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1 Double Integral over Intervals

We will proceed in a similar manner which led to the definition of a definite integral. Let
us recall, definite integral was constructed such that for a function f : R - R, non-negative

and continuous over interval (a,b), where a,b € R, a <b, it equals to the area of set

{(z,y) eR*: a<z<b A 0<y< f(a)}.

Similarly: For a function f : R? - R, non-negative and continuous over (two-dimensional)
interval (a,b) x (c,d), where a,b,c,d € R, a < b, ¢ < d, double integral of function f over

this interval (rectangle) will equal to the volume of a solid

{(z,y,2) eR%: a<a<b A c<y<d A 0<z< f(z,y)}.

Let us remember, for every function f: R — R, continuous but not necessarily non-
negative over interval (a,b), we defined [ab f(z)dx as a limit of sequence (s,) defined as
follows:

b-a o b-a
s [L‘j:a-l-j'

Sp = ni f(xj) ’
)

n

Note that it can be shown that lim s, exists. And now, let us make the following

definition of double integral - also here, we will demand only continuity of f.

Remark 1.1.

Definition 1.2. Let f:R? > R be continuous over interval

J ={a,b) x{c,d), a,b,c,deR,a<b,c<d.

We define
ﬂf(:c,y) dz dy = lim s,
J
where _
S b-a d-c
Sp = f(‘r7yk) : ;
. b-a d-c
Tj=a+j- , Yp=Cc+Fk- .
n n




Theorem 1.3 (Fubini). If f:R? - R is continuous over J = (a,b) x (c,d), then

f[Jf(l’,y) dxdy:fab(/;df(x,y) dy) dxzfcd(fabf(x,y) d:c) dy.

The following exercise demonstrates application of the Theorem (try it also for

yourselves!):

Exercise 1.4.

1.
1/ 2 1 1
[/ 1dxdy:f (/ 1dy)dx:f[y]§=0dx:/ 2dr=2.
(0,1)%(0,2) 0o \Jo 0 0 =
2.
1/ 5
[/ (4x—y+3)dxdy=/ (f (4x—y+3)dy)dx:
(-2,1)x(2,5) -2 \J2
1 y? 5 1 25
:[ [4;1:y——+3y] d:cz[ (20x——+15—8x+2—6)dx=
-2 2 y=2 -2 2
1 1 4
:/ (12x—§) dz = [6x2—§x] G- _94-3- 2
2 2 2 lp-2 2 _2
3.

1

2 ZL'y2 y3 2 T 1 .TS .']f2 T
2 2
- 2 '3 d:[( __)d:[___]:
ﬁ[”+2+3]y=0$ SR IEY il I SRR A

(8 2) (1 1 1) 13 11 41
=l-+1+=-]-|z+-+=]=7-"—== — .
3 3 3 4 3 3 12 12

Let us also try to calculate this particular integral by integrating in the opposite



order:

1 f2
2++2dd=f(f 2 4 +2d)d:
ﬂ(l,mx(o,l)(x wy +y°) dady o \UJ1i (2 +ay +y?) dz) dy
L] e ()2 o
- 0 3 2 y -1 y_ 0 3 y y 3 2 y y_

2 371
:f (7+%+y)dy:[ﬁ+3i+y—] :Z+3+1: 41.
o \3 2 3 4 31y 3

As we can see, the difficulty of either way is more or less equal in this case.

z 1
)a:yz sin(z%y) dordy = f ’ (f xy?sin(2?y) d:):) dy =
0 0

[A),I)X(O

™
2

substitution
w’y =t . .
2 v1 2y y
=|2zydex=dt |= / f —ysintdt | dy = f Z[-cost]), dy =
L 0 0o 2 0o 2
xy dz = 5dt
00,1y

) . by parts
2y Yy
:/0 5(—cosy+1)dy=|:4] ——/ ycosydy=| ¢ = y v =cosy |=

u'=1 wv=siny

2 1 . z 3 . 2 1{(m T 2 T 1
=——= - d — - - 2= — - — 4 — .
16 2 ([y Slny]o ‘/O\ Slny y) 16 2 (2 [ COSy]O ) 16 4 2

You may also try integrating with respect to y first, but in this case, you will very

likely encounter some trouble along the calculation.



2 Double Integral over Measurable Sets

In this section, we will extend the definition of double integral. This time, we will not
integrate only over intervals (rectangles) but also over more complicated sets. However,
it will not be possible for any subset of R? — we will restrain ourselves to so-called mea-

surable sets.

Definition 2.1.

over (a,b) and g,(x) < g2(x) for every x € (a,b). Let us define

M:{(w,y)eR2: a<xr<b A gl(l’)SySQQ(IE)}-

over (c,d) and hi(y) < ho(y) for every y € (c,d). Let us define

N={(z,y)eR*: c<y<d A h(y) <z <ho(y)}.

Sets M, N are called elementary measurable sets.

o Let a,beR,a<b. Furthermore, let g1,g2 : R > R such that g1, 9o are continuous

o Let c,d e R,c<d. Furthermore, let hy,hy : R > R such that hy, hy are continuous

Remark 2.2. Sometimes, the sets of the type M from above are called elementary sets
of the first kind, those of type N are called analogically — elementary sets of the second
kind.

tions, set differences.

Definition 2.3. We will call M c R? measurable, if it can be obtained from elementary

measurable sets with finite number of following set operations: set unions, set intersec-

Let us recall:

e Set union: MuN:={x: xeM v xeN}

e Set intersection: M NN :={zx: zeM A zeN}
e Set difference: M\ N:={z: zeM A z¢ N}

Remark 2.4. Fvery measurable set is necessarily bounded.

5



Some examples of measurable sets in R2:
L4 MO =,

e M, My, Ms are depicted in the picture below:

Some examples of non-measurable sets in R?:
o Ni={(x,y)€(0,1)x(0,1): xeQ A yeQ},

o Ny={(z,y)eR2: 0<x<1 A 0<y<x(z)}, where y is so-called Dirichlet function

and is defined as

Let us recall that by the term neighbourhood of the point ¢ € R? with radius € € R*

we mean set

U(c,e) = {xeR?: |x-c|<e},

in other words, open disk with centre ¢ and radius ¢ > 0.

Definition 2.5. Let M c R2. The set
M := {c e R?: there is at least one point from M within any Z/{(c,a)}

is called closure of set M.

In other words

(Ve e R*)(VM c R?): ceM pES [Ve>0: U(c,e)n M % a].



It can be shown that

M = {c € R?: there exists a sequence (x,) of points from M such that x, — c} :

Definition 2.6. We will call M c R? closed, if M = M.

Remark 2.7. Moreover, M is the smallest closed set containing M.

Definition 2.8. We define indicator function of a set M c R? as

1, (z,y)eM,
xm(z,y) =

0, (x,y)eR2~\M.

Definition 2.9. Let f:R2 - R be continuous over M, where M is a measurable set.

Let us denote

f(z,y), (w,y)eM,

F(z,y) =
0, (z,y) e R2\ M,
and for an arbitrary interval J = (a,b) x (¢, d) such that M c J, let us also define sequence

nzlnzl b-—a d-c
SnZZZF(%a?/k) ' )
3=0 k=0

n n

where

. b-a d-c
Tj=a+j- — yp=c+k- .

Then we define double integral of function f over set M as

,[/1;1 f(z,y) dedy = lim s,,.

Remark 2.10. In case that f from the definition above is defined on the entire plane R?,
we can write F'(z,y) = xu(x,y) f(z,y).

Remark 2.11. It can be shown, that lims, exists and is independent of the specific
choice of interval J such that M c J.



Definition 2.12. Let M c R? be a measurable set. We define measure of set M as

number
A(M) ::ff 1 dedy.
M

Remark 2.13. Measure of a set in R? is a generalization of the term area, which is clear

for some specific sets, e.g. rectangle, disk etc.

Theorem 2.14 (Properties of Measure).
1. If M c R? has at most finite number of elements, then it is measurable and A(M) = 0.

2. The set M ={a,b) x {(c,d), where a,b,c,d e R, a<b, c<d, is measurable and

AM) = (b-a)-(d-c).

3. If My, Ms, ... M, cR? are measurable and pairwise disjoint
(ie. i+5 = M;nM; =), then

AMiuMyu...UM,)=X(M)+A(Ma) +...+X(M,).
4. If M, N cR? are measurable and M c N, then

0 <A(M) <A(N).




Theorem 2.15 (Properties of Double Integral). Let M c R? be a measurable set and let
functions f,q:R2 - R be continuous over M. Then it holds:

1. For every a,f e R

/]M(ozf(x,y)Jrﬁg(x,y)) dxdy=a[fo(x,y) dxdy+ﬁ/]Mg(x,y) dzdy.

2. If M = My u My, where My, My are measurable and A(M; n M) =0, then

ffo(x,y) dxdy:[/];hf(x,y) dxdy+ffMQf(w,y) dx dy.

3. 1If f(x,y) < g(z,y) for every (x,y) € M, then

[/Mf(x,y) dxdygffMg(x,y) d dy.

‘[/Mf(x’y) drdy| < m|f($7y)\ dx dy.
[ 1) dwdy =0

5 If \(M) =0, then




Theorem 2.16 (Fubini). Let a,b,c,deR, a<b, c<d.

1. Let f:R? > R be continuous over set
M ={(z,y) eR*: a<z<b A gi(x) <y<g(r)},

where g1, ga : R = R are continuous over (a,b) and g1(x) < go(x) for every x € (a,b).

Then b
[ 1@y dzay- [ ( fglg:f) f(g;,y)dy) dz.

2. Let f:R? - R be continuous over set
N:{(x,y) eR?: c<y<d A hl(y)sthQ(y)},

where hy, hy : R = R are continuous over (c,d) and hi(y) < ha(y) for every y € (c,d).

Then ] .
F(a.y) dedy = “ () dr ) dy.
.[/M -/c fhl(y)

Exercise 2.17. Evaluate the integral I = [[,, (22 + y? + 1) dxdy, where
M={(z,y)eR*: 2>20Ay>0Az+y<l1}.

Solution:
The set M is triangle with vertices (0,0), (1,0) a (0,1) (see picture below).

Y

1

y=1—=x

It is not hard to realize that

M={(z,y)eR?: z€(0,1) AO<y<1-z},

10



thus (according to Theorem [2.16|) it holds

Izv/ol([ol_x(x2+y2+1) dy) dx:—/:[nyJr%ngy];: dx =
:/01($2(1—:E)+(1_3x)g+(1—x))d;g:

1 1!
=§/ (3:172—3:163+1—3m+3a72—a:3+3—3x) dz =
0

_ fl(—4x3+6x2—6$+4) dz = [_x4+2x3—3x2+4x](1)=
0

Wl
Wl

(-1+2-3+4) =

Wl =
les 1 v

Exercise 2.18. Evaluate the integral I = [f, 1 r2e7 dxdy, where M is region bounded by
curves y = 23,y = 0,2 = 2.

The set M is depicted in the following picture.

/o 1 e

We can obviously write

M={(z,y) eR?: 2€(0,2) A 0<y<a®}.

11



And thus, according to Theorem [2.16] it holds

2 z3 2 : 2
I= / (/ r?eVdy|dx = f 7 [—e‘y];io dr = [ z? (—e‘a”’3 +1) da =
o \Jo 0 0

substitution
-z’ =t Lo, 1 0o T+e®
= = — —-e'+1 d = = [-¢ +1 = .
_31-2 dr = dy 3 f8 ( € ) y 3 |: ¢ ]_8 3
0~0,2~-8

We could also proceed in a different manner (if we consider M as an elementary set of
the second kind). That is to say it holds

M ={(z,y) eR?: ye(0,8) A ¢/y<z<2},

from which we have

8 2 8 2371° 8 oYy
I= f / r?eVdx | dy = / eV [—] dy = [ —(@8-y)dy =
0 3y 0 3 lu=3g o 3

by parts

1 8 81
= = — ! = —e_y =|—=eY 8 - - f (_ _y) d =
u=8-y, v 31 [ 3e ( y)]o 0 3e Y

-y
3e

[ _yr 8 1 4 1 T+e*
=—+4+|—-e =—-—+—-€ - - = .
3 13 1 3 3 3 3

Note that in the first approach we needed substitution method (for one-dimensional in-

tegrals), while in the second solution we needed to use integration by parts.

Exercise 2.19. Calculate following integrals using Fubini’s theorem:

1. ﬂ(x2+y) drdy, where M =(0,2) x (1,3);
M

2, [f(eryQ) dedy, where M = (0,2) x (1,3);
M

12



w

./](w—y)dwdy, where M ={(x,y) e R?>: y>0Ay<z Ax+y<2};
M

W

2
.f/%dxdy, where M = {(z,y) e R?: 0<z<2Ay<z Azy>1};
MYy

ot

.ﬂcos(:c+y)dxdy, where M = {(x,y) eR%: 2>0Ay>x Ay<m);
M

=)

.ﬂ(3xy2—2x)dxdy, where M ={(z,y) e R?: 0<zx <1 Az?<y<al;
M

7.fffdxdy, where M = {(z,y) € R2: 221 Az<2Ay<z Ay 1);
My

oo

.f/ez’”ydxdy, where M ={(z,y) e R?: 2+y<2Ay>20Ay<1Axz>0};
M

©

: [/ 2*y dzdy, where M is a triangle with vertices A = (0,0), B = (3,0), C =
M
(2,1);

10. f[ ry? dozdy, where M is a triangle with vertices A = (0,0), B = (3,0), C =
M
(2,1);

1
11. // drdy, where M is a triangle with vertices A = (0,0), B = (1,1),
My?+1

C = (0,1).

Results:

13



10.

11

wino

[ Ne)
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3 Substitution in Double Integral

There are

certain situations when we need to "bypass” the shape of integration domain,

either because Fubini’s theorem is not applicable at all, or because it would just be the

hard way to calculate given integral. In some of these situations, substitution method can

help us.

1.

2.

3.

Then

Theorem 3.1 (Substitution in Double Integral).

Let mapping ® : R?2 - R? given by equations

x = g1(u,v)
, e ®(u,v) = (gl(u,v),gg(u,v)),
y:QQ(uav)

be injective over an open set ., € R2, whereas g1, gs € CY(Quy) (i.e. all first order

partial derivatives of g1 and gy are continuous over Q) and let so-called Jacobian

agl (U’7U) 891 (uvv)

ou ov
J(u,v) = 0
0g2(u,w)  dga(u,v)
ou ov

for every (u,v) € Qyy.
Let M, c Qy, and let M,, and M,, = ®(M,,) be closed measurable sets.

Let f:R? - R be continuous over M,,.

f[szf(as,y) dzdy:\[/]wuvf(gl(u?v)vg2(uav))|J(u,U)|dUdU_

Now, let us investigate some special cases of substitution method in double integrals.

15




3.1 Polar coordinates

Probably the most utilized type of substitution is given by relations
T =TCost,
y =rsint,

where r > 0 and t € (0,27) (alternatively, t € (-7, 7) or t € (o, + 27) for a € R).

Y

0 X ; Xz
The Jacobian can be obtained by direct calculation:

cost —rsint ) .
=rcos“t+rsin“t=r.

J(r,t) =

sint rcost

Remark 3.2. We typically use this kind of substitution in cases, when the boundary of
the integration domain M contains parts of circle. Suitability of this method also depends

on the integrated function f, of course.

Exercise 3.3. Calculate the integral I = [[,, x dxdy, where
M={(z,y) eR?: 2>0Ay>0n1<a®+y*<4}.

Solution:
The set M is quarter of annulus with center in origin and with radii 1 and 2.

Y
2

16



Thus, it is desirable to use substitution
x=rcost, y=rsint (J(r,t)=7).

Let us try to describe M using these new coordinates. Considering the geometric meaning
of variable £, we easily obtain first constraint 0 < ¢ < 7. Now, let us imagine that ¢ is
fixed. How can the distance from origin, i.e. variable r, vary? We can conclude from the

picture that 1 <7 < 2. Hence,

IN

2}. (1)

M={(rcost,rsint)eR2: Ogtgg/\ 1<y

Let us set
Q= (0,+00) x (=, )

and
Mrt:{(r,t)eRQ: Ogtgg AlSTSQ}.

r

2

Theorem [3.1] gives us

L 2 T 2
I=/2 f rcost-|J(r,t)| dr dt:fQ(/ rzcostdr) dt =
0 1 —_——— 0 1
2 z 3 x
= ([ r2d7")-([2costdt) = [T—] -[sint]¢ = T :
1 0 3 11 3

In the calculations above, we used the following observation:

fabfcdf(x)g(y)dxdy=fabf(x)(fcdg(y)dy) d = (fabf(x)dx)(fcdg(y)dy).

—_—

constant

17



Remark 3.4. If we would not be able to get the constraints (1)) from the picture, we would
have to obtain them through calculation — such that we plug transformation relations

r=rcost, y=rsint

to inequalities which define set M. We should also take into consideration that r > 0 and
te(-m,m).

In our case, we would obtain

rcost>0, rsint>0 and 1<r?cos?t+risin®t<4.

r2

The last condition (and 7 > 0) yields 1 < r <2 and the first two then give us cost >0 and

sint > 0, hence (taking in account t € (-7, 7)) ¢ lies in the first quadrant, i.e. 0<t < 7.

Exercise 3.5. Calculate integral I = [f,, W dx dy, where

Mz{(x,y)éRzz §2x/\x§x2+yzs3x}\{(0,0)}.

* .
Y

Solution:

y =2

We will perform transformation into polar coordinates. Since for every (x,y) € M holds
that 2 >0 and y > 0, relations z = rcost, y = rsint (and r >0, t € (0,27)) give us ¢ € (0, %)
and r > 0. The condition % <y < 2z yields

rcost

<rsint < 2rcost,

R

18



thus .
— <tant < 2,
3

i.e. t € (%,arctan2). Similarly, the condition 2 < 22 + 32 < 3z yields

rcost <r?cos’t +r2sin’t < 3r cost,

~

7.2
resulting in inequality cost < r < 3cost.
Let us set

Oy = (0, +00) x (0,27)

and
M,, = {(7"775) eR*: te(Z arctan2) A cost <r< 3cost}.

r =3cost

arétg 2 3 t

o34

According to Theorem [3.1] and Fubini’s theorem [2.16] we have

7 arctan 2 3cost 1 d d arctan 2 3cost 1 d d
= -rdr ) di = / ( / — 7") t=
[g /cost (r2cos?t +r2sin’t)? z cost 13

6

arctan 2 1 3cost arctan 2 1 1 1 arctan 2 4 1
=f [——2] dt:f ——( - )dt:f S _dt-
z 272 |cost z 2\9cos?t cos’t z 9 cos?t

4 4 4 4
= 9 [tant]%rctaﬂ _ 5 (tan(arctanQ) —tan%) = 9 (2 - ?) = g - Q_\ég .

Exercise 3.6. Try to obtain the constraints
te(Z,arctan2) and cost<r<3cost

6’

only by geometrical means.

19



3.2 (Generalized polar coordinates

This time, let us consider substitution
T = arcost,
y = brsint,

where a,b > 0 are constants, r > 0 and ¢ € (0, 27) (alternatively ¢t € (-, 7) or t € (o, o+ 2)
for oo € R).

Direct calculation yields the Jacobian:

acost —arsint 9 .
=ab-rcos“t+ab-rsin“t=ab-r.

J(r,t) =

bsint brcost

Remark 3.7. We typically use this kind of substitution in cases, when the boundary of

the integration domain M has elliptical shape (a, b are semi-axes of the ellipse in question).

Exercise 3.8. Calculate integral [[,,(z - 2y) dzdy, where

2
M:{(x,y)eR2: %+y2£1/\03x£\/12-y}.

Solution:

Y
y=—_
M \/ﬁ
_ ) x
We will utilize generalized polar coordinates.
T = 2rcost,
(J(r,t) = 27’).
y =rsint,

20



The condition 0 < x <+/12-y then yields 0 < 2rcost <+/12-rsint and t € (0, §). Hence

cott<— \/3

Thus we obtain ¢ € (¥, 7). The condition % +y2 <1 yields

472 cos? t

1 +r2sin?t <1,

~

r2

thus (considering the condition r > 0) we have 0 <7 < 1. According to Theorem it
holds that

I-= f ([ (2rcost — 2rsint) - 27’dr) dt—ﬁQ([ 413 ( cost—smt)dr) dt =

6

4‘(/017‘2d7")-(‘/T;rg(cost—sint)dt)=4-[%3]1 [sint + cost]

:4.%(1_(;+§)): )

Remark 3.9. Let us note that we used Theorem [3.1] despite not all assumptions were met.

[SETNIE]

How so? The mapping ®(r,t) = (2rcost,rsint) maps the whole line segment {0} x
(%,5) onto point (0,0) (i.e. mapping ® is not injective) and furthermore, J(0,¢) = 0.

This kind of incorrectness (when the assumptions of Theorem are not met on
certain set with zero measure) is committed most often. Although, in ”reasonable cases”,

we will obtain correct result in spite of this incorrectness.

Remark 3.10 (Glimpse of the correct solution to [3.8)). For € € (0,1) let us define set

2
Mf{(fﬁ,y)e]R?: 62§%+y2$1/\0£x$\/12.y}.

21



It is easy to show that

I= [/ (r-2y) dedy = lim [/ (z -2y) dedy.
M e—>0+ M,

But, for every € € (0, 1) the integral I, = [fME (z-2y) dz dy can be (this time completely cor-
rectly) transformed into generalized polar coordinates. Choosing €2, = (0, +00) x (0, 27),

M, = {e,1) x (%, 5), we have met all assumptions of Theorem [3.1] and it holds

]szﬂ (z -2y) dxdy:[/ (2rcost —2rsint) - 2rdrdt =
ME Mrt

us 1 T 1
= [fz (f (2rcost—2rsint)-2rdr) dt = [TQ (/ 4r2(cost—sint)dr) dt =
= \J: =\ UL

6

1

:4-(/:7“2d7’)-([gg(cost—sint)dt):4-[%3]5-[sint+cost]
=4(%—§)-(1—(%+§))=2(1—53)(1—¢§).

. 2, 2
I=lim L= lim < (1-<%) (1-VB) = £ (1-V3).

SERNIE]

Thus

e—>0+ e—>0+

Exercise 3.11. Calculate following integrals using suitable substitution:

].ﬂ\/l—xQ—ydedy, where M = {(x,y) e R2: 22+y2<1 Ax>20Ay>0};
M
2. ﬂx\/x2+y2dxdy, where M = {(z,y) e R?: 22 +y?> <4 Ay>0};

M
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& [/Mydxdy’ where M = {(z,y) e R?: 22 +y? <3z Ay 20},

4. [/Marctan%dxdy, where M = {(z,y) € R2: 1<a2+y2<4 A 0<y <z}
5. ﬂwem2+y2 dzdy, where M = {(z,y) eR2: >0 A 22 +y2<1};

6. ffMﬂcydxdy, whereM:{(a?,y)eR2;szAyzo/\ﬂ_Q+y2S1};.

7. ff(2x+y)dxdy, where M = {(z,y) e R?: 22+ 49?2 <36 A x >0}.
M

Results:

H
=N
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4 Some Applications of Double Integrals

4.1 Area of a Planar Shape

Let M c R? is measurable set. Then the area (measure) (M) of the planar shape M can

)\(M):[fMl dz dy.

Exercise 4.1. For any a >0 calculate the area of shape

be calculated as

M, = {(x,y) eR?: (22 + y2)2 < 2a23:y}.

Solution:

First of all, let us describe M, in polar coordinates. Thus, let us substitute relations
T =rcost a y=rsint
into condition
(2% + y2)2 < 2a’zy.

We obtain

(r2 cos®t + r?sin® t)2 < 2a’r cost - rsint,

(7’2)2 < 2a*r? costsint,
r* < a®r?sin 2t,
r? (r* - a*sin2t) < 0. (2)

Now, let ¢ € (—m,7) be fixed. Let us investigate what r > 0 satisfy the condition (2)). If

T T .

te <—7r, —§> U <O, 5) (the first and third quadrant),

i.e. sin2t > 0, the condition (2)) gives us

0<r<avsin2t.

It

Le. sin2t <0, only r = 0 satisfies (2)).
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From Theorems B.1] and 2.16] it follows that

pol. coords -3 avsin2t 3 aV/sin 2t
MM = [ vdzayr e f ([ rdr) at+ [ ([ rdr) di =
Ma - 0 0 0

a\/sin 2t

dt+fg[r—2]
0 2 0

X2 av/sin 2t 1 -z 1 z
=[ [—] dtz—[ agsin2tdt+—f a’sin 2t dt =
- 2 0 2J-n 2 Jo

1 -z 1 = ] 1
S—— [cos 225] P [cos 2t] 2= g2+ Za? = a_2
4 T4 0 2 2 —
-2 )

Remark 4.2. Boundary of set M, from the previous example is a curve called lemniscate.

4.2 Volume of a Cylindrical Body

Let
T={(z,y,2) eR®: (z,y) e M A0<z< f(x,y)},

where M c R? is closed measurable set and f is nonnegative continuous function on M.
The volume V(T') of the body T is given by formula

V(T) = ffM f(z,y) dzdy.
Exercise 4.3. For any a > 0 calculate the volume of so called Viviani’s figure
T, = {(x,y,z) eR?: 2?2+ 2 +22<a® A2+ 9 gagg}_

Solution:
The body T, is an intersection of ball with radius a and cylinder with diameter a, while

surface of the cylinder passes through the center of the ball.
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7%
0- L
7a 7a
s 0
Y xr a
a Y 5@ x
Considering symmetry of T, with respect to axis z = 0, it is obvious that V(7},) = 2V (T),
where
T = {(a:,y,z) eR3: 2 +y*<ax A OSZS\/a2—x2—y2}
Furthermore,
where

V(T)) = /[ Va2 —x?-y? drdy,

M, ={(z,y) eR*: 2 +y*<az}.

Y

Transforming into polar coordinates x = r cost, y = rsint, the constraint x2+y? < ax takes
form (having r >0 and t € (=7, 7) in mind)

r?cos®t +r?sin’t < ar cost,

r? < ar cos t,

r(r—acost) <0,
which yields (r —acost) <0, i.e.

(3)
0<r<acost.
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It follows from the last inequality (since acost >0 and a > 0) that
T
te < )

272

Thus it holds

V(To) =2V(17) =
_ Qﬂ \/T_y dﬂ?d pol. Coords f
Mo -3

substitution

CL2 h T2 su z a?sin?t
=2r dr = du Z—fQ(f2 \/l_tdu)dt:

rdr:—%du
0~ a2, acost — a?sin’t
2 us 4 jus
f t:—a3[2(1—|sint|3) dt:—a3f2(1—sin3t)dt:
3 a2s1nt 3 -z — 3 0

even function

acost
( rVa2—r2dT) dt =
0

ME]

substitution
orad 4 . cost =v
a x
:7; —ga?’ 2(1—(:os2zf)sintdt: —sint dt = dv =
0
3, sint dt = —dv
01,50
2 3 2 3 4 1
ra / 1-12? 7;a —§a3 ; (1—212)dv:
2ma’ 43[ v3]1 2ra® 8 , 3(27r 8)
= -—a’|lv—-—| = -—a’=a’|—-=
3 3 3 1o 3 9 3 9

4.3 Area of a Surface
Let @ #+ M c R? closed measurable set and let f: R? - R be function of class C' on an
open set 2 ¢ R? such that M c . This means that f has continuous partial derivatives
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% and g—i on €. Area of the surface 7, defined as graph of the function f, i.e.
T={(z,y,2) R (z,y) e M A z = f(z,y)},

is given by formula

P(T):/]M\l 1+(%(m,y))2+(g—§(x,y))2 dz dy.

Exercise 4.4. For any a >0 calculate area of the surface

La={(gj’y7z)eR3: ZZO/\$2+?J2+22=6L2 /\ZE2+y2§CLCU}.

Solution:
It clearly holds that

La:{(‘rayaz)ERB: ('Iay)eMa NZ= \/a2_$2_y2}7

where
M, ={(z,y) eR*: 2*+y*<azx}.

Let us set
f(x,y) =a? - 2% -y2

Its straightforward that
z Y

%(x )= —— and %(x )= ——
o YT a2 — 22 — 12 oy Y= /a2_$2_y2'
Thus

P(L)—ff TR dd—f#dd
“ I, a?-x2-y? a?-a?-y? = Ma\/m e
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By applying polar coordinates (see the previous exercise) we obtain

substitution

2_ .2 _
. a*—r“=u
2

= acost r
P(L, =af S Y I P o dr = du -
(Fa) —Z(O va-r? )

rdr = —%du

0~ a2, acost — a?sin’t

a2 1 = 2 x |
(fa%mztﬁd“ dt=a[g [ﬂ]GQSiHQtdt:a[g (- alsint]) dt =

even function

VE]

2
=-a
2 -

IR

=2a2/§(1—sint) dt = 2a* [t+cost]0% = 2a* (g—l)= a’(r-2) .
0 e

Remark 4.5. The above stated calculation is not correct, according to previous reading.

Let us notice that partial derivatives of the function f(x,y) =+/a? — 22 — y? are not even
defined at point (a,0) € M,.

Exercise 4.6. Try to think through how could have the calculation above been done cor-

rectly.

4.4 Applications in Mechanics

Let us imagine thin panel as a set M c R? and assume that its areal density is described

with function h which is continuous and nonnegative over M.
Then the following formulae can be derived:

e Mass of panel M:
m(M) = ﬂ h(z,y) dxdy.
M

e Static moments of panel M with respect to axes x and y, respectively:
Sy(M) = [/ yh(z,y) dzdy, resp. Sy(M) = ff zh(z,y) dedy.
M M

e Centroid of the panel M:

(M) = (m<M> () )
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e Moments of inertia of panel M with respect to axes x and y, respectively:
(M) = [/ y* h(z,y) dody, resp. I,(M) = [[ 2 h(x,y) dzdy.
M M

Remark 4.7 (physical interpretation of the number h(z,y)). Let (z,y) € M be given
and for every ¢ > 0 it holds that

MU((z,y),6) n M) # 0.

The number h(z,y) is to be understood as a limit

L m(U((z,y),6) n M)
Ma.y) = Jim, MU ((2,9),0) n M)

Remark 4.8. If areal density h is constant over M, we call the panel M homogeneous.

Remark 4.9. Plenty of other physical problems lead to calculations of double integrals,

e.g. in the theory of planar fields (gravitational, electromagnetic, heat, ... ).

Exercise 4.10. Thin homogeneous panel M has shape of sector of an annulus with radii
1 and 3 and central angle 5. Determine distance d of the centroid of this panel from the

center of mentioned annulus.

Solution:
First of all, let us put the panel M into coordinate system (see the figure).
Y

. Y
NV

The panel M is homogeneous, thus there is a number ¢ > 0 such that for every (x,y) € M
it holds

h(x,y) = c.
It is convenient to use polar coordinates x = rcost, y = rsint because M can then be

described by relations

te((),%) a re(l,3).
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For mass of the panel it holds
27? 4

Ol. cooras. 5 3 1
m(M)=ﬂ ¢ drdy P 2 Cfg (f rdr) dt:c-z[r—] e Z.Z8=c
M 0 1 3L2 N 3 2 3
Now, let us calculate the static moment of M with respect to both axes:
= [r37° 13
[-cost]$ [r_] =c-—,
1 3

T 3
Sx(M):ﬂ cy da:dypol' Czoords‘c/\3 (f TQSinth) dt =c
M 0 1 N

1
2

[sin t]§ .

5],
' 3

: 03
Sy (M) foMc:c dady ™ Czoordb'chS ([1 TQCOSth) dt=c

.|

The coordinates of centroid of the panel M satisfy

(S,(M) S.(M)\ (13v/3 3 13 3\ (13V3 13
T(M)_(m(M)’m(M)) ( 3 'E’?E)‘( in ’E)‘

As we can see, these coordinates are for homogeneous panel independent of its density

(which is not really surprising).
The wanted distance is
169-3 169 13

d=|T(M)| =+ /222, 200 _ 22
[T 1672 1672 2r

Exercise 4.11. Try to come up with better placement of panel M from previous example

into coordinate system in order to further simplify the calculation.
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5 Triple Integral over Intervals

Have a look at the definition of double integral over (two-dimensional) interval once again.

We will introduce the triple integral over (three-dimensional) interval in an analogous

manner.

Definition 5.1. Let f:R3 - R be continuous over interval

J ={a,b) x (c,d) x{e,g), a,b,c,d,e,geR,a<b,c<d,e<g.

We define
ﬂ/f(x,y,z) drdydz:=lims,,
J
where N
o it o o b-a d-c g-e
Sp = f(x'7yk7zl>' . : 3
jz:(:)k=o§ ’ n n n
b- d- -
Tj=a+]- a, yp=c+k- C, zl:e+l-g c
n n n

Remark 5.2. Similarly as with double integrals, it can be shown, that lim s,, exists.

[fjf(x,y,z) dedydz =
LU ) [ ([ ) o)
L o L ) )
TP mr oo UL e

Theorem 5.3 (Fubini). If f:R3 - R is continuous over J = (a,b) x (¢,d) x (e, g), then

Exercise 5.4. Compute the following integrals via Fubini theorem:

1.
/ffxyzz dzdydz, where J =(0,2) x(1,3) x(1,2),
J
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]]fe‘g””y” dxdydz, where J=(0,1) x(0,1) x(0,1),

J

[/fj ! drdydz, where J=(0,1) x (2,5) x (2,4).

l-z-y
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6 Triple Integral over Measurable Sets

We will now extend triple integrals in the same way we treated double integral once we
wanted to extend its definition for more general sets than intervals. Let us start with

definition of three-dimensional measurable sets.

Definition 6.1. Let M c R? be a closed two-dimensional measurable set, hi, hy : R? - R

continuous over M and
V(s,t)e M: hi(s,t) < ho(s,t).

The sets
[ )
Q={(z,y,2) eR®: (z,y)eM A I(z,y)<z<ho(z,y)},
[ ]
Q={(z,y,2) eR*: (z,2)e M A hi(z,2) <y<ho(z,2)},
[ ]

ng{(x,y,z)eR3: (y,2) e M A hl(y,z)gxshz(y,z)}

are called elementary measurable sets (in R3).

Definition 6.2. We will call M c R3 measurable, if it can be obtained from elemen-
tary measurable sets with finite number of the following set operations: set unions, set

intersections, set differences.

Definition 6.3. Let M c R3. The set
M = {c eR3: there is at least one point from M within any U(c,s)}

15 called closure of set M.
Furthermore, we will call M c R3 closed, if M = M.

Remark 6.4. Note that our approach towards triple integral is indeed more or less ”the

same” as for the double integral so far. And it will not be much different with the
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definition of triple integral itself.

Definition 6.5. Let f:R3 - R be continuous over 0, where Q € R3 is a measurable set.

Let us denote

f(x7y72)7 (x’y7z)€Q7
07 (x7y7 Z) € R3 N Q?

F(x,y,z2):=

and for an arbitrary interval J = (a,b) x (c,d) x (e, g) such that Q c J, let us also define
sequence

= b-a d-c g-e
Z (ajjaykazl)' ) ’ )
1=0 n

||M\
IIM\

n n

S S,

-a d-c g—e
Tj=a+7- , yp=c+k- , z=e+1-
n n

n
Then we define triple integral of function f over set () as

ﬂﬂ f(z,y,z) dedydz = lim s,.

Definition 6.6. Let Q c R3 be a measurable set. We define measure of set ) as number

MQ) = //Q 1 dedyds.

Remark 6.7. Again, similarly as the measure of two-dimensional measurable set was

generalization of the term area, the measure of three-dimensional measurable set is gen-

eralization of the term volume.

The measure in R3? and triple integrals have analogous properties as the ones we saw
earlier for measure in R? and double integrals (see Theorems and [2.15] respectively).
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Theorem 6.8 (Fubini). Let M c R? be a measurable set and:

1. Let
QI:{(xay7z)eR3: (I’,y)EM A hl(x,y)ézghQ(x,y)},

where M c R? is measurable, hy,hy : R? > R are continuous over M and hy(x,y) <
ho(z,y) for every (z,y) € M. Also, let f:R3 - R be continuous over Qy. Then

[[/S;l f(z,y,z) dedydz = ffM ([hlz(;y)f(x,y,z) dz) dz dy.

(Similar statements hold for the other two types of elementary measurable sets in
R3)

2. Lete,geR,e<g and f:R3 - R be continuous over set ), where
Q={(z,y,2) eR*: e<z<g A (z,y) € M.},
M, c R? is measurable for every z € (e, g). Moreover, let function

Z e /]Mz f(z,y,2) dedy

be continuous over (e,q). Then

[/Qf($,y7z) dxdydzzlg ([/sz(x,y,z) dxdy) dz.

Like the two-dimensional version of Fubini theorem allowed us to transform double
integral into two nested simple integrals, the three-dimensional version of Fubini theorem
allows us to transform triple integral into two nested integrals, where one is simple and
the other one is double. The latter can then be solved via the two-dimensional version of
Fubini theorem. However, note that this means that every triple integral, upon meeting
necessary assumptions, can be transformed into three nested simple integrals.

For instance, if we have

Q= {(m,y,z) eR?: ze(a,b) A gi(z)<y<ga(x) Ahi(x,y) Szghg(x,y)}
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and the proper assumptions are met, we obtain

b ga2(z) ha(z,y)
/] flz,y,z) dedydz = f ([ ([ fz,y,2) dz) dy) dx.
Q a gl(m) hl(x7y)

Exercise 6.9. Calculate the integral

/] 1 drdydz,
Q

Q={(z,y,2)eR*: z>0Ay>0A2>0ry<l-2"Arz<1l-a}.

where

Solution:
The following figure depicts the set 2 and its xy-plane projection M:

One can clearly write
Q={(z,y,2)eR%: ze(0,1)A0<y<l-a?A0<z<l-a},

hence (according to the first part of Theorem and the two-dimensional version from
Theorem [2.16)) it holds that

[Zm(folzle) d:vdy=f01(/0” (/Olwldz) dy) di =
:fol(fol-wQ[z]iide) dx:fol(fol-wQ(l_m)dy) dx=/(;1[y(1—x)];:32 dz =

- [ a-a-ndrs [T1eaateatar-

2



Exercise 6.10. Calculate the integral

I:fff Z  drdyds,
Q (22 12 + 22)2

Q:{(ﬁ,y,z)eR?’: le/\ZZO/\x2+y2+22§4}.

where

Solution:

The set Q is half of spherical cap (see Figure)

SO
N
\\\\\\\\\\\\\\\\
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\\\\ \\\\\\\
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L

According to the first part of Theorem we have
4- (12+y ) 2
I= [[ / =dz | dzdy,
(22 + 42 + 22)2

M={(z,y)eR?: x>1nAra?+y*<4}.

where

Y

LM
’ T
/
If we transform set M into polar coordinates, we obtain
. 9 s m 1
M ={(rcost,rsint) e R*: —-—<t<— A —<r<2¢.
3 3  cost
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Thus, since the Jacobian of applied transform is equal to r, we now have (using Theo-

rems and

substitution
z 2 Vi—r? 24,2 _
I=f3 fl 7"[ ;Sdz dr | dt= nrE qf =
-z \J L 0 (r2 + 22)2 zdz=g5du
O r2, Vd-r24

e R R 1 i 1
=2 L dt:——f [— —] dt =
3[7; [C;Sf(aa r3) ' 3 )= 167 7],

| —

1 1 1 2 r3(3 1
( + — - —cost) dtz——[ (—— —Cost) dt =
4 2 16cos?t 3Jo \4 16cos?t

even function

213 1 )
=——|-t—- —tant —sint

314 16

Exercise 6.11. Calculate the integral

1= ff[zdxdydz,
Q

where S is a square pyramid with vertices (0,0,0), (1,0,0), (1,1,0), (0,1,0) a (0,0,1)

Solution:
The Figure below depicts our pyramid and its cut through plane parallel to plane z = 0.
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It is not hard to realize that this kind of cut will always be a square. For solving the

exercise, we will use the second part of Theorem [6.§ thus obtaining

[Ol(ffzzdxdy) dz,

{(a:,y) eR?:

I

where

0<z<l-zA0<y<l-z}.

M,

Hence, the following calculations hold:

1-z
yodx dz =

H(1-2)dz

fol(z—z

Odz

1-z
xr=

dz = [01 [(z - z2)x]

)

(z-2%)dx

1-z

— <

Exercise 6.12. Calculate the integral

r?dxdydz,

I

Q
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where
Q= {(x,y,z) eR3: x|+ |y + 2| < 1}.

Solution:

The set Q is (think about it) a regular octahedron.

According to the second part of Theorem we have
1
]:[ (/[ $2dxdy) dz,
-1 ;

M, ={(z,y) eR*: |z|+|y|<1-|z|} (z € (-1,1)).

where

)
1 — ||
1—|z|
M, t
One can easily realize that
M, ={(z,y) eR* . —(1-|z]) <o <I-[ef A =(1-|z]=al) <y <1- o] - al},

henceforth obtaining

1 1-|z| 1-|z|-|z| 1 1-)z|
I = f ([ ([ x? dy) da:) dz = [ ([ 22%(1 - |2| - |x|)dx) dz =
1\ =1z \J-fel-ta - \J-apahy
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:2[11(/01_'2' 2x2(1—|z|—|x|)dx) d -
:2-2AI(A1Z|2x2(1—|z|—|x|)d;1:) dz=8[01(‘/012x2(1—z—x)dx) dz =

=8v/01('[01_2(x2(1—z)—x3)dx) dz=8]:[%x3(1—z)—ix4];z dz =

substitution
2 ri 1-2z= 2 ro 2 ri
=—[ (1-2)*dz= = =—= u4du=—/ u' du =
3 Jo —-dz = du 3 J1 3 Jo
01,10

_2[u5] 2
3151y 15°

Remark 6.13. For solving some of the previous exercises, we used the fact that every

even function f integrable over (0, a) satisfies

[:f(x)dx=2‘/;af(x)dx.

Exercise 6.14. Calculate following integrals using Fubini’s theorem:

1. [/fxyzzdxdydz, where M =(0,2) x (1,3) x (1,2);
M

2. /ﬂ 3 drdydz,  where M =(0,1) x (0,1) x (0,1);
M

1
3. /ﬂ dedydz, where M =(0,1) x (2,5) x (2,4);
M

l-z-y

4. Mxydwdydz, where
M

M={(z,y,2) eR3: 2>20Ay>0nz+y<1lA0<z<a?2+y?+1};

1
d. /ﬂ dedydz, where
Mz+y+1

M={(z,y,2) eR3: 220Ay>20A220Ax+y+2<1};
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6. ./f/ 2?yz® dedydz,  where
M

M={(x,y,2) eR3: z<ayny>2x>0Ay<1lAz>0}.

Results:
1. 26;
2. % (e-1)(e2-1)(e?-1);

3. 20ln2-101n5;

7 Substitution in Triple Integral

Same as with some double integrals, some triple integrals might be tricky to calculate

only with Fubini’s theorem. Let us have a look on substitution method for triple integrals:
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Theorem 7.1 (Substitution in triple integral).

1. Let the mapping ® : R?® - R3 given by equations

x = g1(u,v,w),
Y= gg(U,U,'LU),
z = g3(u,v,w)

be injective over open set Quuw © R3, furthermore, let functions g1, gs, g3 belong to
class C' over Q. and let the so called Jacobian be

%‘E (u,v,w) 891 L (u,v,w) 8gl(u v, W)

J(u,v,w) =192 (u,v,w) L2 (u,v,w) 22 (u,v,w)|#0

%ﬁ’j’(u v, w) a93(u v,w) %(u v, W)

for every (u,v,w) € Qype-

2. Let Myypw € Quupw and let My, and My, = ®(My,,) be closed measurable sets
3. Let the function f be continuous over My,

Then

f[/sz f(z,y,2) dedydz =

/][ flg1(u,v,w), g2 (u,v,w), g3(u, v, w)) - |J (u, v, w)| dudo dw.

Remark 7.2. As analogous to double integrals, we will not commit a mistake by using

the theorem above, despite some of its assumptions (non-zero Jacobian, simplicity of &
etc.) are not met in some set of zero measure (in R3).
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7.1 Cylindrical coordinates

Now, we will speak about specific substitution

T =71Ccost,
y =rsint,
2=2*(=2),

where

r >0, te(0,2r) (ort € (-m,m)ort € (o, + 27) for @« € R) and z* € R.

z

(z,9,2)

The Jacobian of this mapping is equal to
cost —rsint 0
J(r,t,z*) =|sint rcost 0 =T(COS2t+Sin2t)=T.
0 0 1

Remark 7.3. We typically use this kind of substitution in cases, when the ground projec-
tion of the integration domain €2 contains parts of circle. Suitability of this method also
depends on the integrated function f, of course, which is necessary thing to be considered

in any case, regardless the specific substitution method.
Exercise 7.4. Calculate the integral I = [[[, (x* +y*) z dzdy dz, where
Q={(z,y,2) eR%: 22 +y> <1 A 220" +y*+27 <4},

Solution:

The set € is cylinder "trimmed” from above by sphere.

45



we obtain constraint

thus, according to Theorem [7.1] it holds that
I:—//f (r4cos4t+r4sin4t)z-rdrdtdz,
Mrtz

MrtZ:{(r,t,z)eR?’: OS?“Sl/\OStSQW/\OSZS\/4—7“2}.

where
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Now, using Theorems and , we obtain
1 27 VAa-r2
[:[ (/ ([ (r4cos4t+r4sin4t)z-rdz) dt) dr =
0 0 0
27 1 Va-r2 27
= f (Cos4t+sin4t) dt-/ (r5 (f zdz)) = / (cos4t+sin4t) dt-
0 0 0 0

z=Vd-r2 27 4 1 1
)2‘/0 (Cos4t+sin t) dt-§/(; (47“5—7"7):

S L

o 179276 8l o 1 13
:[ (cos4t+sin4t) dt-—[i—r—] zf (cos4t+sin4t) dt - - — =
0 21 3 8 1o 0 2 24
13 27 13 2
= B (cos4t+ sin? t) dt = 38 ((COSQt+ sin? t)2 — 2sin?t cos? t) dt =
1 2 1 1 2m 1- 4t
B3 (1——sin22t)dt:—3 (1—&)@:
48 Jo 2 48 Jo 4
13 27 (3 cos4t 1373 sindt]*™ 13 3 13
=— -+ dt=—|-t+ =— .- 2T= —7.
48 Jo 4 4 48 [ 4 16 1o 48 4 32

Remark 7.5. Try to think over the fact, that using substitution to cylindrical coordinates
and Fubini theorem gives the same result as using Fubini theorem and substitution to

polar coordinates afterwards.

7.2 Spherical coordinates

Let us consider the following mapping:
X = pCospcos,
y = psinpcosv,
z = psind,

where

v

p >0 ¢ e (0,2r) (orp e (-mm)ory € (a,a+2m) fora € R), ¥ e (-5,5).

47



(z,y,2)

Now, let us determine the Jacobian of this mapping by direct calculation (e.g. by last

row expansion). We obtain

cospcost —psinpcost —pcospsind
J(p,p,V) = |sinpcost) pcospcost) —psinpsind|=
sin v 0 pcost

=sin v (p2 sinJ cos 19) + pcost (p cos? 19) = p?cos? (sin2 ¥ + cos? 19) = p?cos V.
Remark 7.6. We typically use this kind of substitution in cases, where the boundary of
the integration domain {2 contains parts of spheres.
Exercise 7.7. For a >0 calculate the integral I, = ffﬂa (22 +y? + 22) dedydz, where
Q= {(z,9,2) eR®:  2?+y?+ 22 <2az A 2% +y* < 327},

Solution:
The condition z? + y? + 22 < 2az can be equivalently rewritten as 22 + y? + (2 — a)? < 2.

Hence, the set €, is intersection of a ball (with center at (0,0, a) and radius a) and a cone

(see Figure below).
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Let us apply spherical coordinates
X = pCospcos,
y = psinpcos v,
z = psind.
Once again, we should realize that
p>0, ¢e(0,2r) and Ve(-F,7).
Applying the transformation relations to conditions
22+ +22<2az and 2% +y? <327

we obtain

p% < 2apsin® A p?cos? < 3p?sin? 0,

resulting in (p > 0)

p<2asind A cos?d < 3sin? 9.

The first inequality gives us ¢ € (0, 5), while the second yields cos® < V3sind. All in all,
we have
pe(0,2m), Ve(%, %), pe(0,2asind).

From Theorems [7.1] and it follows that

2m 3 2asind z p5 2asind
Ia:/ (/ (f 0% p*cos dp) dq?) dcp:27rf cosﬂ[—] dy =
0 z 0 us 5 =0

6 6

substitution
9 z iny = 2 1
il * cos®-25-a°-sin® Y dof = St Y :—W-32a5/ u® du =
5 Jz cosv dv = du 5 1
ehgel

64 5[u6]1 64 a5(1 1 1):21 .

-— = —ma’ .
10




7.3 Generalized spherical coordinates

Let a,b,c >0 be given numbers. Let us consider the mapping
X = apcos g cos v,
y = bpsiny cos v,

z = cpsind,

p >0, ¢ € (0,2r) (orp € (-m,m)ory € (a,a+2m) fora € R), ¥ € (-5,5).

We can obtain the Jacobian of this mapping in analogous manner to ”classic” spherical
coordinates and we obtain
J(p,p,9) = abc- p* cos 1.

Remark 7.8. We typically use this kind of substitution if the integration domain {2 has
shape of an ellipsoid.

Exercise 7.9. Calculate the integral I = [[f,z dvdydz, where

2 2
Qz{(x,y,z)eRB: %+%+22£2z}.

Solution:

o 2 2 . . 2 2
The condition %+ % + 2% < 2z can be equivalently rewritten as -+ %+ (2 -1)? < 1. Hence

it follows that €2 is an ellipsoid with center at (0,0,1) with semi-axes 2, 3 and 1.
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Let us use the generalized spherical coordinates:
x =2pcospcost,
y = 3psinycosv,
z = psind.

The Jacobian of this mapping is clearly J = 6p? cos®. Applying substitution relations into
£E2
4
given by constraints

condition - + % + 22 < 2z yields p? < 2psin®. One can easily realize that ellipsoid 2 is

0 e(0,2m), ¥e(0,5), pe(0,2sind).

1:[// psinﬁ'|J|dpdg0d19=[/ 6% sin 9 cos 9 dpdip d,
M M

M:{(p,go,ﬁ)eRB: OSQOSQWAOSﬁSgAOSpSQSinﬁ}.

Thus

where

Thus, according to Theorems [6.8] and [2.16, we have

™

27 Z 2sind
I:f (/ (f 6, sin® cos ¥ dpdﬁ)) dy =
0 0 0

substitution
T 4 92sind ™ . ,19 —
=27Tf28in1960819|:6i:| d19=37rf216sin51900579 dd = St Y =
0 4 -0 0 cost dv = du
0-0,5~1

1 w1t 1
~asr [ u5du:487r[—] 487> = 8.
0 6 0 6 —
Other way to calculate this integral is to use ”shifted” generalized spherical coordinates
x =2pcospcost,
y = 3psinp cos v,

z=1+psind.
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Once again, the Jacobian of this mapping is J = 6p? cos® and by applying the substitution
relations to condition §+%+z2 < 2z, which is equivalent with inequality 211—24#%2+(z—1)2 <1,
we obtain p? <1, i.e. 0<p< 1. Hence (in manner similar to the first way of calculation)

we obtain
szf/(1+psim9).|J| dpd@dﬁ:ﬂ (1 + psin®) - 652 cosd dpdpd,
N N

where
T

N={(p,<pﬂ9)€R3: OS(P§27T/\—gST9£§/\O§p£1}.

According to Theorems and [2.16], the integral I satisfies

1 2 z
]=f (/ ([2(1+psin19)-6p200519) d(p) dp=
0o \Jo -z

1 3
= 27?[ ([ (6p* cos V) + 6p° sinz?cosﬁ)) dp =
0 —

s
2

zzﬁfol([

1
=27 f [6p2 sin — ;pS oS 219]
0

Wl

(6p% cos ) + 3p? sin 219)) dp =

jus
2

us
2

1 p3 1
dp:27Tf ]_2p2dp:247'{'|:—:| =
9=-Z 0 3 lo

Exercise 7.10. Calculate following integrals using suitable substitution:

1. Mdedydz, where M = {(z,y,2) e R3: z>\/22+y? A 2 <1},
M

2. ,//[ 2 drdydz,  where M = {(z,y,2) eR3: 22+ y2<2<2-a2-y2);
M

3. ff[ a2 +y? dedydz, where
M

M={(x,y,2) eR3: 22+3y2<9Ay>0A0<2<2};
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B

v

D

=

S

/] (22 +y?) dvdydz, where M = {(z,y,2) eR3: 22 +92 <22 A 2<2};
M

.[[/zdxdydz, where
M

M={(z,y,2) eR3: x>0 A /2?2 +y?-1<z<1—/2? +32};

. ,/ff (22 +y?) dodydz, where
M

M={(r,y,2) e R3: 22 +y2+22<1 A 2?2 +y?+22<2z2};

[[[ xy dedydz, where
M

M={(z,y,2) eR3: 22+92+22<1Ax20Ay>0A220};

f/]\/x2+y2+z2 drdydz, where
M

M={(z,y,2) eR3: 0<x<yAnz>20nz?+y?2+22<1};

Q.ﬂ 1 dedydz, whereM:{(a:,y,z)eR3:3:2+y2+z2s4/\22\/372+92};
M

10 ]I/ dedydz, U}he?”e M:{(x’y’z) €R3: x2+y2+22g4 A ZZ\/W}
M

Results:
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8 Some Applications of Triple Integrals

8.1 Volume of a body

Let M c R3 be measurable set. Then we can define the volume of the body M as

A(M) = ffM1 dz dy dz.

Exercise 8.1. Calculate the volume of body M c R? constrained by surfaces

Solution:

Our body M is part of an elliptical cone.




Its intersection with plane z = zy, where 0 < 2y < 2, is set

3. x2 y2 2 . .
(z,y,20) eR”: T+3 <(20-2) (i.e. ellipse).

It is not hard to realize that volume of M satisfies (see Theorem

A(M):ﬂMl dxdydz:/;(fﬁjzldxdy) dz,

where

To calculate the inner integral [, ., 1 dzdy we can use generalized polar coordinates
T =V3-rcost,
Y= V2 rsint.

The Jacobian is clearly J = /6 - 7. Furthermore, the set M, (for z € (0,2)) can be, using

these coordinates, described by inequalities
0<t<2r, 0<r<2-z.

This and Theorems [3.1] and give us that

/\(M):/[Mldxdydz:fOQ(szldxdy)dz:
:[02([0%([02Zr\/6d7") dt) dzzQW‘/OZ[\/gT—;]j:dZZ
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Remark 8.2. The previous example could also be solved in other way. For suitable a, b,

we could use so called generalized cylindrical coordinates, i.e.

T =arcost,
y = brsint,
z=2"(=2),

where

r >0, te(0,2n) (ort e (-m,m)ort € (o, + 27) for @« € R) and z* € R.
Jacobian of this mapping satisfies

acost —arsint 0
J(r,t,2*) = |bsint brcost 0 zab-r(0052t+sin2t)=ab-r.

0 0 1

Exercise 8.3. Try solving Fxercise with generalized cylindrical coordinates (see Re-

mark .

Exercise 8.4. Calculate the volume of body M bounded by surface (torus)

(\/x2+y2—a)2+z2:b2 (0<b<a).

Solution:

We already know that the volume of M can be calculated as A(M) = [[f,, 1 dedydz. If

we cut M by plane z = 0 we obtain annulus as can bee seen in the Figure below:
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a+b

a—>b

4
NV

Thus, the most suitable choice for evaluating A\(M) seems to be using cylindrical coordi-

nates in respective integral:

T =7cost,
Yy =rsint,
zZ=2.

The Jacobian of this mapping is JJ = r. The body M can be now described by conditions
(think it through!)

te(0,2r), re{a-ba+b), ze(—\/b2—(r—a)27\/b2—(r—a)2>.
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Thus (according to Theorems [2.16], a the volume of M satisfies

27 a+b Vb2=(r-a)?
/\(M):ff 1dxdydz=[ (f ( . )Zrdz)dr)dt:
M 0 a—b —\/b%2—(r-a

substitution
a+b r-a=u b
:271"2'/ r/b? - (r—a)?dr= dr = du :47/ (u+a)Vb?—u? du=
a-b e b
a+b—b

b b b
:47Tf uV b? — u? du+47ra[ Vb2 —-u? du=87ra/ Vb2 —u2du =
b ———— —b ~———— 0

odd for u even for u
substitution
u=>bsins 3 122 s 2
= =8ma b? — b?sin” sbcos s ds = 8mwab cos” s ds =
du =bcoss ds 0 0
00,0~ 7%

31 2 1
=87rab2f2wds=87rab2 =.I
0 2 2 2

+

—
=.
=
[\
V2)

Other way to calculate the volume of our body M is given by so called Guldinus rule (also

known as Pappus’s centroid theorem):

”Given profile of area P mowves such that its plane stays perpendicular to space curve,
which its centroid curves along. Then the volume of resulting body is P- D, D 1is length
of the scope, traveled by profile P.”

According to Guldinus rule it holds

A(M) =P-D = (rb?)- (2ma) = 2r%ab* .
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8.2 Applications in Mechanics

Let the body M be closed measurable set in R3 let its volume density be represented by

a continuous non-negative function h

T m(U((x,y,2),6) n M)
(h(x,y,Z) - }E& )\(U((x,y,z),é) ﬂ]\/[) :

Then the following formulae hold:

m(M) = [[/Mh(x,y,z) dzdydz.

e Static moments of the body M with respect to coordinate planes zy, yz, xrz, respec-

e Mass of the body M:

tively:

Sxy(M)zvff[Mzh(x,y,z) drdydz, SyZ(M):%xh(x,y,z) drdydz,

Se(M) = [[[ yh(a.y.2) dadyaz.

e Coordinates of the centroid 7' of the body M:

m(M) " m(M) " m(M) |

o0 - (
e Moments of inertia of the body M with respect to axes x,y, z, respectively:

Lon = [[f @+ h,y.2) ardydz,
IL,(M) = [[/J;I(:UQ +2%) h(w,y, 2) dedydz,

L(M) = [‘/M(:zc2 +y?) h(z,y, 2) dedydz.

Remark 8.5. The body M is called homogeneous if its volume density h is constant over
M.

Exercise 8.6. Cualculate the mass of body M,, a >0, bounded by surfaces
2=0, az=a®-2°-9%

considering that its volume density h is defined as h(x,y,z) = 23.
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Solution:

The body M, is bounded by plane z = 0 and paraboloid az = a? — 22 — 3.

The mass of M, satisfies

m(M,) = [//Ma 23 dzdydz.

Moreover, the last integral can be calculated using e.g. cylindrical coordinates

T =71CcoSt,
y =rsint,
zZ=2z.

Jacobian of this mapping is J =r. The body M, can now be described by conditions
te(0,2w), re(0,a), ze <O,a— %)

Thus it follows that

m(Ma):%az3 dxdydz:v/;%(‘/;a(foa_fz?’r dz) dr) dt =

substitution

Ta [u5 ]a wab
0 20
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Exercise 8.7. For R > 0 calculate the coordinates of centroid Tr of homogeneous half-ball
Qr={(z,y,2) eR%: 22 +y*+22<R? A 2>0}.

Solution:

It is obvious that

where (considering volume density k > 0)
Sxy(QR)szf z-k drdydz, m(Qg) =ﬂ k dxdydz.
Qr Qr
To simplify calculation of these two integrals we use substitution to spherical coordinates

X = pCcosycost,
y = psinpcosv,

z = psind.

Jacobian of this mapping is J = p? cos?). In these coordinates, we can describe Qx rather
easily:
pe(0,2m), Ve(0,%), pe(0,R).

Thus it holds that

2 5 R
Sey(QR) = kf (/ ([ psind - p? cos v dp) d19) dy =
0 0 0

. 297% 47R 4 4
:k%.lsm 19] [P_] _pog.. L BY_kmR
2 |, L4l 2
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and
3R 3 3
p] jpeome1. B 2ATR
0 3 3

m(QR)=k'/02W(-/Og(fOszcosv9 dp) d19) dy =

:k~27r-[sin19]§-[3

We actually did not have to calculate the last integral, since in our case it holds m(Qg) =
k-A(Qg). Furthermore, let us realize that (2 is a half-ball, so we can evaluate its measure

(volume) without necessarily using integrals:
1 4 2

MQg) == -7R}=-71R>.

(Or) =5 gmlt =3

So in the end, the coordinates of centroid of our half-ball satisfy

knRY 3
Tr=10,0, 5% | = (0,0,gR).

3

Exercise 8.8. Calculate the moment of inertia with respect to azis z of the body M

bounded by torus
2
(\/:c2+y2—a) +22=0* (0<b<a),
considering that its volume density is equal to 1 everywhere.
We have already met torus in Exercise Just for the sake of assurance, let us

remind what the body M looks like (see Figures below).

afbwa+b y

The cut of M by plane z =0 can be seen below.
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a\—b
/

dh

It holds that

IZ(M):/Z/M(xQﬂ?/Z)‘ldxdydz:M(x2+y2) dzdyd-z.

To simplify our calculations, let us use transformation into cylindrical coordinates (see

Exercise [8.4)). Then

]z(M) _ '/027r (/aa+b( \/b2—(7“—a)2'T2 . dZ) dr) e

N W o >
substitution
a+b r-a=u b
:27r-2‘v[a_b r3\/b2 - (r—a)?dr= dr = du :47T]:b(u+a)3\/Wdu:
a—b— -b
a+b—>

~

odd in u even in u odd in u even in u

b
=47 (/ (u3\/ b2 — u2 + 3ula Vb2 — u2 + 3ua* Vb2 - u2 + a*Vb? - u2) du) =

substitution

u=bsins

b
=87r/ (3u2a\/b2—u2+a3\/b2—u2) du = =
0

du =bcoss ds

00,07
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us

= 87r[§ (3ab2sin23-bcoss+a3-bcoss) -bcossds =
0

us
2 .
=87 f 3ab*sin? s cos? s +a*b? cos? s | ds =
0

—_—
isin22s
=87r/g(3ab4~1_COS48+a3b2~1+COS28)d3=
0 8 2
1 1 2ab?
=87r(3ab4~§-g+0+a362~§-g+0)= o (30 4a?)
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