkind . . . . . . . . . .. ..o 14
3.2 Applications of line integral of the first kind . . . . . . . . . . .. ... ... 20
3.3 Line integral of the second kind . . . . . . . . . ..o oo 21
3.4 The Green theorem . . . . . . . . . . e e e e e 27
3.5 Pathindependence . . . . . . . . L L e 31
3.6 Applications of the line integral of the second kind . . . . . . . . . ... ... ... ... 36
4 Surfaces 38
5 Surface Integral 40
5.1 Surface integral of the first kind over a regular surface . . . . . . . . . ... .. ... .. 40
5.2 Surface integral of the first kind over a piecewise smooth surface . . . . . . . . . . .. .. 42
5.3 Applications of the surface integral of the first kind . . . . . . . . ... ... ... ... 47
5.4  Surface integral of the second kind over a regular surface . . . . . . . . . .. .. ... .. 49
5.5  Surface integral of the second kind over a piecewise smooth surface . . . . . .. ... .. 51
5.6 The Gauss — Ostrogradsky theorem . . . . . . . . . . . . . . . oL 55
5.7 Stokes theorem . . . . . . L L L L e e e e e 58
5.8 Applications of the surface integral of the second kind . . . . . . . . . . .. ... .. .. 61
References 63
Index 64






1 Vector-valued Functions 1

1 Vector-valued Functions

1.1 Vector-valued functions and operations on vector-valued functions

Recall that by R™ we denote a normed vector space whose elements are ordered n-tuples of real
numbers (usually denoted by z = (21,22, ..., Zpn), ¥ = (Y1, Y2, .-, Yn), - - . ) and that the (Euclidean)

norm is defined by
|z]| == \/2? + ... + 22 .

For ¢ € R* we use the following notation:

U(z,e) :={y eR": ||z —y|| <&} is an e-neighbourhood of a point =,
P(z,e):=U(w,¢e) \ {z} is a punctured e-neighbourhood of a point =

(if the radius € does not play a significant role, we will use the notation U(z) and P(x)).

Let us further recall the definition of convergence of sequences in R™ and its properties:

def.
ap = (akb --'aakn) —a= (a‘lv "'70%) é Ha‘k - (LH —0
< [Vie{l,..,n}: ag; — a; for k — oo].

Example 1.1. Determine if the sequence (ax) in R™ converges and if so, find its limit:

(K —k  3F42k )
a) n=2, ay = 2k3 4 17 3k+1 4 ok+1 |

2k (—1)k 2k
b) n:4,ak:: <k‘2—|—17k'27 7? .

Solution. The task can be reduced to computing the limit of individual vector elements.

. (K=K 3F42F B N L
a) lim = ( lim 1

2Kk3 + 1' 3FHL 4 oR 1L k3 417 3Ry ok

! 1+(2>k 11 11
oy Lo 3 _
= | lim T lim 7| = (2, 3), thus ap — <2, 3).

2k
b) Since lim 7 = ¢ R (think this through!), the sequence (aj) diverges.

Exercise 1.2. Determine if the sequence (ay) in R?,

K sin
o= ((B52) v A cirR- Vi),

converges and if so, find its limit.
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Definition 1.3. A mapping from R" to R™ is a vector-valued function (in more detail: a real
m—dimensional vector-valued function of n real variables).

If f is a vector-valued function from R” to R (denoted by f: R™ — R™), then every
r=(x1,...,2p) € Df CR"
is mapped to a unique value
f(@) = ([(z), ... fm(z)) € Hf CR™

(Df is the domain of f, Imf is the image of f).

The functions fi1,..., f;,n : R™ — R are the components of a vector-valued function f and
we write f = (f1,..., fm)-

Remark 1.4. If m = n (and mostly m = 2 or m = 3), the function f is called the vector field; if
m = 1, we use the term scalar field.

Convention 1.5. If the vector-valued function f : R”™ — R™ is given only by a formula, i.e.
without explicitly specifying its domain (e.g. f(u,v,w) := (sinu,vy/w)), we assume that its
domain is given by all z € R™, for which the formula is valid (in our case: Df = {(u,v,w) € R3:
w > 0}).

Remark 1.6. Note that for f = (f1,..., fm): R™ — R™ given by its formula we have
Df=DfiNDfan---NDfp.

Definition 1.7. Let ce Rand f,g: R* — R™.
We define the functions f+g¢g, f—g, ¢- f: R® — R™ by:

(f £9)(@) := fz) £ g(x); (c- f)(@):=c- [flz)

1.2 Limit of a vector-valued function

Definition 1.8. Let f: R®” — R™, x5 € R", a € R™. The limit of f in z¢ is a (and we write
lim f(z) = a), if for every sequence (xj) in R™ it holds that

Tr—T0
xo # x) — rog = f(z) — a.
Theorem 1.9. Let f: R" - R™, 29 € R™, a € R™. Then it holds that

lim f(z) =a <= (YU(a)) (3P(x0)) (Vx € P(xo)) : f(x) € U(a).

T—T0

(Note that U(a) and P(zg) are subsets of R™ and R", respectively.)
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Observation 1.10 (and a proof to the following theorem). Let f = (f1,..., fin) : R = R™,
zo € R" and a = (ay, ..., a;,) € R™. Then

lim f(z) =a <

T—T0

& [z # 2 = w0 = flar) = (fil@r), o f(zr)) = a = (a1, ...,am)] <
S xo#ap = xo=>Vie{l,...,m}: fi(zg) = a; for k — ool.

Theorem 1.11. Let f = (f1,...,fm): R* > R™, 20 € R", a = (a1,...,am,m) € R™. Then it
holds that
wlggo flz)=a<= [Vie{l,...,m}: xli)ngo fi(z) = ai].
In other words,
lim (f1(z),..., fm(z)) = (Im fi(z),..., im fn(z)),

Tr—xQ T—rT0 T—T0

if at least one side of the equality is valid.

Exercise 1.12. Determine if the given limit exists and if it does, evaluate it:

D (8, Ry
(z,y)—(0,0) \ 22 + y2  sin(z* + y6) )’

_ z V5 —+5+ab
b)  lim , 3 :
z—0 \tanx x
_ ./ 6
c) lim ( ° , V5 bty )
(z,9)—(0,0) \ tan x y3

1.3 Continuity of a vector-valued function

Definition 1.13. Let f: R"™ — R™ and zp € R".
The function f is continuous at point xg if it holds ILm f(x) = f(=o).
T—T0

Theorem 1.14. Let f: R®™ - R™, zg € R"N Df. Then it holds that
f is continuous at point v <= [z — x0 = f(xr) = f(x0)]
= (VU(f(20))) BU(x0)) (V& € U(xo)) = f(x) € U(f(20))-

Definition 1.15. Let f: R" - R™ M C R”. We say that

o f is continuous at a point zy € M on a set M, if for every sequence (z) in R™ it holds
that

M >z, — x0 = f(zr) — flzo);

e f is continuous on a set M, if it is continuous on M at every point xg € M,

e f is continuous, if it is continuous on D f.
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Theorem 1.16. Let f = (f1,...,fm): R* = R™ 29 € M C R™. Then [ is continuous at
xo, continuous at xg on M, or continuous on M if for every i € {1,...,m} the function f; is
continuous at xqg, continuous at xg on M, or continuous on M, respectively.

Example 1.17. Linear mapping, i.e. vector-valued function A : R™ — R™ given by the formula

A(x) == (AxT)T,

where
aii, a2, cee A1n
ai, a2, ey a2n
A =
Qm1l, am?2, cee Amn,

denotes a real matrix of the dimension (m x n) is an important example of a continuous
vector-valued function.

Let us prove that the mapping A defined above is indeed continuous. Firstly notice that
DA = R". Let xyp € R™ denote an arbitrary but fixed point and (xj) a sequence in R™ such that

T = (Tkily ooy Thn) = o = (L1, ery Tp).

Then for all i € {1,...,n} we have zy; — z; (for k — 00), and thus

T

aii, ai2, ey A1n

az, aze, ..., G | [Tkl

T T2

A(zy) = (Axf) = )

Lkn

am1, Gm2, B Qmn
= (allwkl + -+ 1nTrn, -0 0m1TEL + -+ amnwkn) —
T T
- (allxl + -+ amTn, .. ,0m1T1 + 0+ amnfcn) = (Af’«"o) = -A(x())

This concludes the proof (see Definition 1.15).

Exercise 1.18. If possible, define the vector-valued function f at point ¢ so that it is continuous
at c:

a) f(z) = (ta“(f”‘”)ﬂ +6,08) e =

Tr— T

b) f(z) = (1_(;’5’(23”),;@11 (i) —6), Si;’”), c=0.
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1.4 Differential of a vector-valued function

Definition 1.19. Let f: R"™ — R™ and ¢ € R”. The vector-valued function f is differentiable
at point c¢ if there exists a linear mapping A : R™ — R™ such that for the vector-valued function
w: R™ — R™ defined as

w(h) = f(c+h) = f(c) = A(h)

it holds that

w(h)
im ———= =(0,...,0).
h—(0,...,0) ||h| ( )

The mapping A is denoted by df. and we call it the differential of the vector-valued function f
at point c.

Remark 1.20 (illustrating the following theorem). Let f = (f1, f2, f3) : R? — R3 with f1, fo, f3
differentiable at point ¢ = (c1,c2) € R?. Then for ‘small’ h = (hy, hy) € R? we have

file+h) = file) d(f1)c(h)
(Fleth) = F@) = | fale+h) = fo(e) | = | d(f2).(h) | =
fa(c+h) — f3(c) d(f3).(h)
U () + Y\ (o), o)
= %(c)h +%(C)h2 = %(0)7 %(C <Z;>
U (b + Yo(ha)  \%(0, Y (0)

Theorem 1.21. If the vector-valued function f = (fi,..., fm): R™ — R™ is differentiable at
a point ¢ € R™, then there exist the first partial derivatives of all functions f1,..., fm at point c
with respect to all variables and it holds that

(dfe(h))" = f'(0)R",

where
L, ), ... Fe
fley= . . f'(c) is the Jacobi matriz,
i ONE o ONTRN -l
i.€e.

dfe(h) = (d(f1)(h), s A(fm).(h))-

Theorem 1.22. A vector-valued function f = (f1,..., fm): R™ = R™ is differentiable at point
c € R™ if and only if for every i € {1,...,m} the function f; : R™ — R is differentiable at c € R".
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Example 1.23. Let us determine df., where
f: R2 5 R3, flu,v) := (cosu,sinu,v), Df = [07 727} x [0,2]; ¢= <7T 1)_

Solution. Note that

—sinu, 0 _§7 0
[ ((u,0)) = f(u,v) = cosu, 0 |, fl(c)= g’ o |,
0, 1 0, 1
and thus
_ V2 T
2 hy
dfc c h= (hl, hg) — (f/(C)hT)T — @ b
’ 2
0

0
0
1
= (— \éihl, \/ihl,fm) = hl(— \/i ?,O) —|—h2(0,0, 1)

2 2

For points (u,v) ‘close’ to the point ¢ := (c1, c2) we have

27 2 4 272
The plane
T = {(x,y,z)eRS: (x,y,z)z(?,?,l)%—(u—;i)(—?,?,0)
+ (v —1)(0,0,1), (u,v) GRQ}

is the tangent plane to ‘the surface’ f(Df) at the point f(c) = (@, g, 1).

Exercise 1.24. Determine if the vector-valued function f is differentiable at point ¢ and if so,
evaluate f'(c) and df.(h):

Q) S = (#0n T ) o= (12.3) b= (o ho)

b) f(x):= (cosz,sinx), ¢ = Z’ h=—2
c) f(z,y,z) := (zy,sin(zy),arcsinz), ¢ = (1,1,6), h = (hi, ho, h3).

Exercise 1.25. Let

f=f1en fm): R = R™ and g = (g1,...,9%) : R™ = RF
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denote vector-valued functions such that for every ¢ € {1,...,m} and every j € {1,...,k} it holds
that
fi € CHR"™) and g; € CY(R™).

Prove that for every ¢ € R™ it holds that

(gof)(c)=4d'(f(c)) f'(c).
Example 1.26. Evaluate f'(c), ¢'(f(c)) and (g o f)'(c), where ¢ = (1, 1),

fx,y) = <x2+y2,ln:ﬂ+lny, a:) , g(u,v,w) = (uv+1,u2 —? —|—w,w—u>.
Y

Solution.
of  of
8—;, 6yl 2z, 2y 2, 9
o) o)
f/(xay) = 37];27 ai; = %7 % = f,(C) = 17 1 )
ox’ Oy Yy’ y?
v, u, 0 0, 2, 0
f(C) = (2’07 1)7 gl(uvvaw) = 2u, —2v, 1 = g'(f(c)) = 4, 0, 1 y
—1, 0, 1 -1, 0, 1
and thus
2, 2
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2 Curves in R™

Definition 2.1. A continuous vector-valued function in R™
p: I - R™ where I =Dy C R is an interval

is called a curve. The set
(p) =) ={p(t): tel} CR™
is the image of the curve ¢. If M = (p), ¢ defines a parametrization of the set M.

A curve ¢ is called:

e a simple curve, if ¢ is injective;
o a closed curve, if I = [a,b] (a,b € R; a <b) and ¢(a) = ¢(b);

« a simple closed curve, if ¢ is closed and

Vi1, t € [a,b] 1 [0 <[ti —t2| <b—a= p(t1) # p(t2)].

If I = [a,b], the point p(a) (¢(b)) is called the initial (the terminal) point of the curve ¢. For
every curve ¢ : I — R™ we define the curve of opposite orientation as

—p: J—=>R™ where J={t€R: —t eI} and (—¢)(t) := p(-t).
Example 2.2. For
or 1,3 5 R, lt) = (t.1+1),

the curve with the opposite orientation is given by

—p: [=3,1] = R%, (—p)(t) := (—t,1 —1).

m

Definition 2.3. A curve ¢ = (¢1,...,om) © [a,b] — R™ is regular in R™, if the following

conditions are met:
i) ¢ is injective (i.e. ¢ is simple);

ii) » € Ctin [a,b] (ie. for every i € {1,...,m} the function ¢; is continuously differentiable in

e oh (1)) # (0, ..., 0) for every t € (a,b), !
: )5 s (om)'y (a)) ( 0),
¢'(b) == ((p1)" (), -, (om) (b)) # (0, ..., 0).

We abuse the notation by writing
¢'(t) = (P1(t), s @i (1))
instead of

(@' ()" = (P1(E), s P (2))-
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Remark 2.4 (to the geometrical interpretation of ¢'(t)).
Let ¢ : [a,b] = R™ denote a regular curve. Then

1(1) lim om(t+h) — Som(t))

h—0 h v h

— lim (¢1<t+h> —ei(t)  em(t+h) —somu))
A e -

A
-
4
=
|
S

iy P —e(t)
h—0

The line

{ot) +he'(t): heR}
is called the tangent line to the curve ¢ in point ¢; the vector ¢'(¢) is called the tangent vector to
the curve ¢ in point ¢.

Figure 2.1: to illustrate the geometrical interpretation of ¢'(t)

Definition 2.5. A curve ¢ : [a,b] — R™ is piecewise smooth, if there exists a partitioning

D:a=t)y<t1 <..<t,=0b
of the interval [a, b] such that for every i € {1,...,n} the curve
Vi = W‘[ti,l,ti]
(ie. DYy = [tio1,t], i(t) := (1))
is regular.

Example 2.6. Draw the image of the given curves and determine which of them are

e simple;

e closed;

o simple closed;
e regular;

e piecewise smooth:

a) @a(t) == (3+2cost, 2+ 2sint), D,, = [0,27];
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b) ¢p(t) := (3 4+ 2cos(2t),2 + 2sin(2t)), Dy, = [0, 27];
0) pelt) = (2L, 2000) D, =R;
d) @a(t) := (¢ [t]), Dy, = [-2,2].

Solution.

2y

[\ w H~
h | |

Figure 2.4: (p.) from Ex. 2.6c)

AY

B

Figure 2.3: (yp) from Ex. 2.6b)

2 1 4-9 1

|
Figure 2.5: {p4) from Ex. 2.6d)

One can easily check (the images of the given curves in Figures 2.2-2.5 provide helpful hints)

that

e and g are simple;

e and ¢y are closed;

g is the only closed simple curve;
none of the curves is regular;

Ya, Pp, and g are piecewise smooth.

Remarks 2.7 (to Ex. 2.6).
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o for the curve ¢(t) := (34 2cost,2 + 2sint), D, = [0, 3], it holds that (¢) = (¢a) = (¢s),
but ¢ is not closed;

o there does not exist a regular curve that parametrizes (pg);

o for the curve p(t) = (£, [t3]), t € [—V/2,V/2], it holds that (p) = (@), but ¢ is not
piecewise smooth.

Exercise 2.8. Draw the image of the curve ¢ defined in the interval I and determine whether it
defines a simple, closed, regular, or piecewise smooth curve:

a) o(t) := (cost,2 + arcsin(cost)), I = [—m,7;
b) ¢(t) := (2sin®¢,4cos®t), I =10, %];
c) o(t) == —2t+3,t> =2t + 1), I = (1,+0c0).

Example 2.9. Parametrize (2 if
a) N={(z,y) eR?: 3z +2y=1 A z€[L,3]};
2 2
b) 2={(z,y) eR*: L+ % =1}
) 2={(z,y,2) eR®: 2?2+ +22=9 A 20+y—32=0}
d) Q={(z,y,2) eR3: 22+ > +22=4 A 2> +¢y> =22 A 2>0}.
Solution.

a) 2 ={(z,y) eR?: y=13% A z€[1,3]} = (¢), where
o(t) = <t1_23t> te[1,3].

b) The given set is an ellipse with axes of lengths 2 and 3. To parametrize it we make use of
the generalized polar coordinates:

(2r cost)? N (3rsint)?
4 9
= {(2cost,3sint) : t€[0,27]},

2 = {(2rcost, 3rsint) ; =1A7>0Ate[0,27]}

and thus
2 = {p), where p(t) := (2cost,3sint), t € [0, 2n].

c) The set {2 defines a circle in space (centered in s = (0,0,0) with the radius r = 3 and lying
in the plane 22 + y — 32 = 0). In Example 2.6a) we showed that the set

{(x,y) €R?: (2,y) = (3+2cost,2 + 2sint)
=(3,2) +2cost(1,0) +2sint (0,1), t € [0,27]}

is a circle (in R?) centered in (3,2) and with the radius of 2. Similarly it can be shown
(think this through) that the set

{(aj,y,z) € Rg : (x7y> Z) = (81752a$3) —|—7“COSt(’LL1,’LL2,’lL3) —|—TSth(U17U2,U3), le [0727T]}
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is a circle (in R3) centered in s = (s1, 52, 83) and of the radius r, which ‘lies’ in the plane
defined by the mutually orthogonal direction vectors

u = (u1,u2,us) and v = (vy, vy, v3).

Let us now return to our task. We already know the origin s and the radius r. It remains
to find two (arbitrary) vectors u and v described above. It suffices to choose two (arbitrary)
linearly independent vectors in the plane 2z +y — 32 =0, e.g. @ = (1,—2,0) a v = (3,0,2)
and orthonormalize them:

S

1
wull ~ V70

is the inner product of the vectors v and wu.

_7(17_2a0)a U= (67375)a

2 2
[
|
RN

- —2

where v -u = (3,0,2) - (\f \/5,0) ﬁ
Another option is to choose an arbitrary unit vector in the plane 2z +y — 3z = 0, e.g.
u = ﬁ = %(1, —2,0), and determine v as the cross product of the vector u and a unit

normal vector of the plane 2x + y — 32 = 0, i.e. the vector n = \/%(2, 1,-3).

To conclude — one (of the infinitely many) parametrizations of the set (2 is given by the
curve

1 1
o(t) == (0,0,0)—}—300815%(1,— ﬁ

3 18 . 6 )
= (—=cost+ —sint, — cost—i——smt sint |, t € |0,2m|.
(\/5 V70 V5 V70 f 0,2}

Let us present two ways of tackling the task. The first one, making use of cylindrical
coordinates, leads to

2,0) + 3sint ——(6,3,5) =

Q:{(TCOStaTSth,Z)GRS: rPP4+22=4 NP =2rcost A z>0 A
ANr>0Ate[—mm]}
= {(rcost,rsint,z) €ER¥: z2=+4—r2 Ar=2cost Ar>0Ate[-m7|}

= {(2cos2 t,sin(2t),2|sint]) e R?: t € {_ g’ g]}

and the parametrization

p1(t) == <2cos2 t, sin(2t),2|sint\) , Dy = {— g, g}

The second approach is based on the observation
Q={(z,y,2) eR®: (z—1)*+9y*=1A2=+4- 2z}
= {(cost+ 1,sint, \/4 —2(cost +1)) € R®: t €[0,27]},

and thus 2 = (¢2), where

t
wo(t) :== (cost + 1,sint, V2 — 2cost) = <cost+ 1,sint,2sin 2), Dyy = [0, 27].
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Exercise 2.10. Parametrize the set (2, if

a) 2={(z,y) €eR*: 2> =y =1 A x>0}

b) 2={(z,y) eR?*: y* =2 A z <2}

¢) 2={(z.y,2) R} : P+ 92 +22=9 A 2?4y’ —22=0 A 2> 0);
d) 2={(z,y,2) eR3: z=2—y?> N 22 +y*=6};

) R={(z,y,2) eR®: Y2 =z A 22 =y}
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3 Line Integral

3.1 Line integral of the first kind

Motivation 3.1. Assume that ¢ : [a,b] — R? denotes a regular curve and f: R? — R denotes
a positive continuous function in (¢). Let us compute the ‘surface area’ 7, where

={(z,y,2) eR®: (x,9) € (p) A 0<z2< f(z,y)}

For a partitioning D,
D:a=ty<t1 <---<tp,=0b

of the interval [a, b] it is natural to approximate the area by

n—1
> Fle(tr) - lleo(ter) — ()] = Z Flo(tr) - 1€ (tk) - (terr — te) |l
k=0 -
= 3 £lplt)) - 19/t - (b — i) /f )-lle' )] dt.
k=0

Remark 3.2. Now we could continue in the same spirit as in the definition of Riemann integral,
i.e. consider a function f: R? — R (only) bounded in (), define for each partitioning of [a, b]
the corresponding lower and upper sums, ...

However, to make things easier in the following we only define the line integral of the first
kind for continuous functions.

Definition 3.3. Let ¢ : [a,b] — R™ be a regular curve and let f: R™ — R be continuous in
(p) = ¢([a,b]). We define the line integral of the first kind of the function f along the curve ¢
by the equality

b
[ s@as= [ o) 1w (31)

If : [a,b] - R™ is a piecewise smooth curve (i.e. there exists a partitioning D,
D:a=ty<ti1 <..<t,=b
of the interval [a, b] such that for every i € {1,...,n} the curve 1;,

i 90|[ti71,tz‘]7

is a regular curve) and the function f: R — R is continuous in (p), we define

[pf(x) ds:= 2:;/% f(z)ds. (3.2)
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Remark 3.4. If ¢ = (¢1,...,om) : [a,b] — R™ defines a regular curve and f : R™ — R is
continuous in (¢), then the function ¢,

tor (o) - I8/ (0 = Fle®) - (@0 + o + (@(0)? €R
from (3.1) is continuous, and thus integrable in [a, b].

Remark 3.5. It can be shown that the definition [, f(z)ds (see (3.2)) is independent of ‘the
partitioning’ of the piecewise smooth curve ¢ into regular curves ;.

Features of the line integral (linearity, aditivity, ...) follow from the features of the definite
(Riemann) integral.

Example 3.6. Evaluate
a) f<p($2 + y2) ds, where ¢ : [0,27] — R2, ¢(t) := (cos(2t),sin(2t));
b) [, (a® +y* + 2%) ds, where ¢ : [0,27] = R?, ¢(t) := (2cost, 2sint, t);

c) J,(22 = Va2 +y?)ds, where 1 [0,21] = R?, p(t) := (tcost,tsint,1).

Solution.

27 27
a) /(x2 + %) ds = / (cos®(2t) + sin?(2t)) - ||(—2sin(2t), 2 cos(2t))||dt = [ 2dt =4x.
4 0 0

2w
b) /(x2+y2+22)d8:/ (4cos®t +4sin®t + %) - ||(—2sint, 2 cost, 1)| dt
© 0
27 87T3
:/ (4+2)VEdt = V(8m+ ).
0 3
2m
c) /f(:p,y,z)ds:/(Qt—@)-||(cost—tsint,sint+tcost,1)||dt
@ 0
21 si) 1 (24Am* 109 go2an® 24/2
:/t\/t2+2dt e —/\/adu: =SB — i((1+2w2)% —1).
0 2 2 213 2 3

((s1) : we substituted t? + 2 = u).
Exercise 3.7. Evaluate

a) / V1 +4z2ds, where ¢ : [—1,2] = R?, o(t) := (¢,t%);
)

2
b) / x,QZi_i_QdS’ where ¢ : [0,27] = R3, o(t) := (cost,sint,t).
¢ Yy

/ 23y ds, / 3y ds
® —

o: [-1,3] = R% () = (t,1+1).

Example 3.8. Evaluate

with
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Solution.

344
5 v2;

ngyds:/31t3(1+t)-||(1,1)Hdt:/31(t3+t4)\/§dt:

[ avas= [ oo iennta= [t evaa= e

Theorem 3.9 (on the independence of parametrization). Let ¢ and 1) denote simple or simple
closed piecewise smooth curves in R™, let (¢) = () and assume that f : R™ — R is continuous

in (). Then
/@f(x)ds—/wf(x)ds.

Convention 3.10. Note that under the assumptions from Theorem 3.9 the value [, f(z)ds is
uniquely determined by the function f, the set (¢) and the fact that ¢ is a simple (or simple
closed) piecewise smooth curve.

In literature it is customary to write
/f(a;) ds, where £k C R™,
k

or speak of a line integral of the first kind of f along ‘the curve’ k. This means that k = (p) for
a simple (or simple closed) piecewise smooth curve ¢ and that

/kf(a:)ds ::/wf(x)ds.

If there does not exist any curve ¢ of the required qualities, the symbol [, f(x)ds is mean-
ingless!

Example 3.11. Evaluate
a) [, V2% +y2ds, where k = {(z,y) € R*: 2?4+ y? = 6z };

b) [(z +y)ds, where k C R? is the boundary of a triangle given by the vertices (0,0), (1,0),
(0,1);

c) fi x?y ds, where k is the boundary of the circular sector given by the circle 22 + y? = R?
(R > 0), the positive semi-axis  and the half-line y = =, > 0;

d) [ y?ds, o(t) == (2(t — sint),2(1 — cost)), Dy = [0, 27].

Solution.

a) First we have to find a curve ¢ of requested qualities. Since

k={(z,y) e R?: (z—3)*+y* =37},
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2 Y 2 Y
3<
1
L
0 3 6
L
=3 0 1 i
Figure 3.1: k from Example 3.11a) Figure 3.2: k from Example 3.11b)
2 Y
Y
4 I
'o" Ss.
I" \\\\
vt = ZW —€
<801> t=c¢ ©v3) x
‘ 27 4

Figure 3.3: k = (1) U (p2) U (p3) Figure 3.4: (p) = (p1) U (p2) U (p3) from Exam-
from Example 3.11c) ple 3.11d)

the set k is a circle illustrated in Figure 3.1 and to parametrize it one may use (for example)
the ‘shifted’ polar coordinates, i.e. k = (p), where
¢ :[0,27] = R?,  (t) := (3cost + 3,3sint).

Then

27
/\/x2+y2ds:/\/(3008t+3)2+(SSint)2H(—BSint,3cost)Hdt
k 0

27 2T t 2
:9\/5/\/1+costdt:9\/§/ 2 cos? (2) dt:18/
0 0 0

=72.

o= [ L
COS2 = 0COS2
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b) The given triangle is depicted in Figure 3.2. We define

(¢,0), t € [0,1],
o(t) =< (2-tt-1), te]l,2],
(0,3 —1), te[2,3].

Then (see the convention above):

/}€(x+y)ds:/(x+y)ds

)

1 2 3
= [Ce-noas [T nides TG -0 10, -1l dt = 11 V2.
0 1 2

Note that it is possible to compute the integral more comfortably; we may split k£ into
individual segments and parametrize these as:

/(w+y)ds=/(m+y)ds+ (r+y)ds+ [ (z+y)ds,
k k1 ko k3

where
ki =(e1); ¢1(t) = (t,0), t €[0,1];

ko = <(P2>3 (P2<t) = (tv 1- t)? le [07 1]?
ks = <‘P3>; @3(75) = (Oat)> te [07 1]'

This leads to

1 1 1
/k(gc+y)ds:/O t-||(1,0)||dt+/0 1-|y(1,—1)|ydt+/0 £ 00, 1) dt = 14+ V2.

Readers are advised to think about the correctness of the computation above.

c) Clearly

/mdes:/ x2yds+/ x2yds+/ z?yds, (3.3)
k ©1 ©2 P3

where
901 = (t,O), t S [07R]7
pg 1= (RCOSt,RSint), te [07 %}v

s = (1), t€ |0, \2}
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(see Figure 3.3). It now remains to evaluate the integrals

R
/ x2yds:/ t2.0-1dt =0,
®1 0

/ ryds = /4 R3cos?t sint \/RZ(sin2 t+ cos?t)dt
P2 0

V2

s ) 4 V2 4
(:1)_R4/2 u2du:—£[u3] 22:R<1_\/§)
1 1 3 4

(we used the substitution (s1): cost = u),

B 4R
2
/ nyds:/ﬁt?’\/ﬁdt:\/i[t]ﬁ:fR“
®3 0

and altogether (3.3) gives:

16 — /2
/w2yds:/ $2yds+/ ;132yd8—|—/ x2yds:7\[R4.
k 1 P2 ©3 48

d) An illustration of the cycloid () is depicted in Figure 3.4. Proceeding mechanically we
obtain

2m
/ y?ds = / 4(1 — cost)? \/(2(1 — cos t))2 + (2sint)? dt
() 0

2 27
:4/ (1 — cost)* /8 —8cost dt:8\/§/ (1—cost)% dt
0 0
27 5 t g 27 5 t T 9 12
= 8\/5/ (25111 7> dt = 64/ sin® — dt = 128/ (1 —cos®u)” sinu du
0 2 0 2 0
-1 2048
= 128/ (1-22)%(=1)dz = =— .
| 15

Notice that the calculation above is not correct (although it leads to the correct result).
The problem is that in the endpoints we have

¢'(0) = ¢'(2m) = (0,0),

and thus ¢ is not a piecewise smooth curve. The question is whether () can be parametrized
by a piecewise smooth curve. If not, the assignment itself would be incorrect.
We ‘split’ (for some ¢ € (0,7)?) the curve ¢ into three pieces:

PL= Pl P25 Plicgngy A P3= P o

2Figure 3.4 depicts such a case for ¢ = 1.
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Clearly @9 is a regular curve and in Figure 3.4 one can see that the sets (p1) and (p3) are
graphs of smooth functions ¢ and h of variable ¥, 3 i.e.

(p1) ={(9(v),y) €R*: y €[0,2(1 — cose)]},

(p3) = {(h(y),y) €R*: y €10,2(1 — cos(2m —¢€)) ]}
=CO0Ss &

This leads to smooth parametrizations (p1) = (1) and (p3) = (¥3), where
di(t) = (9(2),t), t € [0,2(1 — cose)],
P3(t) == (h(t),t), t € [0,2(1 — cose)].

We conclude that (¢) can be parametrized by a piecewise smooth curve.
If the readers lost confidence in the accuracy of the result above, we can find it again by

writing
/ y2ds:/ y2d8+/ y*ds + y2ds
(o) 1 ©2 Y3

and verifying that for € — 04 it holds

/ v ds — 0, y*ds — 0,
1 3

2m—e¢ 2 204
/des:/ ...dt—>/ ...dtzﬁ.
©2 £ 0 15

3.2 Applications of line integral of the first kind

a) Arc length.

If o denotes a piecewise smooth curve, we define its length by the number

l(p) ::/wlds.

b) Cylindrical surface area.

For a ‘surface’

T::{(J:,y,Z)ER?’: ($’y)€<¢> A OSZSf(l‘,y)},

with a piecewise smooth simple (or simple closed curve) ¢ : [a,b] — R?, and for a function
f: R? = R continuous and non-negative in () we define the surface ‘area’ of 7 by

o(T) :z/(pf(w,y)ds.

3Readers can make use of their knowledge of cyclometric functions and find explicit formulae for g and h.
4The inverted commas highlight the fact that the term surface has not been defined yet. The interpretation
thus relies solely on intuition and geometrical imagination.
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c) Let k = () where ¢ denotes a simple (or simple closed) piecewise smooth curve in R?,
and assume that the (linear) density of the ‘curve’ k is given by a function h : R? — R
continuous and non-negative on k. Then we define the relations:

m(k) = / h(z,y)ds ... mass of the ‘curve’ k,
©

Sy (k) = / yh(x,y)ds ... moment of rotation of & with respect to the z-axis,
@

Sy(k) = / xh(z,y)ds ... moment of rotation of & with respect to the y-axis,
¢

Sk Sa(k)
1) = (i i)

.. center of mass of k,

I.(k) = | ¥*h(x,y)ds ... moment of intertia of k with respect to the z-axis,
©

I,(k) = / 22h(z,y)ds ... moment of intertia of k with respect to the y-axis.
%)

The formulae can be defined analogously for curves in R3.

Exercise 3.12. Compute
a) the arc length of (a single turn of a helix) ¢(t) := (cost, sint, 2t), t € [0, 27];

b) the cylindrical surface area 7, where
T::{(az,y,z)eRB: 2?4yt =1 ANO<z<zyAzxz>0Ay=>0}

¢) coordinates of the center of mass of a quarter of a circle 22 4+ y? = 4 lying in the second
quadrant, whose linear density in each point is given by a square of its distance to the
point (2,0).

3.3 Line integral of the second kind

Mbotivation 3.13.

1. Let (k) = [a; ] denote an oriented line segment in R? (i.e. with initial point a € R?
and terminal point 8 € R?) and let f : R? — R? define a constant vector field (i.e.
f(z,y) := fo € R?). In physics it is known that work of a vector field f along the oriented
curve (k) is given by the inner product

fo- (B —a).

2. Let ¢ : [a,b] — R? denote a regular curve and let f : R? — R? define a continuous
vector field in (p). Let us compute the work done by a vector field f along ‘the oriented
curve’(p). We consider a partitioning D : a =ty < t; < ... < t, = b of the interval [a, b].
Approximating ‘the oriented curves’ ¢([tg,tx+1]) by oriented line segments (p(t); o (tk+1))
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and the vector field f by a piecewise constant function given by f(p(tx)) in [p(tx); ©(tk+1)]s
we obtain this approximation of the work of field f:

n—1 n—1

D fle(tn) - (pltern) = @(te) = D fle(tr)) - (' (t) (trr — ) / fle (t)dt

k=0 k=0

Definition 3.14. Let ¢ : [a,b] — R™ denote a regular curve and f: R™ — R™ a vector
field continuous in (p) = ¢([a,b]). The line integral of the second kind of the vector field f
along the curve ¢ is defined as

b
| f@dsi= [ o (34)
() a

If o : [a,b] = R™ denotes a piecewise smooth curve and the vector field f : R™ — R™ is
continuous in (), we define

/(30) f(z)ds = ;/(qm f(x)ds, (3.5)

with regular curves 1); given by ‘a partitioning’ of the curve ¢ (see Definition 2.5 of a piecewise
smooth curve).

Remark 3.15 (analogous to Remark 3.4). If the regular curve ¢ = (41, ..., m) and the vector
field f = (f1,..., fm) are of the requested qualities, it holds that

/ f(x)ds = / filx)dzr + ... + fiu(x) dapy,
(¥) (¥)

= [ 1ol - A0+ -+ o0 )
with
t= file() -1 (t) + ..o+ fnlo(t) - @), (t) € R
continuous (and thus integrable) in [a, b].

Remark 3.16 (analogous to Remark 3.5). Again, it can be shown that the definition of f(so) f(z)ds
(see (3.5)) is independent of the partitioning of the piecewise smooth curve ¢ into regular
curves ;.

Example 3.17. Evaluate
a) I'= [, f(z,y)ds, where f(z,y) := (y — 1, ), ¢(t) := (3cost, 2sint), t € [0, F];
) 1= [, (2% + y?) dz + (2% — y?) dy, where p(t) := (t,1 — |1 —t]), t € [0,2];
) I= f(w) zdz +ydy + (zz — y) dz, where ¢(t) := (t3,2t,4t%), t € [0, 1].

Solution.
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AY
2 Y
,——2—4
PP (p)
// 1‘
N
/// \\\
T
: = (¢1) S (Y2)
AN
\\ // \\
N 7/ \
AN e N,
\\\\\ ’//// (N T
T 1 2

Figure 3.5: (p) from Example 3.17a)  Figure 3.6: (¢) = (¢1) U (¢p2) from Exam-
ple 3.17b)

s

I= /5(2511115— 1)(=3sint) + (3cost)(2cost)dt = /zﬁsin2t+3sint+60082tdt
0 0

= /§6 cos(2t) + 3sint dt = 3[sin(2t) — cost]
0

[=FCIE}

:é_

The geometrical image of ¢, i.e. a quarter of the ellipse #2/9 + y%/4 = 1 lying in the first
quadrant, is depicted in Figure 3.5.

b) Let us choose (see Figure 3.6)
Then (see Definition 3.14)

I:/ (w2+y2)dx+ (:):2 —y2)dy+/ (x2+y2)dx+ (:):2 —y2)dy
(¥1) (¥2)

:/01(t2+t2)-1+0-1dt+/2(t2+(2—t)2)-1+(t2—(2—t)2)(—1)dt
1

gt e A R

I—/1t2 242t 24 (4° —2t) - 12¢°dt = [2t4 +4t2 +48t8 2] 0
—Jo a2 8 4lo 2
Example 3.18. Let

fla,y) = (@* +y,2y);
o(t): [-1,3] — R2, o(t) := (t,1+1).
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Then

3
/ f(:c,y)ds:/ (w2+y)dx+2ydy:/ 24+ (141),2(141) - (1,1)dt
(¥) (¥) —1

z/g(t2+3t+3)dtzloo,
-1 4
/(_@f(x,y)ds:/_13((—t)2+(1—t),2(1_t)).(_1,_1)dt:/_Z(—t%:&t-g)@:ﬁ.

Theorem 3.19 (on the independence of parametrization). Let ¢ : [a,b] — R™ and 9 :
[c,d] — R™ denote simple or simple closed piecewise smooth curves in R™, (¢) = () and
let f: R™ — R™ be continuous in (). Then it holds that

/(@) f(z)ds = /w) f(z)ds,

if the curves ¢ and 1 are of the same orientation (i.e. there exist real numbers t € (a,b),

t* € (¢,d) and e > 0 such that p(t) = P (t*) and ¢'(t) = e/ (t¥)).

If the curves ¢ and v are of opposite orientation (i.e. there exist real numbers t € (a,b),
t* € (¢,d) and e < 0 such that p(t) = ¥ (t*) and ¢'(t) = e/ (t*)) it holds that

/((p) f(z)ds = —/(w) f(x)ds.

Convention 3.20 (analogous to Convention 3.10). If (k) C R™ denotes a set for which there
exists a simple (or simple closed) piecewise smooth curve ¢ such that (¢) = (k), we use the
notation f(k) f(x)ds instead of the proper f(so) f(xz)ds. For completeness, it is necessary to
accompany the ‘curve’ (k) with its ‘orientation’ (i.e. its ‘direction’) and choose the curve ¢ so
that it is of ‘the same orientation’ The example below will make the idea clear.

Example 3.21. Evaluate

a) I = [jy(e" +y)da + ry?dy, where (k) = {(z,y) € R? : 3> = 2 A x < 3} and ‘the
orientation’ (k) is determined by the points (3, —v/3), (3,1/3) in this order;

b) [y f(z,y)ds, where f(z,y) := (z + 2y,y) and (k) C R? is the oriented boundary of the
triangle given by the vertices (0,0), (1,0), (0,1), whose orientation is given by this order of
vertices;

c) f(k) f(x,y, z)ds, where

f(xayaz) = (y2 - 2272’2 - 1'27:1"2 - y2)7

(k) ={(z,y,2) ER®: 22 + > +22=1A2>0Ay>0A2>0A zyz =0}

and the orientation of (k) is given by the order of the points: (1,0,0), (0,1,0), (0,0,1).
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Y 2 Y
V3
1
J
0 3
s
3 0 i
Figure 3.7: (k) from Example 3.21 a) Figure 3.8: (k) from Example 3.21b)
A%
1
(ks)
4
]
/ y

(k1)

Figure 3.9: (k) = (k1) U (k2) U (k3) from Example 3.21¢)

Solution.
a) Clearly, we may write (see Figure 3.7)

(k) = {(t*,t) : te[-V3,V3]},

and thus
V3o, s 23 t91V3 38\/§
I= 2t +ttde = e + =+ — ===
/_\/g(e—i—)—i— [e+3 5}7\/5 -
b) We choose
(t,0), t €10,1],
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and notice that for this parametrization the ‘orientation is consistent’. Thus,
1 2
/ F(z,y) ds :/ (t+0,0) - (1,0)dt+/ (2—t4+2(t—1),t—1)-(=1,1)dt
(k) 0 1

3 1 2 3
+/2(0+2(3—t),3—t)-(0,—1)dt:/Otdt+/1(—1)dt+/2(—3+t)dt:;:1.

We may proceed in a more comfortable way (detailed argumentation is left to the diligent

reader):
[ teydas= [ fapds- [ fegds— [ fay)ds
(k) (1) (p2) (¢3)

where
e1(t) = (¢,0), t €[0,1];
wo(t) == (t, 1 —1t), t €0,1];
e3(t) == (0,t), t €0,1];

and thus

1 1
/(k)f(l‘,y)dSZ/o (t,0)~(1,0)dt—/0 (2—t,1—t)-(1,-1)dt
—/01(215,t)-(0,1)dt—;l.

c¢) ‘The curve’ (k) is clearly a union of quarter circles (k1), (k2) and (k3) (see Figure 3.9).
These quarter circles can be parametrized, e.g. by:

T = cost, xz =0, T = sint,
(k1): |y = sint, (k2): |y = cost, (k3): |y =0,
z=0, z = sint, z = cost,
te[0,3]; t€l0,3]; t €10, 3;
orientation orientation orientation
is consistent, is consistent, is consistent,
and thus

fds= /’2' (sin®t)(—sint) + (— cos? t)(cost) dt
(k) 0

[ME]

+ /0 (sin?t)(—sint) + (— cos? t)(cost) dt

[ME]

+ /0 (— cos? t)(cost) + (sin2 t)(—sint) dt

= /2 —3sin®t — 3costdt = —4.
0 ==
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Exercise 3.22. Evaluate
a)

1 1
/ ——  de+ ——dy,
) |z + [yl =] + |y

where (k) is the oriented boundary of a square given by its vertices (1,0), (0,1), (—1,0)
and (0, —1) in this order;

b) f(k) y?>dz + 22 dy + 2% dz where the orientation of ‘the curve’
(k) ={(z,y,2) €R¥: 2® + 3 +2>=9 A 2®+y* =32 A 2> 0}

is given by the order of the points: (0,0, 3), (%, %, 32), (3,0,0).

S

3.4 The Green theorem

Definition 3.23. A set 2 C R™ is called a domain, if it holds that:

o 2isopen (ie. (Vzxe 2)(TU(z)): xe€U(x) C 2);
o (2 is connected (i.e. each pair of points in {2 can be connected by a curve lying in 2; or

more precisely: for each pair of points «, § € {2 there exists a curve ¢ : [a,b] — 2 C R™
such that p(a) = a and ¢(b) = 3).

Theorem 3.24 (Jordan). Let ¢ denote a simple closed curve in R%. Then there exist domains
21, 25 C R? such that

. R2\<Lp> = U,

o« M NIH= @,

o 081 =082 = (p),

o (2 is bounded and 25 is unbounded in R2.

(The domain (2 := int ¢ is called the interior of the curve ¢, the domain {2, := ext ¢ is called
the exterior of the curve ¢.)

Definition 3.25. Let ¢ : [a,b] — R? denote a simple closed piecewise smooth curve and ¢ € (a, b)
a real number such that there exists a (non-zero) tangent vector ¢’'(t) € R2.

A non-zero vector n(t) € R? is called an exterior normal vector to the curve ¢ in point ¢, if
it holds:

C nlt) () =0,
o (30> 0)(Vh € (0,0)): () +hn(t) € ext .
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A curve ¢ is positively oriented if the ordered pair [n(t), ¢'(t)] is oriented as the ordered pair
[e1, e2];® or more precisely if

ny, n2

>0,
T, T2

where
(n1,n2) :=n(t), (11,7):=¢'(t).

‘When following a positively oriented curve ¢ its interior lies to the left’.

If
ny, n2

<0,
T1, T2

the curve ¢ is negatively oriented. 6

Remark 3.26. The above definition of positively (or negatively) oriented curve is correct; it is
independent of the choice of ¢ € (a,b) such that there exists ¢'(t).
Example 3.27 (oriented curves).
a) The curve p;(t) := (cost,sint), t € [0,2n] is positively oriented.
b) The curve pa(t) := (sint,cost), t € [0, 27]is negatively oriented.
Theorem 3.28 (Green). Let ¢ denote s simple closed positively oriented and piecewise smooth

curve in R? and assume that f = (f1, f2) : R? = R? with f1, fo, %—JZ, % : R? = R continuous
in £2:=1int p U (o).
Then it holds
df2 235} )
- (@,y) — 5=(z,y dwdy:/ file,y)dr + fa(z,y dy:/ f(z,y)ds.
I, (Geen -5y @ [ s frydy = [ f)

Proof. We prove the theorem only for a special case of {2 denoting a rectangular domain, i.e.

2 =a,b] x [c,d]
(a,b,c,d€R; a<b, c<d).

5 e1:=(1,0), e2:=(0,1).

6 Notice that the number

ni, n2
T1, T2

defines the third coordinate of the cross product

(n1,m2,0) X (71,72,0).
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First, we make use of the Fubini theorem to modify the double integral on the left-hand side of
the equality:

// s, _87f1(xy dxdy—// (2, ) dz dy — // Ot () dedy
_/ </b8f2xy)dx> dy—/a (/c ayl(xy)dy>d

d b
:/ [fg(x,y)]gzady—/ [fl(xvy)];j:cdx

Cc a

d b
= [ (o)~ Bla) dy— [ (fi(e.d) = Ala,0) da.

The line integral on the right-hand side can be modified by parametrizing individual sides of the
rectangle (2 as follows:

b d
| t@wds= [t 1+ fa(t.0)- 0 dt+ [ (Ab0)-0+ flb.0)-1)dt
() a c

_ /b(fl(t, d) -1+ fo(t,d) - 0)di — /d(fl(a,t) 0+ fola,t) - 1) dt

C

b d
= [(hite) = Aty de+ [ (av,t) - fala ) at

Finally, notice that the underscored numbers are equal. ]

Example 3.29. Making use of the Green theorem evaluate

a)

/ (z+y)de + (y — z)dy,
(k)

where (k) is ‘a positively oriented’ ellipse

{(x,y) cR?: :;—i-y—l} (a,b>0);

1 2
/ — arctg Yy dr + — arctg r dy,
(k) x x Yy Yy

where (k) is ‘a positively oriented” boundary of the domain

R={(z,y) eR?: 1<a®+y’ <4)A(z<y<aVd)};

/ yr® dz + zy dy,
(k)

where (k) is a boundary of a square given by vertices (0,0), (0,1), (1,1), (1,0) in this order;
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d) are of a disk of the radius r > 0

Q2 ={(z,y) e R?*: 2% + 4% <r?}.

2y

y =3z

y=x

A£S)

Figure 3.10: Illustration to Example 3.29a) Figure 3.11: Illustration to Example 3.29b)

Ay Y

\£S)

(F)

Figure 3.12: Illustration to Example 3.29c¢) Figure 3.13: Illustration to Example 3.29d)

Solution.

a) We compute the integral using the Green theorem

o, T Y
WhereQ:{(m,y)eR:anLngl} ,
substitution to generalized polar coordinates
(x =arcost, y=brsint; J(r,t)=abr),

and the Fubini theorem:

/(k)(af-f-y)dx-F (y—x)dyZ//Q(—l — l)dxdy:/()%(/ol(—Qabr)dr) dt = —2mab.
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b) The domain 2 and ‘curve’ (k) are illustrated in Figure 3.11. Since

7(7 arctan—)—g L 1 2
Oz \y v/ yl+Ly @4y
a /1 1 1 1 1
—(— arctang): — 5 39
oy \x x r14+ L x xfH+y

it holds that
/ *1 arctg — diL' + - arctg — dy = // dzd
(k) T y y= — 2 1 .2 2 Yy

_/ </Z rdgp) dr-(%—%)[lnr]?z%lnl

In (%) we used polar coordinates with the Jacobian r and the Fubini theorem.

c) Since (k) is ‘a negatively oriented’ boundary of the domain {2 = (0,1) x (0,1) (see
Figure 3.12), we have

0 0
2 _ . 2
/(k) yrde + zydy = //Q(&c (zy) ay (yzx )) dz dy
1 1 1 1 1 1 1
= — — 2 = — — = = —(— — —) = ——
B /0</0y mdx)dy /oy 5 3 3) 6

©: [0,27] = R?, (t) := (rcost,rsint).

d) Let

For the area of the disk 2 (more precisely: for the measure of the set {2) it holds

:// ldajdyzl/ (—y)dz + zdy
2 2 J(p)

=3 /027r ((=rsint)(—rsint) + (rcost)(rcost)) dt = 2.

This should not surprise the reader.

3.5 Path independence

Observation 3.30. Let 2 C R? denote a domain, ¢ = (¢1,p2) : [a,b] — 2 a regular curve and
f = (f1, f2) : R? = R? a continuous vector field. Assume that there exists a function (later on a
potential) V : R? — R of class C! in {2 such that for every (z,y) € {2 it holds that

grad V(337y) = <avéi’ y)’ aVéZ’ y)> = (f1(337y)7f2($,y))'

Consider a function F': R — R given by

F(t) :=V(p(t) = V(er1(t), p2()).
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Since
F(0) = 5 (010, 2(0) () + (10, 20) 5500
= fi(pi(t), wa(t)) @1 (1) + fa(pr(t), wa(t)) @5(t),
we have

b
L, S was = [ A 0,020) A0 + F2(e1(0) 2200) (o)

If ¢ is a piecewise smooth curve, it holds that”

| fwyds— S [ fapds =Y (Viet) - Viglti1) = V(e®) - Viea)
(¥) k=1 (¥) k=1

Definition 3.31. Let f: R™ — R™ be a continuous function in {2 C R™. The vector field f
is conservative in (2, if there exists a function V : R"™ — R (a so-called potential) such that

grad V(z) = f(x) for every x € {2.

Theorem 3.32 (on path independence). Let the vector field f: R™ — R™ be continuous in
2 C R™. Then the following statements are equivalent:

(a) f is conservative in (2,

(b) for every connected piecewise smooth curve ¢ : [a,b] — 2 it holds that

/ f(x)ds =0,
(¥)

(c) the line integral of the second kind of f is path independent in 2; i.e. if ¢1 : [a,b] — 2
and @3 : [c,d] — §2 denote piecewise smooth curves such that

p1(a) = p2(c), ¢1(b) = p2(d),

then it holds
flx)ds = f(x)ds.
)

(¢1 (p2)
Moreover, if V' is a potential of f in {2, then the following holds

»(b)

[ f@)ds = Viem) - Vie@) = [ fa)ds
()

o(a)

"Here we consider that same ‘partitioning’ of the curve ¢ into regular curves as in Definition 2.5.
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for every piecewise smooth curve ¢ : [a,b] — 2.8

One may thus ask:
How to determine whether a given field is conservative?

A partial answer is given in the two remarks presented below.

Remark 3.33. Assume for a while that f = (f1, f2) : R? — R? is of class C'! and is conservative
(with a potential V) in a domain 2 C R2. Then (see theorem on symmetry of second derivatives)
for every (x,y) € {2 it holds that

o0f1 0 oV 0’V o*V 0 oV Of2

Ty(ﬂ%y) = @%(x’y) = m(%@/) = E)Tay@’y) = 9z Oy (3?72/) = %(x,y).

We have thus found a necessary condition of the existence of a potential. It can be shown that
for a simply connected domain 2 C R? (i.e. a domain {2 such that for every simple closed curve
¢ [a,b] — 2 C R? it holds that int ¢ C §2), (and a vector function f = (f1, f2) : R? — R? of
class C! in £2) the equality

oh, 0

dy (z,9) o (z,y)

also defines a sufficient condition.

Remark 3.34. For f = (f1, fo, f3) : R3 — R3 of class C! in a domain 2 C R? one can similarly
obtain necessary conditions of the existence of a potential:

of o Of _of 0f _of
oy ox’ 0z ox’ 0z Oy

n 2.

Also in this case it holds that for simply connected domains® 2 C R3 the condition is also
sufficient.

In the examples below we present a procedure of finding a potential and its utilization for
the evaluation of the line integral of the second kind.

Example 3.35. Evaluate

ydz + zdy, where ¢(t) := (cost,sint), t € {0, %}

/a " f@)as,

with @, 8 € R™ and f: R™ — R™, then f must either be conservative in R™ or it must be clear form the context
that we integrate along a curve (with an initial point o and a terminal point §8) lying in the domain {2, where the
vector field f is conservative.

9A rigorous definition of a simply connected domain in R® would be too tedious, we make do with and intuitive
understanding that it is a domain ‘without holes’.

()

8If we use the symbol
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Solution. Since R? is a simply connected domain, where it holds that

oy | _on
oy Oz’
the vector field f(x,%) := (y, ) is conservative in R2.

ov

The aim is to find a potential f, i.e. a function V : R? — R such that in R? it holds that

ov
ax(xay):y a ai(lf,y):l'
Integrating the equality

ov
%(ﬂ% y) =y
leads to

Vi, y) =2y +¥(y)
condition (2

for a yet unknown function 1 : R — R and every (z,y) € R?. Substituting into the second
oy (,y) = x) yields

0
T = —

9y (zy +¢(y) = = +4'(y),

and thus ¢'(y) = 0. We conclude that ¢ (y) = ¢ for some ¢ € R. Think over carefully (!) that the
functions

Vi(z,y) =2y +c¢, withceR,
define all potentials of f in R2.

To compute the integral one can use any of the potentials above (see Theorem 3.32). For
simplicity we choose ¢ = 0 to obtain

/((p)ydx—i—a:dy— V(go(ﬂ

M) -vieon=v (L.

1
—V(1,0) = -
Example 3.36. Evaluate
(71772)
a) I= [ (922%y + 24zy® + 6 + 5y) dz + (323 + 242%y + 8 + 5z) dy;
(2,1)
(12)
b) I= [ (2zy —ysin(zy))dz + (2% + 2 — xsin(zy)) dy;
(0%
(2,—1,3)
c) I= [

2zydz + (22 — 2)dy + (1 — y) dz;
(1,0,0)
(1,0,0)

[ (2z + 3y +sin(z?)) dz + (2z) dy + (222 cos(2?)) dz
(0,0,0)
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Solution.
a) V(x,y) =323y + 1222y> + 62 + 52y + 8y = [ =V (-1,-2) = V(2,1) = —60.

2

b) V(z,y) =a?y+cos(zy)+2y = I =V(5,2)-V(0,5) =% — 5 +3.
c) Notice that the assignment is correct since the vector field

f(xvyvz) = (2:13:1/,332 -z, 1- y)

is conservative in the simply connected domain R?

0Q2xy) o(x? — 2) 0Q2xy)
(83/ =2r = 9 , =0=

Seek a potential V:

ov

%(:ﬂaya Z) = 2$y = V(Iﬁ,y, Z) = $2y + 1/’(%2),

for a — yet unknown — function ¢ : R? — R;

ov 0 0
Gy @2) =2 =2 = Py () =+ 5 02)
0
= (;g(y, 7)==z =Py, 2) = —2y +£(2),

for a — yet unknown — function £ : R — R;

) =1-y= 2 Py 2y +E() =y +€(2) > E() =15 ) =24

for some ¢ € R. Again, if we choose ¢ = 0, we have
V(Qj‘,y, Z) = .%'21/ —zY + 2

and thus
(2a7173)
/ 2zyda + (22 — 2)dy + (1 —y)dz = V(2,-1,3) — V(1,0,0) = 2.
(1,0,0)
d) The assignment is not correct since

0

%(21‘)’

a%(zx + 3y +sin(2?)) =3#2=

and thus the integrated field is not conservative. (Read the footnote after Theorem 3.32.)

Exercise 3.37. Evaluate I, if
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(2,0)
a) I = [ (32%y+ycos(xy))dx + (22 + 1+ z cos(zy)) dy;

(1,1)
b) I = [ (2ye™ + 2x + 2y?) dx + (2ze™ + 4y + 2y) dy;
(2,0)

(0’172)
c) I= [ 32%y’zdz+ (223yz — 22)dy + (23y? — 2yz + 322) dz;
(717370)

(1,1,1)
d) I= [ (y?2%2+22)dz + (2zyz? + 2y) dy + (22y%2 + 22 + 1) d=.
(0,0,1)

Exercise 3.38. Prove that the vector field

f(fc,y)r=< - )

S22 y2 7 2242

is not conservative in the domain R?\ {(0,0)} even though in R?\ {(0,0)} it holds that that

9<_y>_0<x)
dy 22 +y2)  Ox \x2+y2)’

(Do not miss the connection to Remark 3.33.)

3.6 Applications of the line integral of the second kind

a) Work of a vector field along an oriented curve.
Let f: R™ — R™ be continuous on ‘and oriented curve’ (k) C R™, where (k) = () for a
simple (or simple closed) piecewise smooth curve ¢.
Work of a vector field f along ‘an oriented curve’ (k) is defined by the number

A(k) = /(w) F(x) ds.

Obviously, we assume that the orientation of (k) is ‘consistent” with the curve ¢.

b) Area (more precisely measure) of plane shapes.
Let 2 =int ¢ U (), where ¢ is a simple closed positively oriented piecewise smooth curve
in R2. Then it holds (see Green theorem 3.28)

/\(Q)zl/ (—y)d:c—l—a:dy:/ :cdy:—/ ydx.
2 J(p) ) (¥)
Exercise 3.39.

a) Evaluate the work of the vector field f(z,y,z) = —(0,0,mg) along five turns of the helix

. h
o(t) := (7“ cost,rsmt,—lo—7T t), t € [0, 107].
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Amount of energy obtained by a person of the weight m > 0 sliding five turns on a slide of
the height h > 0 and turn radius r > 0; the constant g > 0 denotes the gravity of Earth.

b) For a,b > 0 compute the area (measure) of the ellipse

22 2
Q:{(m,y)GRQ: CL2—1—<1}.
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4 Surfaces

Definition 4.1. A continuous vector-valued function

Y G— RS,
for which there exists a non-empty domain 2 C R? such that 2 C G = Dy C {2 is called a
surface (in R3).

The set
W) == ¢(G) = {¥(u,v) : (u,v) € G} CR?

is called the geometrical image of the surface ¥. If M = (1), ¢ defines a parametrization of the
set M.

Exercise 4.2. Parametrize M if
a) M ={(z,y,2) €R%: 22+ 3>+ 22 =100 A -8 < 2z < 6};
b) M ={(z,y,2) €R3: 2?4 ¢y? +22=4 N a® +y> <2z A 2> 0}

Similarly as in the case of curves this definition is too general for our purposes. Therefore, in
the following we will consider additional ‘differential’ conditions.

Definition 4.3. A bounded domain 2 C R? is a regular domain if there exists a simple closed
piecewise smooth curve (in R?) ¢ such that {2 = int ¢.

Definition 4.4. A surface 1) = (11,2,%¢3) : 2 — R3 with 2 C R? denoting a regular domain
is called a regular surface if all the following holds:

i) 9 is injective;

ii) there exists a vector-valued function h = (hy, ha, h3) : R? — R3 of class C'! in an open set
M > 12 satisfying 10 ¢ = hlg:

iii) for every (u,v) € 2 the vectors

O (o (O P Oha
%(U,U) s (au (U,U), ou (U7U)7 ou (U7U)> )

o ohy Ohy Oh3
(&)(U7 U)a W(Qh U)a W(Qh U))

%(u, v)

are linearly independent.!!

07 e. all partial derivatives of the first order hi, he and hs are continuous in M.
"Notice that for (u,v) € 2 we have

0 0 0 0 0 0 0 0
20 w0) = (), P2 ), T ) ), G 0) = (ot (), G (), G () )
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The set
Oy :=(092) = {Y(u,v) : (u,v) € 002}

is the boundary of the regular surface .

Example 4.5 (of regular surfaces).
e Y1(u,v) := (cosu,sinu,v), Dy = [0, ] x [0,2].

e o(u,v) := (cosucosv,sinucosv,sinv), Dy = [0, 5] x [0, T].

Remark 4.6 (to the geometrical interpretation of the vectors g—’f:(u, v), g—f(u, v)).
Notice that
9y 9y

%(u, v) and %(u, v)

define direction vectors of the tangent plane to ‘surface’ (¢)) in point ¢ (u,v).
The attentive reader knows we have already used this in Example 1.23.
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5 Surface Integral

5.1 Surface integral of the first kind over a regular surface

Motivation 5.1. Let v = (¢1,192,13) : 2 — R3 denote a regular surface. Our aim is to
compute ‘the weight of the surface’ () if the (surface) density in (1) is given by a continuous
and non-negative function f: R?® — R.

Consider a two-dimensional interval [a, b] x [¢, d] such that 2 C [a, b] X [c, d], and its partitioning
D = (Dy, D,), i.e. a system of two-dimensional intervals

Jkl = [uk,uk+1] X [UZ’UZJA]_

Our goal is to approximate the weight m((¢)) by the sum 3, ; m(1)(Jk1)) over k and [ such that
Jr C 0.

Since

T
¢(Uk+17vl) _ ¢(Uka Ul) = d”[/)(ukﬂ)l)(Uk_f_]_ — U, O) = (W(uk, Ul) . <Ulc+10 uk))

T
O (g, vr), P (up, 0r)
¢ £ Uk — Uk (91/1
= | | %% (up, vr), %2 (up,0r) | - ( HO ) = (upy1 — uk) %(Ukﬂ)l)
%(uk’vl)’ &b (ukavl)

and (by an analogous computation)

Y(ug, vig1) — Y(uk, v) = (Vg — vr) %(uk,vl%

it is natural to approximate ‘the area of the surface’ ¥(Jy;) by '?

0 0
(Uk+1 - uk> 2 ko) (o111 — ) 51 (ak, 0)

(w41 — up) (Vi1 — vi)-

Uk, ) 8¢ — (ug, )
87}

Approximating f on every w(Jkl) by the constant f(1(uk,v;)) leads to the following approximation
of the desired weight:

. 0
—Zm (Jkt)) Zf (ug, 1) Ha (ug, vr) % aw(uk,vz)

N//f uvHa w,v) (,u)

One should notice that for f =1 we compute ‘the surface area’ of ().

(Uk1 — ug) (Vi1 — 1)

du do.

12We use ‘u x v, with u = (u1,uz,us),v = (v1,v2,v3) € R? to denote the cross product of the vectors u and v,

U Xv:= (UQU3 — U3vV2,U3V1 — U1V3, U1V2 — ’LL2U1).
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Definition 5.2. Let 1 : {2 — R3 denote a regular surface and let f : R? — R denote a function

continuous in (1) = ¥ (2). The surface integral of the first kind of f over a regular surface 1 is
defined by the equality

Fw2ydo = ([ fwo) || 22w o) x 2 w,v)
[ s s [Swn <2

Remark 5.3 (to Definition 5.2). Under the assumptions above the function

du do.

0
2 ) x 9 (w,0)

is continuous in the closed set {2, and thus integrable in 2.

Example 5.4. Evaluate [[, f(z,y,2)do for

(u,0) > £, v)) ‘

a) f(x,y,z) =T 4y -tz w(uvv) = (LU’U)v §:D¢:[071]X[0a1]»

b) f(z,y,2) = z2va?+ 32, ¥(u,v):= (cosucosv,sinucosv,sinv), 2 =Dy = [0, 5] x[0, F].

Solution.

a) We evaluate

15 0
% ) = (0,1,0), 22(w,v) = (0,0,1),
o) x G u) = (1,0,0), | FEw) x S <1,

and thus

1, 1 1y
//f(m,y,z)da:/ (/ 1+U+UdU)dU:/ 1+*+’Ud2}:g.
P 0 0 0 2

b) Since for (u,v) € £ it holds that

0
%(u,v) = (—sinu cosv, cosucosv,0),
u
O . L
%(u, v) = (—cosusin v, — sin u sin v, cosv),
0 0
%(u, v) X a—f(u,v) = (cos® v cos u, cos® v sin u, sin v cos v),
9y

= VCOS“ vV = |COSV| = COS D,
A/ 2

5 (u,v) x %(u,v)

we have

//¢z\/m2+y2d0://Qsinvcosvcosv dudv:g/04cos2vsinvdv:

\éﬁ
2
= —w?dw = —(4 —V?2).
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Remark 5.5. For the evaluation of ||a x b||, where a,b € R3, one can use the equality

la x bl = y/llal2[bl| = (a - b)2.

The proof is left to the reader.

5.2 Surface integral of the first kind over a piecewise smooth surface

In practice we have to deal with more complicated surfaces than just regular ones; e.g. parametriza-
tions of the boundary of a cuboid, sphere, pyramid, ... These can be described by piecewise
smooth surfaces. It is reasonable to expect that the definition of such surfaces follows the same
lines as the definition of piecewise smooth curves. However, for simplicity we proceed in an
alternative way and define a piecewise smooth surface as a set of points of certain qualities.

Definition 5.6. The set S C R? is a piecewise smooth surface, if there exist regular surfaces
1, o, ..., Py such that:

i

5= ) = W) Ul U .. U )

=1

ii)
i # J = (Vi) N (Y;) C Oy N OY;

and (1;) N (¢;) can either be parametrized by a simple or simple closed piecewise smooth
curve (then v; and ¢; are neighbouring surfaces), or (¢;) N (¢;) is a singleton, or is empty;

ili) i #j #k#i= (i) N (Y;) N (Yy) is a singleton or is empty;

iv) i # 1 = the surface v; neighbours to at least one of the surfaces 11,9, ..., 9¥;_1.

(Under this setting the regular surfaces v, ...,1, define a partitioning of a piecewise smooth
surface S into regular surfaces.)

Definition 5.7. A simple curve ¢ : [a,b] — R? is a part of the boundary S if there exists a
partitioning of S into regular surfaces 11, 19, ..., ¥, and a unique index i € {1,...,n} such
that

0 # o(a,b) N (i) € OY;.
Definition 5.8. Boundary of a surface S is defined by the equality
0S = U {(p).

( is part
of the boundary of §

If OS = (), i.e. there exists no curve ¢ being a part of the boundary of S, the surface S is closed.

Definition 5.9. A point p € S for which there exists a partitioning of .S into regular surfaces
1, Y2, ..., ¥y and an index ¢ € {1,...,n} such that p € (¢;) \ O is a regular point of S.
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Observation 5.10. Notice that in a regular point p = ;(u, v) there exists a plane tangent to
the surface S with unit normal vector
oY oY
o = ) x B
oY oY '
|5 (u, 0) x 8 (w, )|

Definition 5.11. Let 11, 19, ..., ¥, denote a partitioning of a piecewise smooth surface S C R3
into regular surfaces and let f : R3 — R be a function continuous in S.

The surface integral of the first kind of f over a piecewise smooth surface S is defined by the

equality ]
J[ A @v.2) a0 :zg/Aif(x,y,z)dg

Remark 5.12 (to Definition 5.11). It can be shown that the definition is independent of the
partitioning of the piecewise smooth surface S into regular surfaces ;.

In particular, if ¢y and 1y are two regular surfaces such that (¢1) = (¢9) and the function
f: R3 = R is continuous in (¢1), it holds that

//%f(x,y,z)daz /w2 flx,y,2)do

Compare this assertion to Theorem 3.9.

Example 5.13. Evaluate [/ f(z,y, 2)do, where
S

a) f(x,y,z) = m and S is the boundary of the tetrahedron defined by the vertices
(0,0,0), (1,0,0), (0,1,0), (0,0,1);

b) f(z,y,z) := 2%+ y* and S is a boundary of the body

ley2) eR: 2 ty2<z<2n 221}
Q) fla,y.2) =22 8 ={(x.y,2) R : z=ay Aa® +42 < 1);

d) f(z,y,2) =2y, S={(z,9,2) ER3: 22+ 32 =42 A 2>0Ay>0A 2<1};

e) f(z,y,2) =z,
S ={(x,y,2 )6R3. P42 =9AN2>0Ay>0A2>0Az+y <3}

Solution.
a) We partition the tetrahedron S into regular surfaces S = (¢1) U (¢2) U (3) U (1h4), where
i(,y) = (2,9,0), (z,9) € 2= {(u,0) €R*: we[0,1] Avel0,1-ul},
(z,2) = (2,0,2), (x,2) € 12,
w?)(yaz) (0 Y,z )7 <y72> S “Qa
a(z,y) == (2, 9,1 =2z —y), (z,y) € £2.

o (x, 2
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Then!?
O o1 s _ . 9 _ _
am (1 0 0) ay (07170)7 cet ax - (Loa 1)7 6y - (0717 1)7
and every reader surely obtains the same result that
|20 D) _ |00 Db _ |0 20
ox Ay ox 0z dy 0z ’
0 0
H . ﬂ =1L, L, )] = 3.

We thus obtain (see Definitions 5.11 and 5.2)

[[r0= [ qr ey [ b v
+//(2m12/)2.1dydz+//!2w.¢§dxdy
://9(1+\/§)(1+;+y)2+2(1+1$)2dxdy

Lot 143 2
:/0 (/0 (1+x+y)2+(1+x)2dy>d$

1 9 1—a
:/0(1+$)2(1 ™) - (1+\[){1+w+y] dr
Ct2(1-a) 1 3 V3 3
-/ - +\f)(_1+)dx_(\/§—1)1n2—2+2.
b) Since
§= () U {¥2) U {vs),
where

P1(r,t) := (rcost,rsint,r), (r,t) € [1,2] x [0, 27],
Pa(r,t) :== (rcost,rsint, 1), (r,t) € [0,1] x [0, 27],
P3(r,t) := (rcost,rsint,2), (r,t) € [0,2] x [0, 27],

and moreover (as can be easily checked) it holds that
0 0
H 1/11 ) % ¢1( ’t)H _\ar,

- - o]

'3We use the shorthand notation — also in the following text — ‘% = ...  instead of the proper ‘dwl Lz,y)=..."
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we have

//(x2+y2)da://1(x2+y2)da+// (932+y2)d0+// (@ + %) do
_/%(/ 2\[rdr)dt+/2ﬁ(/ )dt—l—/%(/rrdr)d

15f+ 17).

The attentive reader must feel very uncomfortable as the above computation is not correct:
the surfaces ¥1, 192, and 13 are not regular. The situation is similar as in the case of
double integrals: injectivity and linear independence of vectors 8% L(r,t), ‘%’l i (7,1) is only
violated on a set (in R?) of measure zero, which is ‘insigniﬁcant for the evaluation of
double integrals.

We recommend the reader a calming exercise:

evaluate the given integral correctly;

this should lead to understanding that (and why) the above presented procedure leads to
the correct result.

c) Obviously S = (¢), where
Y(r,t) := (rcost,rsint,r*sintcost), (r,t) € [0,1] x [0, 27].

It holds that

0 0
8—#)(7’, t) = (cost,sint, 2rsint cost), a—qf(r, t) = (—rsint, rcost, r? cos 2t),
.

2 2

costcos 2t — r* sin ¢ sin 2t, )|

|

’ = ||(r?sint cos 2t — r* cos t sin 2t, —r

= \/r4(sin2 t cos? 2t + cos? t sin? 2t + cos? t cos? 2t + sin? ¢ sin? 2t) 4 12

= \/7’4(C082 2t +sin?2t) + 72 = rv/1 +r2,

and thus

//fxy, da—/27r /—mn 2t)rmdr)dt

2r 1 — 4 2 1
:(/ ﬂdt /r4\/1+r2rdr):z/(w—l)Q\/wfdw
0 8 0 4 1 2

11v2 2)

2
8 J1 210 105

Below we provide an alternative way of computing the surface integral. We define

Y(u,v) := (u,v,uwv), where (u,v) € 2= {(u,v) € R?: v*+v* < 1}.
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Then S = (1) (S is a graph of a bivariate function (u,v) — uv)
0 0 0 0
=100, =L, 3% T = e —u D) = V¥ E 2,
ou ou
and thus

//fdaz// w2v® V1 4+ 42 + 02 dudv
S P
27r 1
:/ /r4sin2t0082t\/1+r2rdr>dt

2” 11v2 2
_/ —sm 2t)\/1—|—71"2rdr>dt:77( 21\0[_105>_

In the evaluation of the double integral we used the polar coordinates

Q2 ={(rcost,rsint) € R*: r €[0,1] A t € [0,27]}
and the Fubini theorem. The resulting integral has already been evaluated before

d) Clearly

2

S = {(rcost,rsint,%) €R’: re0,00 Ate[0,27]A

2
A cost >0 Asint>0 A %gl}:(@)
where

2

P(r,t) = (rcost,rsint, TZ)’ (r,t) € [0,2] x [0, g}

It follows that

?ﬁ = (cost,sint, g), glf = (—rsint,rcost,0),

e e

1

Combining the intermediate steps leads to the final result

//sfda:/og (/027“2costsintmrdr)dt:
(/01“‘1“)(/124@—1)@2@)

‘We made use of substitutions sint = v and 1 + 2
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e) If we parametrize

S:{(x,y, 9—x2—y2)€R3: x20/\y20/\9€+y33}:<¢>7

where
w(x,y) = (xvya 9 - .%'2 - y2)7
(x,y)EQz{(z:,y)ER2: z€[0,3] Ayel0,3— ]},
we have
5= (0 ) 5 = (0 =)
10—7 a_ = 0)1)—7
oz 9—x2—y2 ay 9—:1:2—y2
I3 %3 1= ( 1) - 7=
Oz VI — 22 —y27 9 — a2 — ¢ V9 — a2 =2
and thus

s dady = 3M(£2) =

o= Jfo =

A question to the reader: Why is the above computation incorrect and still leads to the
correct result?

27
—x2 2

Exercise 5.14. Evaluate [/ f(z,y, 2)do, where
S
a) f(z,y,2) =ay+yz+zx, S={(z,y,2) €R®: z=a?+y2 A a? +y* < 2}
b) f(z,y,2) :=ayz, S={(v,y,2) ER®: 22+ 9> =22 A2 >0Ay>0A0<2< 1}
c) f(z,y,2) =22+ 4%+ 2 and S is the boundary of the set

{(z,y,2) eR?: 2® + >+ 22 <4 A z>0}.

5.3 Applications of the surface integral of the first kind

a) Surface area.
For P C R? denoting a piecewise smooth surface we define its area by

:/ 1do.
P

b) Let P C R3 denote a piecewise smooth surface, whose (surface) density is given by the
function h: R3 +— R, which is continuous and non-negative on P. Then it is reasonable to
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define the following quantities:

= / h(z,y,z)do ... weight of the surface P,

xh(z,y,z
/ / o moment of rotation of P with respect to the plane z = 0,

yh(z,y,z
/ / . moment of rotation of P with respect to the plane y = 0,

zh(z,y,z
/ / o moment of rotation of P with respect to the plane z = 0,

) '_<m<P>’ m(P) m<P>>

One can analogously define moments of inertia of P with respect to the coordinate axes.

. center of mass P.

Example 5.15. Compute the surface area S using surface integral if
a) S={(z,y,2) ER*: (x— 87+ (y—7)*+(6—2)> = 25};
b) S ={(x,y,2) €R?: 2= 3(a” +y*) Aa®+y* < 1}

Solution.

a) We parametrize the sphere S by
Y(u,v) == (8,7,6) + (5cosucosv,Hsinucosv, 5sinv), (u,v) € [0,27] x {— g, g}

For this parametrization it holds that

0 0
w = 5(—sinu cos v, cosu cos v, 0), (971# = 5(—cosusinv, —sinusin v, cosv),
v
H = ||25((:osuoos2 v, sin u cos? v,sinv cosv)|| = 25| cos v| = 25 cosv
since v € [, 2] For the surface area S we have

=100x.

2m 5 st
U(S)://lda:/ (/ 25cosvdv) du = 2527 [sinv] 2
s 0 _z

b) The surface S, which is a part of a rotational paraboloid, can be parametrized by the
vector-valued function

2
P(r,t) == ('r cost,rsint, ;), (r,t) €[0,1] x [0, 27],

for which the following holds:

[VE]

W W
o = (cost,sint,r), 5 = (—rsint,rcost,0),

5

‘ = ||(=r2 cost, —r?sint, )| = Vri+r2 = r V2 + 1.
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The resulting surface area reads

0(5’)—/01< Ozwrmdt)dr—%/:\/ﬂ;du_wg %r 21(\@_1).

3

In the calculations we used the substitution u = 1 + r2.
Exercise 5.16. Determine the coordinates of the center of mass of S if

a) S={(v,y,2) €ER3: 2?2 +y? +22 =36 A 2> 0}, and the (surface) density is given by the

function h(z,y, z) := /22 + y2;

) S={(z,y,2) ER3: 22 =22+y? A1 <z <2}, and the (surface) density in each point is
given by its distance from the z-axis.

5.4 Surface integral of the second kind over a regular surface

Mbotivation 5.17.

1. Consider incompressible fluid flowing through a plane surface 7 in the direction of its
normal vector. Assume that the velocity of the flow is constant in space and time and is
given by a vector fy € R?. The amount of fluid which ‘flows’ through the surface T with
area (= measure) A(7), corresponds to the value

(o ) 20

2. Let ¢ : 2 — R3 denote a regular surface and f : R? — R3 a vector field continuous
in (¢). Again: f defines the flow velocity constant in time. We aim to compute how
much fluid flows through the surface (1) in the direction given by the normal vectors
6¢ - (u,v) X %(u,v) in a time unit.

Proceedlng analogously as in the beginning of Section 5.1, we obtain this approximation
of the desired volume

Z’C (Jr))
0

- Z < Y (ug, vy)) (azf(uk,vl) 21/) (Uk7vl))> (Wk1 — uk) (V141 — 1)

// (@ (u,v) (f( ,v)ng(u,v)> dudv.

“Here we used the equality:

14

g (uk,v1) X Zw(uk,vz
X

3]
(f (Y (uk,v1)) - | g ‘g—w(uk > H(? (uk,v1) X %(Ukavl)

o
u
22 (u, 1)

= J Wlonsw)) - (G ) x G2 )
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Definition 5.18. Let v : 2 — R3 denote a regular surface and f : R3 — R? a function continu-
w(ﬁ) The surface integral of the second kind of function f over a regular surface

ous on (¢) =
1 is defined by the equality
oY oY

//fwy, dU—//f u,v) (( ,U)Xav(u,v))dudv.

Remark 5.19. For f = (f1, f2, f3) one can use the notation

/ f z,Y, )dU ::/ fl(x,y,z)dy/\ dZ—i—fg(l‘,y,Z)dZ/\ d.fC—l—fg(l‘,g,Z)d%/\ dy
()

Example 5.20. Compute [[ f(z,y,z)do for
()

a) f(a:,y,z) = (0,0,1‘2 + Z/2), w(ﬁt) =

7z_x+1)7w(u7v) = (u,v,l—u—v),
u+v<1Au>0 A v>0}

(rcost,rsint,0), Dy = [1,2] x [, T}

b) f(xayvi) = (56—979—2
Dy = 2 = {(u,v) € R?:

Solution.
a) Since we have
% = (cost,sint,0), 88—1? = (—rsint,rcost,0), g¢ 681? (0,0,7),
it holds that
4.2

2

//(w)f(%W)da:/: (/_;;(o,o,rz)-(o,o,r)dt) dr:ﬂ[’”ﬂl :i‘

b) Proceeding analogously as in the previous assignment we get

oy [ c%p oY
— =(1,0,-1 1,-1 1,1,1
au ( 707 )7 a (07 Y ) au 8 ( 9y ) )

and thus

// f($,y,z)daz//7(ufv,u+2071,72ufv+2)-(1,1,1)dudv:
(¥)
1
— 1 — —
/ / dv du 3

Exercise 5.21. Evaluate [/ f(z,y,z)do for

()
f(.%', Y, Z) = (—IL'ZZ, Y, 2$y) )
. . 7T T
Y(u,v) := (cosucosv,2sinucosv,sinv), Dy = [0, 5} X [0, 5}
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5.5 Surface integral of the second kind over a piecewise smooth surface

We intentionally keep the following definition inaccurate (its proper formulation is rather compli-
cated; it is similar to the definition of a positively oriented curve).

‘Definition’ 5.22. Let 1) denote a regular surface and let the curve ¢ be a part of the boundary
(1). The surfaces ¥ and ¢ are of the same orientation if it holds that ‘when walking along () in

L . . T A oy . op
the direction of the orientation of ¢ and the head pointing in the direction of the vector 5 x 5,

the surface (1) is on the left-hand side’.

Definition 5.23. Let ¢; and vy denote neighbouring surfaces and let ¢ be a simple curve such
that

() C (Y1) N (12).

Then 11 and 19 are of the same orientation if the following holds:

Y1 and ¢ are of the same orientation < 1y and (—¢) are of the same orientation.

A piecewise smooth surface S is orientable (or two-sided) if there exists its partitioning into
regular surfaces 11,2, ...,1, such that each pair of neighbouring surfaces 1; and v; of this
decomposition are of the same orientation (the partitioning of S is then called orientable).

To orient an orientable surface S means to choose a unit vector n(p) € R? perpendicular to the
surface S in each of its regular points p such that for every oriented partitioning 1, vs, ..., ¥y
of the surface S exactly one of the following implications holds true:

O, 04
88 (u, v) x 5 (u,v)

Gt (u,v) X G (u, v)

I

Yilu,v) = p € (i) \ Oy = n(p) = ’

ou ov
i i
bi(u,v) = p € () \ O = n(p) = — H;Z (u, v) X Gt (u, )

. O, :
i (w, v) x 5 (u,v)

Remark 5.24 (to Definition 5.23).

i) For an orientable surface S C R? there exist exactly two vector-valued functions n and
n* defining its orientation (since it clearly holds that n = —n*, we speak of opposite
orientations of S); to orient S it is thus sufficient to determine n(p) in a single (arbitrarily
chosen) regular point p € S.

ii) There exist non-orientable (also called single-sided) piecewise smooth surfaces. The
Mobius strip is an example of such a surface (see Figure 5.1):

{(Cosv—i—ucos (g) Cos v, Sin v + u cos (g) sin v, u sin (%)) e R3:

(u,0) € [-1,1] x [0,277]}.
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Figure 5.1: Mo&bius strip

iii) Every closed piecewise smooth surface is orientable.

Definition 5.25. Let S C R? denote a piecewise smooth surface oriented by its oriented
partitioning 1,49, ...,¥, ' and let a vector-field f: R® — R3 be continuous on S.

The surface integral of the second kind of f over an oriented piecewise smooth surface S 16

is defined by the equality
[ S da—z// (2.9,

Remark 5.26. It can be shown that the above definition is correct; it does not depend on choice
of oriented partitioning of S (chosen in accordance to the orientation of S).

Moreover, if 91,...,%, and 97,..., 1) are oriented partitionings of S that define opposite
orientations of S, it holds that

Z/ f(z,y,2) Z/ f(z,y,2)do.

Example 5.27. Evaluate the surface integral of the second kind [fg f(2,y,2)do if

a) f(z,y,2) = (z2,y% 2%) and S is the boundary of the cube [0, 6] x [0,6] x [0, 6] oriented by
the ‘exterior’ normal vectors;

15This means that the vector field n : R® — R® defining the orientation of surface S is in every regular point
p = ¥i(u,v) defined by the equality

Qi (4, ) X Bw‘(u v)
n = —Qu .
P = o) x B,

16Sometimes we speak of the flow of a vector-field f through an oriented surface S.
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b) f(:v,y, Z) =

is oriented by the vector field n(z,y, z) :=
c) f(z,y,2) :=

(2y — 2,62 —

S =

{(z,y,2) €R?:

2x,3x — y) and the surface

2x+y+2z:6/\x20/\y20AZ20}

1(2,1,2);

(z,y,xyz) and the surface

S = {(x,y, Z)

e R3: z::z:y/\a:2+y2§5}

is oriented by normal vectors such that the angles between the normal vectors and the
vector (0,0, 1) are acute.

Solution.

a) Firstly parametrize the sides of the cube by

1 (u,v) == (u,v,0), (u,v) € [0,6] x [0, 6],
Yo (u,v) = (u,v,6), (u,v) € [0,6] x [0, 6],
Y3(u,v) = (u,0,v), (u,v)€[0,6] x [0,6],
y(u,v) = (u,6,v), (u,v)€0,6] x [0,6],
s (u,v) == (0,u,v), (u,v)€0,6] x [0,6],
ve(u,v) == (6,u,v), (u,v)€[0,6] x [0,6],
and compute the corresponding normal vectors:

O O B

au( )XW( )_(07071>7

D2 ) x G2 ) = (0,0,1),

Now notice (!!) that the prescribed orientation of the side [0, 6] x [0,

6]

x {0} is opposite

to the orientation of the chosen parametrization 1 and that the orientation of v and the
x {6} are the same. Making use of the symmetry of the

corresponding side [0, 6] x [0,

vector field

and the surface S leads to

/ f(z,y,2)

6]

fla,y,2) = (2%, 9%, 2°)

—3/¢lfmy, d0+3// f(z,y,2)
—3/ / u?,v2,0) - (0,0,l)du)dv

+3/0 (/O (u?,v%,36) - (0,0,1) du) dv =

888.



54 5 Surface Integral

b) Clearly

S_{(m,y,?)—x—g)GR?’: QE‘ZO/\?JZO/\3—$—520}—<¢>,

where
P(u,v) = (u,v,B—u— ;) , D¢p={(u,v) €R?*: we€[0,3] Avel0,6—2ul}.

Moreover it holds that

00, 5= 00-1) B (1)

(thus the orientation agrees), and so

3, r6—2u
// f(a?,y,z)do:/(/( 3+u+ 18 8u — 3v,3u —v) - (1,1,1>dv>du
(S) o \Jo 2
3
:/ 6(6 —2u)du = 54.
0

¢) One of the possible parametrizations of S = (¢) is

2
Y(r,t) := (rcost,rsint,r* costsint) = (r cost,rsint, gsin(2t)),
Dy = {(r,t) eR*: r €[0,V5] A t € [, 7]},

for which we have

0 0

a—zf = (cost,sint,rsin(2t)), 8—15 = (—rsint,rcost,r? cos(2t)),
0 0
811% X gf (r*(cos® t — sin® t) sint — 2r% cos® tsin t,

— r%(cos?t — sin®t) cost — 2r? costsin’ t, 1)

(the orientation agrees!), and we can conclude that

/ f(z,y,2) / / —2r3(cos® tsint + sin® ¢ cos t) + r° cos? t sin tdt)d
(S) 0

) G ) -2

™

We used the fact that the functions cos® ¢ sint and sin® ¢ cost are odd.
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5.6 The Gauss — Ostrogradsky theorem

Definition 5.28. Let the vector field f = (f1, f2, f3) : R?® — R3 be of class C! in an open set
M C R3.17 Divergence of the vector field f (in M) is defined (in M) by the equality

. 0 0 0
divf(2,,2) i= G 1,2) + G2(00,2) + G2z, 2),

Definition 5.29. A bounded domain 2 C R? is a regular domain, if its boundary 912 is a
closed piecewise smooth surface.

Theorem 5.30 (Gauss — Ostrogradsky).
Let the vector field f = (f1, f2, f3) : R3 — R3 be of class C' in an open set M C R3, let 2 C R3
denote a regular domain such that

NCcN=0NUINC M,

and let 012 be oriented by its ‘exterior’ normal vectors (such orientation is called positive 012).
Then it holds that

/(8Q)f(x,y,z)da://Qdivf(x,yyz) dz dy dz.

Proof. We prove the theorem for a special case when (2 is a cuboid, i.e.

2 = [a,b] X [c,d] X [e, g].

(Notice the analogy to the proof of the Green theorem 3.28 in a rectangle.)

Let us choose

@Zjl(u?U) : (a,u,v), (U,U) € [Cv d] X [eag]a
Ya(u,v) == (b,u,v), (u,v) € [c,d] x [e, g,
Y3(u,v) = (u,c,v), (u,v) € [a,b] x [e, g],
Yy(u,v) = (u,d,v), (u,v) € [a,b] X [e,g],
Y5 (u,v) :== (u,v,e), (u,v) € [a,b] x [e,d],
Ye(u,v) == (u,v,9), (u,v) € [a,b] X [c,d],
and compute the corresponding normal vectors
0 0 0 0
%(u,v) X %(u, v) =(1,0,0) = %(u,v) X %(u, v), ...

e, fi, f2, f3 € C*(M).
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Similarly as in Example 5.27, after ‘taking care’ of the orientation we obtain

/ f(x,y,2) /wlfxy, da—l—// (x,y,z da—l—// (x,y,2
—/ w)f(x,y,z)da—//(ws) f(x,y,z)da—i—/(%)f(a:,y,z)da

//f ] -(1,0,0)dudv + f(w( v)) - (1,0,0)dudv + ...

[e,d]x eg]

:// (f1(b,u,v) — fi(a,u,v))dudv + ...
¢, d] X [e,g]

Now (using the Fubini theorem) we transform the integral on the right-hand side of the equality

JI[ aiv p(a..2) dsdyas

://A)(%‘Q(m,y, —|—86J;2(:E Y,z )+%§(m,y,z)> dxdydz

b
0
= / < i(l‘,’wa)de')dde‘f’ :// [fl(xay)z)]Z:a dde+
e xleg) N O [e.d]x[e,g]

= / (fl(bﬂyaz)_fl(a7y7z))dyd2:+
[e,d] x[e,g]

The reader who notices that the underlined numbers are equal can consider this proof finished. [

Remark 5.31 (to the physical interpretation of the Gauss — Ostrogradsky theorem). If we
interpret f as a (stationary) velocity field of incompressible fluid, then

/ f(z,y,2)do
(092)

determines the amount of fluid, which flows through the surface 92 in the direction of the normal

vector in a time unit.
// f(z,y,2)do =0,
(092)

If
the inflow and outflow through (2 is the same.

' / /(m) f(@,y, 2)do #0,

there have to exist points in 2 which are sources; i.e. points adding the fluid to the system or
sinks where the fluid drains.
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It can be shown that for p € 2 it holds that

JI f(z,y,2)do

I (0U(pse))
div f(p) = 5—>%1+ AU (p,€)) ’

where OU (p,e) denotes a positively oriented sphere of the radius e centered in p. Thus, the
number div f(p) describes the yield of the source in point p (div f(p) > 0 then p is a source;
div f(p) < 0 then p is a sink). If divf vanishes (in M), the vector field f is divergence-free (or

solenoidal) (in M).
[ty do
(5)

using the Gauss — Ostrogradsky theorem, if

Example 5.32. Evaluate

a) f(x,y,2) = (22,9% 2%) and S is a positively oriented sphere
Q={(z,y,2) eR’: (z-1)*+(y—1)*+ (2~ 1)* <1}

b) f(x,y,2):=(x—y+z2,y—2z+x,2z—y+x) and S is a negatively oriented boundary of the
octahedron

02 ={(z,y,2) R+ 2| + |yl + 2] < 3}.

Solution.
a) Due to the Gauss — Ostrogradsky theorem and the substitution

T =pcosucosv—+1, y=opsinucosv+1, z=psinv+1,

where o
€ 10,1, wue 0,27, ve[—§ ]

it holds that '8

// f(ffayaz)dﬁ://Q(2$+2y+22)dxdydz

27r
—2/ / / Qcosucosv—i-gsmucosv—i—gsmv—i—3)9 cosvdv) du) do=28

b) Using the Gauss — Ostrogradsky theorem (be careful about the negative orientation of .S)
yields

// (z,y, 2 // +1+1dxdydz(:—3/\(9))
:—24// /”é’z) :—24/ 3—x—ydy)d

_—24/ — x)? ; )de—12{(3_m)3]2_4(0—27)_ﬁ.

Do not forget the Jacobian!
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Exercise 5.33. Evaluate
//(S) (:1:3 —yz, y3 —xz,2° — xy)do,

using the Gauss — Ostrogradsky theorem, if S is a positively oriented sphere

Q={(z,y,2) e R®: 22 +y* 4+ 22 <182},

5.7 Stokes theorem

Definition 5.34. Let the vector field f = (f1, f2, f3) : R® — R3 be of class C'! in an open set
M C R3. Curl of the vector field f (in M) is given by the vector field defined (in M) by the
equality

curl f(z,y, z) := ((%{j’ — 68'];2) (x,y,2), (%}2 — %fj) (z,y,2), (83];2 - %};1) (z,v, Z)) .

Remark 5.35. To compute curl f we can make use of the formal equality!”

)

€1, €2, €3

‘curlf:a%, a%, %
fi, fo, f3

‘Definition’ 5.36. Let S C R? denote an oriented piecewise smooth surface such that its
boundary OS is a geometrical image of a simple closed piecewise smooth curve. Then S and OS
are of the same orientation, if the following holds: ‘when walking along OS in the direction of
the orientation of OS and the head pointing in the direction of the vector field n, the surface S
is on the left-hand side’.

(Compare this ‘definition’ to ‘Definition’ 5.22.)

Theorem 5.37 (Stokes). Let the vector field f : R3 — R3 be of class C' in an open set M C R3
and let S C M denote a piecewise smooth surface of the same orientation as OS. Then

flx,y,2)ds = // curl f(x,y, z) do.
(99) (S)
Remark 5.38 (to the physical interpretation of curl f(z,y, 2)).
We interpret again the vector field f as the velocity field of a stationary flow of incompressible fluid.
It can be shown that rot f(x,y, z) corresponds (roughly speaking) to the direction vector of the
line passing through the point (z,y, z) around which the fluid rotates in a ‘small’ neihgbourhood
of (z,y,z). The norm of the vector curl f(x,y, z) corresponds (in a certain sense) to the angular
velocity of this rotation.

If curl f vanishes (in M), the vector-field f is irrotational (in M).

9, ea, and ez denote ‘the coordinate’ vectors (1,0,0), (0,1,0), and (0,0, 1), respectively.
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Example 5.39. Evaluate f(k) f(x,y, z) ds using the Stokes theorem, if

a) f(z,y,2) = (y2, 22, 2%) and (k) is the boundary of the triangle given by the vertices (3,0, 0),
(0,0,3), and (0,3,0) in this order;

b) f(z,y,2) = (2 2,y),
(k)Z{(w,y,Z)eR?’: 2P =4 A g+§: }
and orientation of (k) is given by the order of the vertices (2,0,0), (0,2,3), and (—2,0,6);
c) f(z,y,2) :=(—y,x,0) and (k) (including its orientation) is given by the parametrization
©(t) := (sint, cost,0), Dp =[0,2x7].

Solution.

a) We choose

Y(u,v) = (u,v,3 —u —v),
Dwzﬁz{(u,v)ERQ: u+v<3 A u>0 A UZO}.

Since o0 o0
%(U, ) o (u 1)) (]-a]-a]-)v

we have (see the Stokes theorem)

/ vide + 22 dy +22dz = — // rot (y2, 2%, 2%) do

(k)
// —2z,—2y)do = — // —u—wv,u,v)-(1,1,1)dudv
u?,3
—2/ / 3dv du—6/ 3—udu—6[3u—?] =27.

A question to the reader:

Why is there a minus sign in front of the surface integral?

b) Since curl (z,z,y) = (1,1,1), we have (due to the Stokes theorem)

/ (x,y,2 ds—// (1,1,1)d
(k)

e.g. for the surface
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of the same orientation as (k). We parametrize S = (1)), where

(u,v) := (u,v,3(1 - Z))’ Dy = K = {(u,v) € R?: o* +0? <4},

Then

(1, 8 o o061,
8u_<1’0’ 2)’ ov = (0,1,0), ou  Ov 2’071

(the orientation agrees), and thus
3 ) )
/ f(z,y,2)ds :/ (1,1,1) - (,O,l) dudv=-ANK)==-7-4=107.
(k) K 2 2 2

We present two approaches to the evaluation of the integral. First, we replace the line
integral by a surface integral of the second kind over the disk K = (1), where

Y(r,t) := (reost,rsint,0), Dy ={(r,t) €eR*: re[0,1] A t€[0,27]}.
Then

%’/j = (cost,sint, 0),

8w aw
87" ot

o9
ot

curl (_y7 z, 0) = (07 07 2)7

= (—rsint,rcost,0), = (0,0,r),

and thus (be careful about ‘the opposite orientation’ of 1) and ¢)

/(k)f(x’y’z)dsz—/02”(/01(0,()72)'(0,0,7")dr)dt:_

Now we present how to replace the given integral by an integral over ‘the upper hemisphere’
S = (1), where

Y (u,v) := (cosucosv,sinucosv,sinv), Dy = [0,27] x {0, g}

For the parametrization ¢ it holds that

0y (—sinwu cosv, cosucos v, 0), il (— cosusi sinusin v, cosv)
— = (—sinwucosv,Ccosu cos v — = (—cosusinv, —sinusin v, cos v
ou v ' ’ ’
2 5¢ _( : )
...... ,sinv cosv).
ou " v ’

Notice that aw 61/1 .
(Gox 500 =(ny)

and we thus again obtain ‘opposite orientations’ of ¢ and . Then it easily follows that

2T z T
/ f(z,y,2)ds = —/ (/2 2sinvcosvdv) du = —277{— COS(%)}? = —91.
(k) 0 0 2 0o =
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Exercise 5.40. Evaluate
/( )wdx+ (x+y)dy+ (x +y+2)dz,
©

using the Stokes theorem if ¢(t) := (3cost,3sint, 3(cost +sint)), Dy = [0, 27].

Remark 5.41. The definition of the differential operators of the first order including gradient,
divergence, and curl can be memorized by using ‘the nabla operator’

o o0 0
V.— <ax,ay,8z>

and formal equalities

“grad f=Vf"” (f: R® = R),
“dinZV'f” (fZRS—)Rg),
“curlf =V x f7  (f: R¥=R3.

Exercise 5.42. Let the vector field f = (f1, f2, f3) : R® — R3 be of class C! and assume it is
conservative in a domain M C R3. Prove that f is irrotational in M.

5.8 Applications of the surface integral of the second kind

a) Flow of a vector field through an oriented surface.
Let the vector field f : R3? ~— R? be continuous on an oriented smooth surface S.
Flow of the vector field f through the oriented surface S is defined, as has been mentioned

above, by
n(s)= [ /( , J@y2)do

b) Volume of a body (more precisely measure of a set).
Let 2 C R3 denote a regular domain. Then it holds that (see the Gauss — Ostrogradsky

theorem)?Y
— 1
A(f?)=f// (x,y,z)daz// (2,0,0)do = ....
3 JJon) 99)

Example 5.43. Compute the flow of the vector field f(z,vy, z) := (22,42, 22) through a positively
oriented sphere with the radius of 1 centered in (1,1,1).

Solution. We denote

S={(r,y,2) eR®: (x—1)*+(y—1)*+ (2 - 1)* =1},
Q={(z,y,2) eR®: (2 —1)*+(y—1)*+ (-1 <1}.

20We obviously assume that the closed piecewise smooth surface 912 is positively oriented.
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From the Gauss — Ostrogradsky theorem it directly follows that (S is positively oriented)

T(S)I// (932,3/2,22)(10:/// 2z + 2y + 2z drdydz
() 1)
2 g 1
:2/ (/ (/(3+rcosucosv+rsinucosv—i—rsinv)rzcosvdr) du) dv
0 0

_
2

:6-27r(/01r2dr)(/72;cosvdv):127r~i1;-2:§£.
2

We used the substitution

T =TCcosucosv, Yy =rsinucosv, 2z =rsinv,

rel0,1], welo,2n], ve{—g,g}, J =12 cosv

and obvious equalities

™

27 27 3
/ cosudu:/ sinu du = 0, / sinvcosvdv =0.
0 0

_z
2

Exercise 5.44. Let a,b denote real numbers satisfying a > b > 0. Compute the volume of the
body {2 (torus) bounded by the surface v, if
(u,v) := ((a + bcosv) cosu, (a+ bcosv)sinu, bsinv),
Dy = [0, 27] x [0, 27].
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potential Gauss — Ostrogradsky, 55
conditions of existence, 33 Green, 28
product Jordan, 27
cross, 12, 28, 40 on path independence, 32
on the independence of parametrization, 16,
same orientation, 51 24
sequence convergence, 1 Stokes, 58
set
connected, 27 volume of a body, 61
open, 27
space R", 1
surface, 38
area, 47

center of mass, 48
geometrical image, 38
Moébius strip, 51
moment of rotation, 48
non-orientable (single-sided), 51
orientable (two-sided), 51
orientable partitioning, 51
orientation, 51
positive, 55
with boundary, 58
piecewise smooth, 42
boundary, 42
closed, 42
part of a boundary, 42
partitioning, 42
regular point, 42
regular, 38
boundary, 39
regular surface, 51
weight, 48
surface integral
of the first kind
over a piecewise smooth surface, 43
over a regular surface, 41
of the second kind
over a piecewise smooth surface, 52
over a regular surface, 50

tangent line to a curve, 9
tangent plane, 6
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