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EXERCISE 1.
Find the real and imaginary part of the complex number

a) z=(1+1)(3—2i);

Lti .

¢) z=15;

b) z= 2, d) z=2i— 5%,
Solution:
a) 2= (3+2)+14 Rez=5, Imz=1.

_2-3i __ (2-30)(3—4i) __ 6—12—9i—8i. _ 6 17
b) z= 374~ 9+16 5 s Rez=—g5 Imz = —op.
c) Z:%:%:&;_l; Rez =0, Imz = 1.

d) 2=2i— 228 =2/ - H4 = _1; Rez =1, Imz = 0.
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EXERCISE 2.
Write the given complex number in the trigonometric form

a) z=—1+3i;

b) z=1;

¢) z=-8;

Solution:

a)

b) z=1i=cos§ +isin
c) z=

d) z=—1—+/3i;

e) z:%;
f) z=3=.

_|_ _|—
COs & « (2 (0%
2 ’ ’ 2

2 2m 2

3 3 3 3

2
z:—1+\/§i:\/1+3(cosj+isinl) :2(cos—+isin—7r).

us

2

— 8 =8(cosm +isinm).




-1 /Y

«
A,_\/gi
. V3 T n 4
sina = —, a=— =T+a=-m;
2 ) 37 (p 3 )
4 4 2 2
z_:—l—\/gi:2(cos§7r+isin§7r> :2(005 (—%)—H’sin (—%))
o4 (2490)(3+20) ,
e) z =34 = 9)-(‘r4 )_%‘{'1_732’

13

o
4
13
1 V65 5 7
2| = =V16+49 = —— tanp = 13 = - © = arctan —;
13 13 3 4 4

_ V8 tan© ) 4 is tan ©
z = 13 COS | arc an4 781 | arc an4 .

—3 3—1)(2—1 —54
f)Z_3—_( )5( ):555:1

_7;7




EXERCISE 3.
Prove the de Moivre’s theorem

(Vn e N) (Vo €R) : (cosp+ising)" = cos(ng) + isin(ne)

using mathematical induction.

Solution:

1) We start by checking that the formula holds for n = 1:

(cos @ +isinp)! = cos (1-p) +isin(1-¢p).

2) Now we prove the implication (cosp + isin @)™ = cos(np) + isin(ny) =
= (cos p + ising)"! = cos((n + 1)) + isin((n + 1)¢):

(cos ¢ + isin )"t o (cos (ny) + isin (ny)) (cos g + isin ) =

= (cos(ny) cos p — sin(ny) sin ) + i (sin(ng) cos ¢ + cos(ny) sin ¢) ,
and now it suffices to apply the known “trigonometric identities”:

cos(ny) cos p — sin(ny) sin ¢ = cos(ny + ¢) = cos((n + 1)yp),
sin(ney) cos ¢ + cos(ny) sin g = sin(ny + @) = sin((n + 1)p).

EXERCISE 4.
Let ¢ € R. Express sin(4¢) and cos(4¢) using sin ¢ and cos ¢.

Solution:

cos(4p) + isin(4p) = (cosp +isinp)! =
= (cos® p + 2isin p cos p — sin® ) S
= cos'¢ —4sin? ¢ cos? p + sin? p +
+ 4isin ¢ cos® ¢ — 2 cos? psin? ¢ — 4isin® p cos p =
= cos’ p — 6sin? pcos® p +sint p + i (4 sin ¢ cos® ¢ — 4 sin® p cos gp) ,

and therefore (it is enough to compare the real and imaginary parts)

cos(4p) = cos ¢ — 6sin? @ cos? ¢ + sin® ¢,

sin(4¢p) = 4sin ¢ cos® ¢ — 4sin® ¢ cos .




EXERCISE 5.

24
. o 1=
Find Rez and Im z for z = <1+\/§i> .

Solution:

V3it 14++/3i

L—i _ V2(cos(=F) +isin(=F)) 1 (cos (-5 - %) +isin (—Lr)) ,

1—1—\/52'_ 2(Cos§+isin§) 2 4 3 12
1 24 - T _ 24 -7 1
Z:ﬁ cos | — D +esin | — D :ﬁ’
1
Rez—ﬁ, Imz=

EXERCISE 6.
Find Arg z and arg z for

a) z = (\/§+z’)126;
b) 2= (1+i)";
¢) z=—1—5i.
Solution:

a) 2= (V3+)'® = (2cos § +isinF))"™" = 2120 (cos(217) + i sin(217)) = —2';

Argz ={m+2kn: k€ Z}, argz =.

137 137

2" (cos (1372) +isin (137%)) = 2% (cos T +isin T);

b) z

Argz:{ + 2km: kEZ}, arg z = —.

N
N




tana = %

, a = arctan 9;

=5

Arg z = {—m + arctan b + 2km: k € Z}, argz = —m + arctan 5.

EXERCISE 7.

Draw in the complex plane the set

a) {z€C: Rez <1}

b) {z € C: Re(z?) =2},
c) {zeC: Im%:}i};

d) {zeC: |Imz| < 1};

e) {z€C: |z|=Rez+ 1}

f) {zeC: |z-2|=|1-2z|};

Solution:

a) {z€C: Rez <1}

h) {zeC: 1+z| <|1—z|};
i) {z€C: |24+1| =2z - 1]}
{eC: 2<|z+2—3i <4};
k) {zeC: § <arg(z+2i) < T};

1) {zeC: |z2|+Rez <1 A




{z € C: Re(z*) =2} = {z +iy: Re(s® + 2izy —y°) =2} =

:{x+iy: mQ—y2:2}:

11
yeC: 1 =— 5=
pEw Bty 4}

x2 + 12 T4

:{x+iy€(C: m 2 —1}:

=qx+iyeC: x2+y2:—4y/\x2+y27&0}:

{
={z+iyeC: 2+ (y+2)> =4} \ {0+ 0} :

d) {zeC: |Imz| <1}




{z e C: |z|:Rez—l—1}:{a:+iy:
:{a:+7;y:
:{a:+7;y:

2
_ e w1
—{:c—i—zy.x— 5 }

VTP =ai1) =
x2+y2:x2+2x+1}:
y=20+1} =

7/

-

f) {zeC: |z=2|=[1-2z]} =

:{x+z’y€<C: mﬂl—?(“iy)'}z

= {:v+iy:
= {:v+iy:
= {:v+iy:
= {x+iy:

(=2 +y" = (1-22)" +4y°} =
x2—4x—|—4+y2:1—4a:+4x2+4y2}:
32° +3y° =3} =

x2+y2:1}:

4k
N

g) {z€C: |=2|=1}={2€C: |z2-2|=|z-3|}




h) {zeC: 1+z|<|1=z]}={2€C: |z—(-1)| < |]z—1]}:

i)
{z€C: |z4+1|=2]z—-1]} =
={z+iyeC: (+1) 4+ =4((z-1)>+¢°)} =
={z+iy: 2®+20+1+y" =42" —8u+4+4y°} =

={z+iy: 32°+3y° — 10z = -3} =

=<qr+y: SL‘—§ 2%—2—E :
= B 3 y_9.

j){z€eC: 2<|z4+2-3il<4}={z€C: 2<|z2—(—-2+43i)] <4}

————




k) {z eC:

ENE

<arg(z +2i) < T}

-2

{ZE(C: |Z|—|—Rez§1/\—g§argz§%}:
{:B—i—zyE(C \/$2+y2<1—93/\—§<arg(x+zy) Z}
{x+z’y€@: 22 2 < (1 —2)?

m , 7r
N ——= <arg(z+iy) < Z}

ANl —x2>0A

\)

7r
{ +iy e C: <1—2:1;/\—§<arg(a:+zy) 4}

>

N[~

V

EXERCISE 8.

Let 21,29 € C\ {0}. Prove the following implications
€ Argz
a) 22 c Argz;} = 1+ P2 € Arg (2122);

b) p1 € Arg 2,

= e Arg 2
— T — .
0y € Arg 2 P1— P2 g oy

Solution:

a) 21 - 29 = |21] - |22] - (cos 1 4+ isiny) - (cos g + isin pg) =
= |21 - |22] - (cos(p1 + @2) + isin(p1 + ¢2)) .

9



b) 21 |z| cosg +ising;

21

Z9

Zo |29 " cos Yo + i sin o

(cos 1 +isiny) - (cos pg — isinpy) =

22

- (cos(p1 — p2) +isin(pr — pa)) .

EXERCISE 9.
Decide if the given limit exists, and if it does, compute it

a) lim(3 — 44)"; ¢) lim (1—\;%’ n;
N\ 6n
b) Tim ((—1)" + £); ) tim (1=52) "

Solution:

a) lim(3 — 4i)" = oo, because |(3 — 4i)"| = (v/9+16)" = 5" — oo.

b) lim ((—1)” + 1) does not exist, because
n

=:izn

i i
="+ —=14+——>1
2 (=1) +2n +2n

and at the same time

" :_12n+1 L:_l
Zni1 = (1) +2n—|—1 Jr2n~|—1

14+4\"
¢) lim (W) does not exist, beacause
———

=iz

(con g i) = cos (n) - sin ()
= — in—) = — in(n-—
Zn cos 7+ 1sin cos \ny tsin | n— |,

and so
28n — 1A 28n+2 — 1.

N\ 6n
d) lim (1’\/37’) = 1, because

(15) = () m ()"

= cos(—2mn) + isin(—27n) — 1.

10



EXERCISE 10.
Let (z,) be a sequence of complex numbers, » € R and ¢ € R. Proof the following
propositions:

a) z, = 0 & + = oo;

lzn| — 7

b) } = z, = r(cosp+ising);

argz, — @

and show that the implication in the proposition b) cannot be reversed.

Solution:

a) It is enough to rewrite both sides of the equivalence using the definition of the limit.

o Left side:
Zn — 0

)
(Ve >0) (Ing e N) (Vn e N, n>ng): 2, € U(0,¢)

0

(Ve >0)(3np e N) (Vn e N, n>ng): |2,] <e¢;

e Right side:

i
|}
(Ve > 0) (Inp € N) (¥n €N, n > ng): Z—lnéU(oo,s)
(i
(Ve > 0) (Iny € N) (¥n € N, 1> np): (i >§\/i:oo)

0

(Ve >0)(3ng e N) (Vn e N, n>ng): (¢ > |2z, V2, =0)

0

(Ve >0) (Inp e N) (Vn e N, n>ng): |z,| <e.

11



b) From the assumtions it follows that for all sufficienlty large n we have that
Zp = |2p| (cos (arg z,,) + i sin (arg z,)) ,

and the claim follows directly from the continuity of cosine and sine and the theorem of
the limit of a product.
As a counterexample disproving the reverse inequality we can use the sequence

Zn 1= 008 (w + (_1)n) +isin <7T i (—1)”>

n n

and the choice

r=1, ¢ =m.
EXERCISE 11.
Find all z € C such that
SN2
a) 2% =1; d) (59)" =2 g) 2° =1,
b) 2?2 =1 e) 2zt =—1; h) 22 = —11 + 604;
¢) 22 =24i — T, f) 22=di—1; i) 22 =3+ 4.

Solution:

a) z=|z|(cosp +ising), 1 =cos0+isin0.

2% = |z]3 (cos (3p) + isin (3¢)) = 1 (cos 0 + isin0)
)
(zP=1)AGBke€Z: 3p=0-+2km)

0

(lzl =1)A 3k €Z: ¢ =k%),

and therefore

5 5 I, ke{3l:1leZ},
z:zk:cos<k§)+isin(k§>: —%+i§, kEe{3l+1: leZ},
—1—i ke{3l+2: lez},
SO
1 3 1 3
23:1<:>z€{1, —§+i§, —§—i§}.
<1
o
1:,20
[
22 =z

12



b) z = |z|(cosp +ising), i = cos 5 +isin 7,

2% = |z|? (cos (2¢) + isin (2¢)) = cos T +isin g
)

(JzP=1)A(BkeZ: 20=75+2km),
and therefore

™

z:zk:cos<
4

—i—/mr) + ¢sin <%+k7r> =
V2

) 2+ kef2:iez},
—V2 2 ke {2041 leZ}.
20
[ ]
([ ]
21

¢) Let z = x +iy. Then

2 2
2 2 . 2 - Trr -y = -7
25 =a" 4 2izy —y© =244 7(:)< 2y = 2 &
-y = =7
@< y@/z%)@
@(952_%4 - _7)4:)
y = 2

(x4+7x2—144 = 0 )
= y = 12 ,

which holds if and only if z =2 + iy =3+ 4i or 2 = -3 — 4i.

13



d) After the change of variables
u? = 2i, that is

;_& =:u = |u| (cos ¢ + isin ) we firstly solve the equation

|[ul? (cos (2¢) + isin (2¢)) = 2 (cos (g) + isin (g)) .

The solution is

u==+v2 (cos (%) + isin (%)) = £(1 +1),

and then easily ;—r} = 1+ if and only if (z = z + iy)

r+iy—1=(1+1i)(x+iy+1), thatis
(x—1)+iy=(x—y+1)+i(x+y+1), and therefore
(x—1=x—y+1)AN(y=x+y+1), thatis
y=2ANzx=-—1,

Z_l _ .. .
77 = —1—iifand only if

and similarily

r+iy—1=—(1+1i)(x+iy+1),
(x—1=—-x+4+y—1)A(2y = —x — 1), and therefore
2 1

= Zphr=-=2.
Yy=75"* =75

—1\? 1 2
(j+1> =2 & (z:—1+2¢Vz:—5—gz').

e) |z|* (cos (4p) + isin (4p)) = cos 7 + isin 7 if and only if

Summary:

™

4

™
4
1+i —1+i —1—3i 1—¢}
V2 V2T V2 V2 )

z:zk:cos( —|—k:g>+isin< —i—kg), k € Z, that is

z4:—1<:>z€{

° .i
f) |2 (cos (3g) + isin (3p)) = V2 (C"S (%) s (%TW))

if and only if
3/ 3m

From this it easily follows that 23 =i — 1 if and only if

6 2 _, 2
z € {\/ﬁ(cos (%4—?) + isin (%%—g)) ke {0, 1, 2}}

14




2 2
8) 2 = cos (%k) + 7sin (%k) , ke{o, 1, 2, 3, 4}.

1
[ ]
L
h)
2= (r+iy? = —11+060i
)
2+ 2izy —y? = 11+ 60i
)
2 —y?=-11 A 2zy=060
)
22— — 11 A y=2
)
—11— /3721
=30 A2 = £ VI21+3600 ) — 5 - not possible,
: 2 —11+V3721  —11461 _

25
2 2 ’

and therefore
2 = —11+60i & 2z = £(5 + 6i).

i) Let 2 = x4+ dy. Then

P2 =(rx+iy)? = 3+4
T

> —y?=3 A 2ay=4
T

?—5=3 A y=2
)

_3+V9+16 _{ 325 ... not possible,
T2 |4

Y

and therefore
P =3+4iez=2(2+1).

15



EXERCISE 12.
Find and draw the set M = {% z € Q}, if

a) Q={z€C: argz=a}, a € (—m, x);

b) Q={z€C: |z—1|=1};

c) Q={z€C: Rez=1Imz};

d) Q={z+iyeC: z=1};

e) Q={z+iyeC: y=0}

Solution:

a) a€(—mm)=>M={z€C: argz = —a};

Q
/(’

v

PoY

a=1=>M=Q={2cC: argz=r7}.

N
Ve
%4

16

M

0

\<
M

N

©
A4




1
QU =
u—i—z'UG } {oc}
C| R U
u+ v B 5=

v |1 —u—dv] = Ju+iv[} U{oo} =
w: (1—u)?+0* =u’+0°} U{oo} =
I—QUZO}U{OO}:

1

v u:ﬁ}u{oo}.

M

‘ ot
[\

y)
< O | =
—_

1
M—{u+@'v: , EQ}U{OO}—
U+
, u— 1w
:{u+w: uz—i—UQEQ}U{OO}’
db “ ' s (u#0A ), we have that
and because = u u = —v), we have tha
u?+ 02 u? 4 0? 7 ’

M={u+iv: u#0Au=—v}U/{oco}.

Q

17



e) , 1
=qu+iv: — Qo U{oo} =

U+ v

. —v
:{U+ZU3 U2——|—U2:0}U{OO}:

{u+iv: v=0%#u}U{oco}.

0 | M

A
L 4
A
L 4

EXERCISE 13.
Find and draw the set M = {f(z): z € Q}, if

a) Q={2eC: |argz| < T}, f(2):= 22
b) Q={z€C: |Imz| <}, f(2):=¢€%
) Q={z€C: 0<Rez<m A Imz >0}, f(z):=¢€%

d) Q={z€C: Imz =1}, f(z):= 2%

2

18



Solution:

a)
T T
M:{ eC < — 2:—}
z | arg z| 5 3
/ 5
) 6
Q N
\ M
b) T
M= {et: fy| < 2
. m
= {e" (cos () +isin (): Iyl < 5} =
={ze€C: Rez>0}.
$mmmmm Gl mmmzmc > M
Q
1
D et T2 SRR >
2 M = {e“”iy) =e¢Y(cosz+isinz): O<z<m A y>0}=
={z€C: |2/ <1 A Imz > 0}.
4 4
. OANNE :
17 3 A RS
i : 'l\\\]\]:“
1 n 1

19



=T
N i/;\/
¢ 52 O— {’5 #
AN |
4\
EXERCISE 14.
Compute
a) sin(2 — 3i); d) Ln(=5+ 3i) a In(—5 + 3i);
b) cosi; e) Ln(—4 — /3i) a In(—4 — /3i);
¢) coshi; f) Ln(ie?).
Solution:
a)
i(2-30) _ ,—i(2-30)
in(2 — 3i) = -
sin( i) 5;
_ e®(cos (2) +isin(2)) — e ?(cos (—2) +isin(—2))
- T =
e3 —e3 i(e3 +e3) - sin2
= . 2 =
9 cos 2 + 2%
= cosh3-sin2 — (sinh 3 - cos2)i =
=9.15+4.17:.
b)
R .
o8t =—"p—— = cosh1 = 1.54.

20



e'+e"  cosl+isinl+cos(—1)+isin(—1)

0.54.

coshi = 9 = 5 =cosl =
d)
, s ) T )
—5+3i=+34(cos | = +arctan= | 4+ isin [ = + arctan - ,
2 3 2 3
and therefore
5
Ln(—54 3i) = Inv/34 + (g + arctan g) + 2kmi, k € Z;
. T )
In(—5+3i) = Inv/34 4 (5 + arctan §) :
)
3 3
—4—3i=+19 (cos (—71’ + arctan %) + 7 sin (—71’ + arctan %)) ,
and therefore
Ln(—4 — \/3@) = InV19 +i | —7 + arctan e + 2kmi, k € Z;
3
In(—4 — V3i) = InV19 + i (—7? + arctan \/T_> :
)

Ln(ie*) = In(e?) + zg + 2kmi =

EXERCISE 15.
Find all z € C, for which we have that

a) sinz = 3;
b) cosz = \/73;

¢) sinz + cosz = 2;

:2—|—gi—l—2km', kel

d) sinz — cosz = 3;

21

e) 22+2249+46i =0.



Solution:

a)
sinz =3
)
e” —e " =6i
)
e** — 6ie” —1=0
and from that we get for z =z + iy
enzemﬂwIthd;%+4:43i¢®i
)
eV (cosz +isinz) = (34 V)i
)
aﬂ:3i¢§A(x=g+amgkeZ)
)
z:g+2m=4mBiV®,k€Z
b)
cosz = e = E
2 2
)
2% _ /361 4 1 =0
)
e = eTtWI — 7Y (cosz +isinz) = w

=4

™

=1 A (a:::i:g—l—%?r, kEZ)

0

z=i%+2hykez

22



=2
% 2
T
ezz e—iz + Z'eiz + ie—zz — 42
(i
e?*(1414) —4ie” + (i —1) =0
(i
o MEN/16—40+40)(i—1) 4itV2
B 2(1 + 1) 201 44)
C2+V2)i (2+V2)(1+14)
140 2 ’
and from that
2+ v2)(1+1 2+ /2)V/2
iz — Lo 2E V2 +Z)=lnﬂ+iz+2kzm‘,kez,
2 2 4
z:§+2k7r—iln(\/§:|:1),kez.
eiz — e el® + efiz
— =3
24 2
T
ezz_eiz_zezz_ie 22262
7
e**(1 — i) — 6ie” — (14+1i) =0
7
n 6ik/=36+4(1—0)(1+4i)  (6x£2V7)i
N 2(1 — 1) o201 —4)
3++/7 .
= \/_-(—1—1—2),

2

and therefore

+ +
iz=1Ln (3 2\/7(—1 +Z)> =In (3 2ﬁ : \/§> —1—2'2%—1— 2kmi, k € Z,

3 3+7
= r42%kr—iln| =—=— |, keZ.
ya 47‘(‘ s zn( \/5>

23



24+ /1— 49+ 60)
Zz = —
2

=—1+1-(9+6i)=—1+vV—8—6i=

[ —2+3i,
- — 34,

because

3 3
V—8—061 = \/10 (cos (7r + arctan Z) + 7 sin (7r + arctan Z_l)) =

1 3 1 3
= +v10- (cos (z + — arctan Z) + 2sin (g + 3 arctan Zl))

2 2
= +(—1+ 30).
EXERCISE 16.
Compute
20 1=\ —1)V3

) 2 0 ()" &) (1)
b) (—2)V% d) ii; £) (—/3i +1)7%.
Solution:
a) 2' = exp(iLn2) =

= exp(i(In2 + 2kmi)) = exp(—2km +iln2) =

= ¢ 2 (cos (In2) +isin (In2)), k € Z.
b) (—2)Y2 = exp (\/5Ln(—2)) = exp <\/§(1n2 + i + 2k7rz')> =

= 2V? <cos ((Qk + 1)7r\/§> + i sin ((Qk: + 1)7r\/§>> , ke

c) CL)MZ@@ <(1”)Ln<1x/_§i)) B

= exp ((1 +i)(Inl — z% + 2k7m')> = exp (% — 2km + (2km — —

™ ™ 2 2
= ei kT (cos% — isin Z) = i 2T <£ — Z£> =

4

4 2 2

24



d) i1 — ealmi _ 3 (Fit2km) _
3 3 3 3
= cos (éTF + §k7r> + isin (gﬂ' + §k7r> , k€{0,1,2,3}.
e) (_1)\/3 _ e\/??Ln(q) _ e\/g(rriJerm') _

= Cos <\/§7r + 2k;7r\/§) + 2 sin <\/§7r + 2k;7r\/§> , keZ.

) (—V3i+1)73 = [2 <cos (—%) + isin <—g>)]_3 =

1

[2 (cos (~5) +isin (=5))]”

Differently:

(_\/gl. 1 1)_3 _ 673Ln(7\/§i+1) _ 673(1n27%i+2km‘) _

1 . 1
= - (cosm+isinm) = -3

8

EXERCISE 17.
Find the real and imaginary part of the function f: C — C defined as

a) f(z) = sinz; &) f(2) = ||
b) f(2) := 22 cos 2 0) f(z) = 22%:
¢) f(z) =25 +5z—1; £) f(z):=1.
Solution:

a)

ei(a:-l—iy) _ e—i(z’—i-iy)

f(z) = floz+iy) = 5 =

e Y (cosx +isinz) —e¥ (cosz —isin)

21

= 5 sinx +1

COsSX.

Therefore

(Re f)(z,y) = coshy sinz,

(Im f)(x,y) = sinhy cosz.
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i(z+iy) —i(z+iy)
f($+iy):(x2—y2+2xyi)e +2€ —

e Y (cosx +isinz)+ e¥ (cosz —isinx)
2 Y

= (I2 — y2 + 2xyi)
and therefore

(Re f)(x,y) = (2* — y*) coshy cosx + 2xy sinhy sin x,
(Im f)(z,y) = —(2* — y*)sinh y sinz + 2zy coshy cos z.

f(x+iy) = (2% — y* + 22yi) (z + iy) + 5z +iy) — 1 =
= (2° —zy® — 2zy® + 5z — 1) +i (22°y + 2%y — y® + 5y) .
So
(Re f)(x,y) = 2° — 3zy* + 52 — 1,
(Im f)(z,y) = 32’y — y* + 5y.

o +iy) = Va2 +y? (e —iy) =
= a2 + g2 — iy /2% + 2
We computed that
(Re f)(w,y) = 2/a2 + ¢,

(Im f)(z,y) = —yv/2* + ¢

)
flx +iy) = (2% — y* + 22yi) (x — iy) =
=2° — xy® + 2xy° +i(20%y — 2%y + v°).
Therefore
(Re f)(z,y) = 2° + ay”,
(Im f) (2, y) = 2"y +y°.
f)
: x—i
flatiy) = 5
therefore
(Re f)(wp) =
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EXERCISE 18.
Decide if the function f(z) := 22 is injective on the set Q, if

a) Q={z€C: Rez > 0};
b) Q={z€C: argz € (0,%)}.
Solution:

a)

Q

Let us choose

Z1 = CoS <_§> + 7sin <—g) = 1 +1 (—?) €,

2
1 3
Z9 = COS (g) + ¢ sin (g) = 5—1—1\/7_ e Q.
Then
22 = cos—m+isin—m = —1,
Zzs = cosm+isinmt = —1,

and therefore f is not injective on ).

b)

Let

z1 = |z1] (cos (1) +isin (1))
2z = |22] (cos (p2) +isin (p2))
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where 1, ¢y € <0, %) Then

3_ .3
21 = %9

|21]? (cos (3¢1) + isin (3¢1)) = | 22| (cos (3ps) + i sin (3¢,))
)
(|z1] = |z2]) A (Bk € Z: 3p1 = 3pa + 2kTr) .
From that it follows that (we are using the assumption @1, @9 € <0, %)):
21, 22 € Q) |21] = |22]
3 3 7 _
1 = % ©1 = P2

therefore the function f is injective on (2.

= 21 = Z9,

EXERCISE 19.
Decide if the given limit exists, and if it does compute it

. . 3
a) lim Bez; e) lim Z5;
z—0 20 171

b) lim Im(z%).

. 2242(2—i)—2i
o D iy i,
c) lim Z22;
z—0 |2
<22 : Rez
4) lim g 8) limg 5P
Solution:
a) liII(l) % does not exist, because
z—
1 Re (£ +0i
0% Looa BeGEO L,
n =
and at the same time
1 Re (i1)
0#i——=0 A = =0—0.
n =

b) lin% % does not exist, because for 0 # z = x + iy we have that
z—r

Imz*> 22y [ 1, x=y+0,
2 7 x2+y?

0, x-y=0, 22+ y*#0.
Vo
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¢) lim 2Im2 — 0 because
|| ’
z—0

zp Im z,, zp Im z,,

0#2z,—0 = =|Imz,| -0 =

|Zn|

|2n]

d) lim % does not exist, because for 0 # z = x 4 iy we have that

z—0
22—y 2iay [0, w=y#0,
|2|? x? 4 y? 1, y=0=%#uz.
/
¢ / 1—
e) lim 2 = 0, because
z—0 |2
3
lim |~ | = lim |z| =
z—0 |z|2 z—0
f)
2 2—1)—21 —1 2 2
T o C 2l B T €2l Gl ) N P e
z—i 2241 z—i (z—z)(z—{—@) z—=i 2+ 1
. T+ 241y
= lim ———— =
atiy—i x +i(y + 1)
— hm r(r+2)+y(y+1)
@y)=01) 2+ (y+1)?
— 2 1
+4¢  lim -+ +1) =
@y)-01) 2+ (y 4 1)2
1-2 n —2-2 1
=— 41 =——1i.
22 4 2
Alternatively we can use the continuity of the function f(z) := z—ﬁ at the point ¢:
.24+ 2 2447 1
lim - =—— = — — 1.
z—i 2+ 1 21 2
g)

. Re z i x
im = lm —F=
=0 14 |2]  (@y)—=00) 14 /22 + ¢2

I
o

— o
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EXERCISE 20.
Draw the set () := {p(t): t € Dy}, if

2) plt) == 1—it, Dy = (0,2);

b) ¢(t) ==t —it*, Do =(—1,2);
¢) o(t):=14e" Dy =(0,27);
d) o(t) :=e* —1, Dp = (0,27);
Solution:

b) o(t) .=t —it?, Dy = (—1,2).

1<¢>
—QZ 1

¢) p(t) =1+ Dp=/(0,2r).

—47+

“2xaround”

!
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EXERCISE 21.
Find a parametrization of the set Q (i.e. find a curve ¢ such that (p) = Q), if

a) Q={ze€C: |z—2+3i| =2};

b) € is a line segment with the endpoints a,b € C, a # b;
¢c) Q={2€C: Rez=2Imz};

d) Q={z€C: Re(l) =2}

Solution:

a) Q={z€C: |z—2+3i| =2}; ¢(t):=2—3i+2e", t €(0,2m).
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b) € is a line segment with the endpoints a,b € C, a # b; ¢(t) :=a+ (b —a)t, t € (0,1).

| \\52 = (p)
\,

) Q={2€C: Rez=21Imz}; o(t) :=t+5i, t e R.

a-{:ec Re( >:2}:

1 T
x4 y: Re(x—i—zy) :x2+y2 :2}:

{
{
{o+iyecn{o}y: 2(a* =S +y?) =0} =
{
{

z +iy € C\{0}: 2(( ;L)uy?_i) :0}:

1\ 2
\ _ 2 _ :
r+iy € C\{0}: (:E 4) +y 16}’




EXERCISE 22.
Draw the set €2, and decide if € is a domain and if it is an open set, where

a) Q={z€C: |z—i[ <1V [z+i] <1}

b) Q={z€C: [z—1 <1 A |z—-2| <2}

¢) Q={z€C: |z—1| <[z +1]}

d) Q={z€C: |z+1|>2z|};

e) Q={zeC: 1< |z| <2}

f) Q:{ZGC: |z <1 A argze(—ﬂ',ﬂ'>\{0}}§

g) ={z€C: 22| < |1+ 2%}
Solution:
a) Q={zeC: |z—1i <1V |z+i| <1}

. “
r 3
INCA SR
A ']
[N .
n ] Ld n
t+ t+
PR N
r o :
—7 T 1
s ’
A S ,

() is open, but not connected, and therefore {2 is not a domain.

b) Q={z€C: [z—-1]<1 A |z—2| <2}

P
NN
—

WO 12 4

L R

(2 is open and connected set, and therefore €2 is a domain.

c) Q={z€C: |z—-1] < |z+1]}.

Q

() is open and connected set, and therefore €2 is a domain.
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Q={zeC: |z+1| >2z|} =
={z+iy: (z+1)+y" > 4@ +¢*)} =
:{x+iy: 3x2+3y2—2x—1<0}=

2 1
. 2 2
= : ——xrx—=<0; =
{:E+zy x4y 3:13 3 }

+1 12+2<4
= T AT Xr — — — .
Y 3) 7Y Sy

=T e

ANPNENNNY
I 1
; }
_1 1 1
3 3 ‘
. 4

(2 is open and connected set, and therefore €2 is a domain.

e) Q={z€C: 1<|z| <2}

() is open and connected set, and therefore {2 is a domain.

f) Q={z€C: |z] <1 A argz € (—m,m) \ {0}}.

¢ A}
¢ Q-
] )
- o 4
)

\ 1
bY ’
N ’

N ’

() is open and connected set, and therefore €2 is a domain.
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QO={2€C: 22| <|1+ 2%} =
={z+iy: 42" +¢°) < (142> —y*)’ +42%y°} =
:{x+iy: 4x2—{—4y2<1+x4+y4+2x2—2y2—2x2y2+4x2y2}:
:{a:+iy: 0<1+I4+y4—2x2—6y2+2x2y2}:
={z+iy: (®+y* -1 —4y* >0} =
={z+iy: @+ -1+2) " +y* —1-2) >0} =

={z+iy: [+ (y+1)°-2)z"+({y—-1)>-2]>0}.

() is open, but not connected set, and therefore {2 is not a domain.

EXERCISE 23.

Find all of the points where the function f has a derivative and the points where it is
holomorphic, if

a) f(z) = Rez; e) flz) ="

b) f(z) = 2%; -

&) F(2) = 2t f) f(z):= 2%z

d) f(z) = Z[2l; g) f(z):=2+22-1
Solution:

a)

flx+iy)= = + 0 -

A S—
For every (z,y) € R? we have that

ou v
B — — 1 _ —

and because of that it follows that the function f does not have a derivative anywhere
and the function f is not holomorphic at any point.
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b)

Fo+iy) = (@ + i) = (o +il)? = % + 4. So f = u+ v, where u(z,y) = 22 + 3
and v(z,y) := 0.

ou ov

& (z,y) = (0,0),
e =2 = —Slwy) =0
ay 7y - y - ax 7y -

and at the same time the functions u and v are differentiable in R?, and therefore
f has a derivative (only) in the point 0 ant it is not holomorphic anywhere.

flz+1iy) = (x +iy)e®(cosy +isiny) =

= ze” cosy — ye” siny +i (ze” siny + ye® cosy) .

=u(z,y) =w(z,y)

Functions u and v are differentiable in R2,

au x X X 3
a—x(x,y) = e®cosy + xe® cosy — ye” siny,
8/0 X X X 3
a—y(a:,y) = xe” cosy + e” cosy — ye' siny,
and
ou
a—(x, y) = —ze®siny — e” siny — ye” cosy,
Y
v T T T
—%(x,y) = — (e"siny + xze” siny + ye cosy) .
So % = g—; and g—z = _g_:; in R?, and therefore f is holomorphic everywhere in C and

f'(z) exists at every z € C.

(f’(z) = fl(z +iy) = (% + ig—Z) (T,y) ==& + zez.)

flatiy) = (@ —iy)vVa* +y* = ava® +y> +i (—yv/a” + y°).

—u(z,y) =w(z,y)

From this it follows that for every (z,y) € R*\ {(0,0)} we have that

ou x?
_ , — 2 + 2 S —
Tl = VR

ov y?
—(z,y) = /22 +y? — —— <0,
ay( y)=—Vr*+y Ea

and therefore: if z # 0, then f'(z) does not exist.

> 0,
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It remains to prove or disprove the existence of the derivative at the point O:

N O R () N
SO =t === =l — = =

, |z| (cos(arg z) — isin(arg 2)) - | 2|
= 11Im =
z—=0  |z| (cos (arg z) + isin (arg z))

= lir% [|z] - (cos (—2arg z) 4+ isin (—2arg z))] = 0,
z—>

because Vz # 0: |cos(—2argz) + isin(—2argz)| = 1.

Summary: the function f has a derivative only at the point 0, and therefore f is not
holomorphic at any point.

fla+iy) = — rle—iy) o +z’< &>

T+iy 22 +y° 2 4+ y? Y
=u(z,y) =w(z,y)

For every (z,y) € R*\ {(0,0)} we have that

@(x y) = 2z(a® +y°) — 2’20 2xy?

or’ (2% + y?)? (22 +y?)?

D y) = —r(a® ) tay2y a2’ 4y’

By (22 + y2)? (@2 + y2)2

au( ) —2%2y

—(x _ <

oy T @y

@(x y) = —y@® +y°) fay2e 2Py —y

o\ (22 + 42)2 (22 + y2)2’

and therefore the derivative can exist only in the points x + iy where

< 2ry?  a(—a? +y2)) R ( 2%y y(a® —y2)) |

(a:2+y2)2 - ($2+y2)2 (x2+y2)2 - (x2+y2)2

that is

((xff;v - <x2_+$;2>2) " <<x+yy> - <x2_+y;>2> '

It is easy to observe that this system of equations has no solution.

Summary: the function f does not have a derivative at any point, and therefore it is not
holomorphic at any point.

flz+iy) = (2° — y° + 2izy) (x — iy) =
=2° — ay® + 2xy° +i(—2?y + y* + 20%y) =
=2 + 2y +i (v° + 2%y) .
—_——— ——

=wu(z,y) =w(z,y)
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The functions v and v are differentiable in R?, and for every (z,y) € R? we have that

ou ou
5 (0 y) = 327 + y7, a—y(x, y) = 2y,
ov ov
8—y(l’,y) = 3y° + 27, — o, (T y) = —2uy.

From this it follows that the derivative exists in all such points z + iy for which 222 = 22
and 4zy = 0. There is only one such point, which is z =0+ 0 = 0.

Summary: the function f has a derivative only in the point 0
ou Ov

= —(0,0) +2=(0,0) = 0), 1t 1s not holomorphic anywhere.
(0 3 0,0 3 0,0 0), it i hol hi h
x x
g)
flx+iy) =2 —y* + 2y + 22+ 2iy — 1 = 2% — y* + 20 — 1 +i 22y + 2y) .
—ulw,y) —0(z,)
For every (z,y) € R? we have that

ou ov
Sy = 2042 = Zla),
ou ov
_— — —2 = ——
o (z,) y 5, V),

and because the functions u a v are moreover differentiable in R?, we have

ou Ov

for every z = x +iy. The function f has the derivative at every point z € C and it is
holomorphic at every point z € C.

EXERCISE 24.
Determine, if the function ® is harmonic on the domain €2, where

a) ®(z,y) =2 —y> +2022, Q = C;
b) ®(z,y) = mim + 2 —y* + o —y, Q= C\{0}.
Solution:

a) Obviously ® € C>*(R?) and for every (x,y) € R? we have that

0% 0%
Ad(z,y) = @(x,y) + a_yg(xay) =2-2=0,

therefore ® is harmonic in C.
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b) ® € C*(R*\ {(0,0)}) and for every (z,y) # (0,0) we have that

Od 22+ 9% — 22

il EE L. S——— 1

5 (x,y) @ 1 7 +2x +1,
52D —2a(2? + y?)? — (=2 + y?)2(2% + y*)22
OB gy = T2y = 0+ )2 kg2
ox (2% +y?)*

0P —x2y

el = 2 9y —1

Y (z,y) (22 + 2)? y ’
2P  —2x(a? 4+ yA)? + 22y2(2? + y?)2y

o7 )

From this it follows that

—2x(x? +y?) —dw(y? — 2®)  —2x(2® +y°) + 8xy®

Ad(z,y) = (22 + ¢2)3 (22 + y2)3 =0,

and therefore ® is harmonic in C\ {0}.

EXERCISE 25.
Find (if it exists) a holomorphic function f =u+ v, f: Q — C, where

a) u(z,y) :=2* — 3zy* — 2y, Q = C;

b) u(z,y) = =z, & =C\{0}

¢) u(z,y) =32 —y* +3x+y, Q=C;

d) u(z,y) :==a2® —y* + 50 +y — iz, @ =C\{0}.
Solution:

a)

ou ov
55 (@) = 32% — 3y* = a—y(l’,y) = v(z,y) =32y — y* + p(z),

Ju ov , B

and therefore

flz+iy) = (z° — 32y* — 2y) +i(32°y — y* + 22+ ¢), cER.

(You can simplify this to f(z) = 2° +22i +ci, c € R.)
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ou 2xy ov 2zy
After the change of variables 2 + y? =t (2rdz = dt) we get
/ 2xy d dt —1 —y
_—_— Tr = —_— = _—
(22 + 12)? Y| 32 =975 72 + 2’
and therefore
viz,y) = — i ©(y).
Plugging this to the second Cauchy-Riemann condition we get
ou y? — 22 ov y? — 22 ,
R , = —— = — s = = — G, € R,
5 (& Y) YL 8y(ﬂv Y) CEYOE +¢'(y) ply) =c, c

and therefore

f(2) = fla +iy) = 5— +z’( Y +c):§+ci,c€R.

172+y2 5E2+y2
ou ou
a_x(x>y):6x+37 a_y(xay):_zy"i_la
0%*u 0*u
@(l’,iU):G, a_yg(x7y):_27

and therefore
Au(z,y) # 0 for every (z,y) v R?.

Function u is not harmonic on 2, and therefore the required function f does not exist.

ou 2xy v
el -9 ey VY
ax(x,y) T +5+ CEar iy (2,y)
NS
x
v(x, y) = ny + 5y — m -+ QO(ZL')
Furthermore
ou y? — 22 o y? — 22 /
ot SR VYIRS QA — oy
ay(x,y) y+1+ CEEE 8x(ﬂﬁ,y) Y+ CEE ¢ ()
NS
'(x) = —1.

From this we can easily obtain that v(z,y) = 2zy + by — Zig —vte ceR

The sought-after function is

. x
x2+y2)+2(2xy+5y—m—x+c), c € R,

flz+iy) = (xQ—y2+5m+y—

which is )
f(z):22+(5—i)z—1—l—ci, ceR.
z
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EXERCISE 26.
Let u(z,y) := 2® — 3zy* — 2y + 2. Find (if it exists) a holomorphic function f = u + iv,
f: C— C, where

a) f(0) =1
b) f(1)=3—1.
Solution:

Similarly to the solution to Exercise 25 a) we can find out that
f(z+iy) = (2° — 3zvy® — 2y + 2) +i(32%y — y° + 22 + ¢), where c € R.

a) The requirement
f(0)=f(0+0i) =2+ic=1

obviously cannot be satisfied by any choice of ¢ € R. The function f with the required
properties does not exist.

b) We want to satisfy the condition
f)=f1+0)=3+i2+c)=3—1,
and therefore 2 + ¢ = —1, which is ¢ = —3. So the required function exists, it is

flz+iy) = (2* — 3zy® — 2y + 2) +i(32%y — y* + 22 — 3).

EXERCISE 27.
Find (if it exists) a holomorphic function f =u+ v, f: Q — C, where

a) v(z,y) = -3zy* +2°+5, Q=C;
b) v(z,y) :=arctan ¥, Q = {z € C: Rez > 0}.

Solution:

a)

ov ou 9
a—y(m,y) = —6zy = %(m,y) = u(z,y) = =32y + ¢(y),
v ou ,
5, &Y = 3y* — 327 = a_y(l“,y) =322+ ¢'(y) = oy) =y’ +¢, ceR,

and therefore

flz +iy) = (=32%y + v + ¢) +i(=32y* + 2° +5), c€R,

which is
f(z) =c+iz’ +5i, ce R.
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T ou

: (2.1)
= — = — = —
1+2 = 22+y> Oz )

and therefore .
u(z,y) = 5 (@ +9°) + ¢(y).
Plugging this into the second C-R condition

LA S S NN R T
ox ’y71+y_ 2 224y Oy ’yiaﬁ—i—yz

2

we get
o(y)=c, ceR.

The sought function on the set €2 is

flx+iy) =In/22 4+ y>+ c+iarg(r +iy), c € R,

which is
f(z)=c+Ilnz, ceR.

EXERCISE 28.
Let Q:= {2z € C: Rez > 0}. Let v(z,y) := 1+ arctan £. Find (if it exists) a holomorphic
function f =u+iv, f: Q — C, where

a) f(3)=In3+6+
b) f(e) =1—1.

Solution:
Similarly to the Excercise 27 b) we have

flz+iy) =In x2+y2+c+i<arctang+1>, c €R.
T

fB3+0i))=In3+c+i=In3+6+i = c=6,

and therefore

flz+iy) = In/22 + 32 +6+Z<arctang+l> in Q.

VeeR: fle4+0i))=1+c+i#1—1.

The sought function f does not exist.
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EXERCISE 29.
Prove that even though the function

v(x,y) = In(z* + %)

is harmonic on (doubly connected) domain C\{0}, there does not exist a function v : R? — R,
such that f := w + v is holomorphic in C\ {0}.

Solution:
Clearly v € C>*°(R?\ {(0,0)}), and for every (x,y) € R*\ {(0,0)}:

Jv 2z

%(l‘ay) = m7

821;( ) 2(x% +y?) — 222x  2(y* — 2?)
—\ T = =

oz Y (22 + 42)? (22 + 42)2

and therefore (the partial derivatives with respects to y are analogous)

2(y° — %) | 2(z® — )
(2 +y?)? (22 +y?)?

Av(z,y) = = 0.

We’ve proven that the function v is on C\ {0} harmonic.

Let us assume, for contradiction, that there is a function u with the properties stated
above. Then for (z,y) € R? such that z + iy € Q; := {z € C: Rez > 0}, we have

_@(x )= — 20 _ Ou
o Y T T T By

(z,9),

1
and therefore (if we use the change of variables v_ t, —dy = dt)
T T

u(w,y) =/ Z—xdyZ

a2 42

2 d
= /———y2 — —2arctan 2 + o(x).
() :

Let us plug that into the second C-R condition

ov 2y Ju 2y ,
ay(‘rvy) - ]32 +y2 - 8x<x’y) - .T2 +y2 +()0 (l’)
to figure out that
u(z,y) = —2arctan Lo cp for some ¢; € R.
x

Similarly there must exist a ¢ € R, such that for every z + iy € Qy := {2 € C: Rez <0}
we have

u(z,y) = —2 arctan% + ¢o.
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At the same time the function w is continuous on R?\ {(0,0)} (at every point R?\ {(0,0)}
it must be differentiable), and therefore

wlggl_ u(z,1) = u(0,1) = mll)r(r)lJr u(z, 1).
I I
T+ Co —T 4+

From this it follows that

2 = C1 — Ca.

Analogously
lim w(z,—1) = w(0,—-1) = lim wu(x,—1),

z—0— z—0+

—T + Co T+ C

and therefore

2T = ¢y — C.

This leads us to the fact that
2r =c1 —cp = —(ca — 1) = —2m,

which is an contradiction. The sought function u does not exist.
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EXERCISE 30.
Find the rotational angle and extensibility coefficient of the function f at the point zy, where

2) J(2) = ¢, 20 = 1 - 5is

b) f(z):= 23 20 = —3 + 4i;

Solution:

a)

[f'(z0)] = le*| = |7 73] =

)

[ | —

which is the extensibility coefficient of the function f at the point z, (and % < 1 implies
that it is a contraction).

’ 1 ™ .., T 1 T
arg f'(z9) = arg | — <cos 5~ 7 sin 5) = arg - =-5
e —

which is the rotational angle of the function f at the point zj.

b) zp=5 (cos (% + arctan %) + 7sin (g + arctan %)), and therefore

3 3
f'(20) =325 =3-25 (cos (7? + 2 arctan 4_1> + isin <7r + 2 arctan Z)) :

From this we get

|f'(20)] = 75 ... extensibility coefficient of the function f at z
(75 > 1, therefore it is a dilatation),
3
arg f'(z9) = —m + 2 arctan 1 rotational angle of the function f at the point zg.
c)

gy Z—i—(z+4) =20

@ -2 (-0

-2
f'(20) = = 21,

and therefore

1< |f'(20)] =2 ... extensibility coefficient of f at zq (dilatation),

arg f'(z) = . rotational angle f at z.

s
2
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EXERCISE 31.
Determine in which points of the complex plane is the given mapping a contraction:

a) f(z):=2%
b) f(z):=In(z +4).
Solution:

a) f'(z) = 2. Therefore for z € C:

-2
0<|f'(z) <1« '—2 <le2<2P & V2<z.
z

The mapping f is a contraction in every point of the set {z eC: |z] > \/5}

NS S S

) |

SSSSSRSSS S S
SIS A

SS S S SSAS S S S S S

S S S NS S S S S
S

SIS S SANS S S S S S

S S S SSSSSS

SIS IAS S SIS
SIS
S A
SIS
Y4
PP

b) f'(z) exists in C\{z +iy: y=0 A z < —4} =: Q. For every z € Q we have that

1
/ —
el = |
0I<——<1 & 1<|z+4].
|z + 4

The mapping f is a contraction at every point of the set

{zeC: |z4+4]>1}\{x+iy: y=0 A =z < —4}.

G- == +

\\_4"1
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EXERCISE 32.

Draw the sets Q and f(Q) = {f(2):

z € Q}, where?

a) @=U(L,2), f(z) =1 2iz;
b) Q={z€C: Rez <1}, f(2):=(1+i)z+1;
) Q=U(L,2), f(z):=1
e) Q=U(1,2), f(z) = 2%;
f) Q={zeC: Rez <1}, f(z):=1;
g) Q={z€C: Rez <1}, f(2) = =Z;
i) Q={2€C: Rez<0 A Imz <0}, f(z) ::%;
j) Q={z€C: Rez>0 A Imz >0}, f(2):= :L}?
k) Q={z€C: —1<Rez<0 A Imz <0}, f(2) ::i_;i;
) @={z€C: |2 <1 A Rez<0 A Imz >0}, f(2):= 5.
Solution:
a) Q=U(1,2), f(z):=1-2iz, f(Q) =U(1—2i,4).
RoAANS N r“—.i~~“
l" Q ‘\\ y " “
k —iZ [ k
I + I _) ! —i7 :
1 1 ; v v
\~~~--— > ~~~~- _3%
122
2007 ms, ot 128
', 5 “ 1+Z ,' ‘\
— 24 foe : — w2 :
PNNEONNY
_6,l'1~-___" RRE —676

2 A hint for some of the following exercises. Realize (and prove) that:

f is conformal in the set 2 C C,
A, BCQ

47

} = f(ANB) = f(A) N f(B).



b) Q={z€C: Rez< 1}, f(2)=1+1i)z+1,

F) =14i+1=2+1i
2 +1,

f(1+14)

and therefore (think it through!) f(2) ={z € C: Rez+1Imz < 3}.

RAAES
S

o/ ANC Y,
LA =
LML T,

AL TATT
LS LA S/
T s AT T
SN A S
YIS S SIS
CLLISS IS
IIIIIIII e
TIIIIATII
LSS SIAS S
SSSSS S A S
SISLIIA N ST
SIS SN SIS
SLSISSAS SIS S
CSLSSSAS SIS
S S S SRS S S S S

—®

c) Q=U(1,2), f(z):=

5

1
1+2

F(1+2i) =

12
C NU (==, 2).

and therefore f(2)

—ln =4
2 —ho + o,
? S
+ —
’ S
] —|n aho
1 |1 |
' [}
A ’
o )
> v
»
S _e” c
SN—
S—
LT
b4 >
4 P
v »
7 1Y
4 \
¥ 1
o —, G
l¢ 1
% ’
% 7
IR /
A o ’

21z
2437

d) Q=U(1,2), f(2):

2i(1 + 24)
44+ 23

F1+2i) =

and therefore f(2) = U(0,1).
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2
2+41—-6

F(1+ 2i)

1
{zE(C: Rez<z}.

and therefore f(Q2)

|

tm = Om/= = ==

LSS s \m\\\\
SIS s ST
Sl Ny
AN A S IR 4
S Sss
SIS s s
SIS SIS S S

VAV A Y SV and

1
2

f) Q={z€C: Rez< 1}, f(z):=

11
2'2)°

e (

and therefore f(€2)
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SIS STV IS S s
SIS SN
LSS LSS S S
S S S NS S
CSSIA s S S S
H\\\\, oSS s

-~ - A
SIS
CSSLL SIS S S
Y AN AP I I
oSS
SIS
(A s e
|||||||| e
VPPV YIIY,
SN
4 7
LSS SIS S
CLSLLS T S s
S s SS
SIS
SIS SN S S
LSS S S A S S S S S

z
z—1+1’

g) Q={z€C: Rez< 1}, f(2):=

{z€C: Imz>Rez—1}.

and therefore f(£2)

~

N

ON

PN

TN

S S >
LLLALA,

7 LL AV R
SN
AV
A,
|||||||| -] = === -
SN S S s
SN S S S S S s
” 7
S S S SN =SS S s
S LS S
S SS SSSS s
S SN S S S S S s
S SN S S S S S s
LSS S SN S S S S S

z
z—

h) Q={2€C: Rez< 1}, f(2):=

and therefore f(Q2) = U(0,1).

\\\u.li
RGN
TSNS S
YOS SN ST A

\.—
_\\m/ SIS
NSNS A
O R
AL LA
|||||||| - ] = === -
SIS S
SN S S S S S
S S S S S NS S
SIS LSS S S S
SIS SRS S S S S
SIS LSS SN S S S S S
LSS SIS S S S S S
LSS S S K S S S S
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i) Q={2€C: Rez<0 A Imz <0}, f(z):=1,

01 NQy, where 1 :={2 € C: Rez <0}, Q:={2€C: Imz <0},

and thereforeze 2

S S S
S S S S S
S S S S S
S S SSS
S S S S
m\\\\\\
S S S S SN S SSSSS S S S S S
S S SN S S S S SS S S S S S
S S SN S S S S S S S S S S S
S S SN S S S S S S S
SSS S S SYSS S S S S S S S S S
e Y N s
=1 =1
S
S S S s
S S S s
S S S s
SSS S S s
SSS S S s
S S S SY S SSSSS S S S s
S S SN SS S S S S S S s
S S SN S S S S S S s
S S S S S S S S S S S s
S SN SSSSSS S S S S s
S S S S S V' S S

je

{z€C: Rez<0 A Imz > 0}.

f(Q1)N f(8e) =

f(Q)

SIS
SSLLSS
ANV
s
SIS
LSS

s 7 7 7 7 A

7
S S S s
LSS LSS s
S S,
S sS s S S s
S S S S s
S S S S S

j) ={2€C: Rez>0 A Imz >0}, f(z):=




S S
LSS S
LSS
LSS S
S S
LSS

S
S S
S S S S
S S S
S SSS
S S S

S S S S
S S s
S S s
S S S S s
S S S S s
S S S S s

‘S S S
LSS S
S S
LSS S
LSS S
LSS

LSS S

LSS S
S S S
LSS S
S S S
S S S
S S

and therefore

|zl <1 A Imz > 0}.

fQ) ={zecC

\\
\\
\\

s

LSS
S
LTSS
LSS
LSS

={zeC:

k) Q

o~

- N <
Q| R (o —

I [ e

.. — ~—
S~—
f __ ~ |

; SEy R
pp— SO B I Sy P
vV | Q,m — = ]
S | | | I I
E o= o =
— ~ ~—
< S~ S—
e}

V

N

Q
~

V
i

_

1+ 24
5

1
—1+2i
1+ 2i,

f(=1419) =

f(=1—1)

LSS SRS
SIS LLL S AT
SIS T AS S
i /7
/) s/
S —s
S SIS
IR NI
SIS S SRS S
SILSSSSSAS S S
SISSSSSSAS S
LSS LIS S S
|
SSSSSIRS S S S s
SILLLSNSS ST
SILLSSNS SIS
SILSS SIS TS
SIISI IR
SILSSSNS ST S
SLSLLSN LSS TS
Lk h Sk Lt | O
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SIS SN SSSSSRSSSS S
LSS S SSSSSSAS S S ST
LSS S SISS SIS ST S
LSS S SIS SIS S S S S
LSS S LSS SNSS S
SIS S S A NS
LSS S SIS (/7 /,
LSS S SIS SIS S
SIS S SIS ST S S ST
LSS S SSSSSSAS S SIS
LSS S SIS SSIAS S S S S
SIS SIS SRS S ST S

all

SIS
SLSST
SIS
SIS
SIS
SIS
SIS SN SIS
LSS SIS
SIS SN SS SIS
SIS S SIS
SIS SN ST
LIS s SIS

and therefore

{zeC: Imz>0 A |[z—(1+4+1i)|>1 A |z]| >1}.

f(©)

YIRS
S
YN IE

VLl il

z
z—1’

2] <1 A Rez <0 A Imz >0}, f(2):=

) Q={zeC:

Yaraldr el Anar

SIS INS SIS
SIS s
SIS S ATy s
oo N s
SIS TIINS SIS
SITIIIN SIS
LIS SIS ST
~1
7T T
SN A
SSLSLAS S
CISINS A
Y
XSS SN
/S f
'\l'l\\\\
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SIS IS S SIS
LSS S LSS
S AN, SSSSSS
LSS NEAA SIS
CLSSA T s SIS
SIS S SIS
LSS SSAN ST LSS
SIS IS SIS SSSS S
LSS SIAN S ST SIS
LSS SIANS ST SIS
CLLLIIAN S S SIS
SIS SIS
f% pfﬁ

SSSSS

LSS

SIS

SIS

S

LSS

LSS SLLLS SN
SIS SLLSS SN
SIS SLLSS IS
LSS SIS SSHS LSS S
LSS SLSLS SN ST
S Ss SIS SES ST

and therefore

z — —

1

zeC: Rez<§ Almz<0 A

ro-{

T+

N
\

IO == > =
\\\\\\\

EXERCISE 33.

Find a linear fractional function f such that

a) f(=1) =0, f(i)

2, f(1+14)=1—1i

00, f(6) =0, f(oo) = 3;

b) f(i)

Solution:

a) Let us search for the function f of the form

:OO,

for z € C,

for 2

az+b
cz+d
a
c

54

where a,b,c,d € C, ad # be.



From the given conditions we get the system of equations

—a+b
—c+d:0
ai+b
ci+d
a(l+i)+b
c(l+14)+d

Y

2
— .

From the first equation follows that @ = b. We can choose (think about why!) a =b = 1.

The remaining two equations then become

1+1 9
= 21
ci+d ’
241 1
== —Z’
c(1+14)+d

and therefore

i+1=—2c+ 2id,
24+i= 2c+d—di.

Adding these two equations we get 3 + 2¢ = d + id, and therefore

d_3+%_5—i
144 27

It remains to compute c:
: . 1 . .
2e=2+1i—d(1—1) :24—@—5(4—62) = 44,

and therefore ¢ = 21.

Conclusion:
z+1 22+ 2
2zt dits—i O
f(z) = ?
L B
2% 2 T
b) Let
b
azid for z € C,
cz
f:)=4 ¢

- for z = o0
c
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From the condition
floe) == =3

it follows that we can choose a = 3 and ¢ = 1. And the rest is easy:

_ ba+b

C6z+d
fli)=00 = ci+d=0 = d= —ci=—i.

£(6) 0 = b=—6a=—18,

Summary:
3z —18
C
=] i T
3, zZ =00
c) Let
az——i_i-z for z € C,
cz
f)=4 ¢
— for z = oc.
c
Analyzing the conditions we get
b . .
f(O):azz = we can choose b=1, d = —i,
L ai+b : : :
f@@) = ,_I_d:O = ai+b=0 = ai+1=0 = a=1i,
ci
—a+b
f(=1) = “id:—i = —a+b=—i(—c+d) = c=—1—2i
—c
and therefore
' 1
ZZ+, -, z€C,
1(2) = (=1 —2i)z —1
1 2
=————, z=o00.
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EXERCISE 34.
Find the linear function, which maps the square with the vertices 0, 1 —4, 2, 147 onto the
square with the vertices 1 +4, —1+17, —1 —1, 1 — 1.

Solution:

N
lzr—>eizz 2= z—1—1

21

V/2i

22z

Composing the functions z — €', z +— 2z and 2z — 2z — 1 — i we get

f(z) = <\/§ (ei%z)) —1—¢=

— (1+i)z—1—14,

that is

f(z)=(0+14i)(z—1).

EXERCISE 35.
Let

Q={z€C: Rez>Imz}.

Find the linear fractional function f, such that f(Q) = U(0,1).
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Solution:

'\\
I<\\ ,--\'\'~~
i AN\ LANNNNS,
AN POTINY AN
LRNANNY ~Nf(2) \\\‘\\
EA\ i N N
BAARN RN NN\ \\\i
EORARARRERARR SONNNNNNN,
AN NN SNNNNNN
HANNNNNYN O 0 SN NSV
AONNNNNNN TN e
AN
We start with finding the linear fractional function
az+b
for z € C,
= cz+d
f(z) =
a
- for z = oo,
c

such that f(0) = —1, f(1+4i) =i and f(oc0) = 1.
Then

(1IN
/

and f(Q) is either U(0,1) (then we would set f := f), or f(2) = C \U(0,1) (then we
would choose f := %)
Solving the system of equations

b
Z -
d )
a(l+i)+b .
- =1,
c(l+1)+d
a_,
c
we get
14
_ z +Z,, zeC,
flo=q=+1-1
1, zZ = 00,
and because
~ 7 -1+ 1
1‘: _ — —V5<1
1) ‘2—2’ ’ 5 5\/_ ’




we pick f:= f, that is

14

z—ﬂ for z € C,
fz) =7t

1 for z = oo.

EXERCISE 36.
Find a conformal mapping, which maps the domain

Q={ze€C: |z| <1 A Rez>0}

onto the domain
{z€C: Imz > 0}.

Solution:
~N NN NN NN NN N
NONONNNN RN NN N
NONONNNNRNN N NN N
PR T NNNNNNNNNNNNN
e NN NONNNNNRNNNNNNN
, NN\ NONONNNN RN NN N
.' SR > -
. NN 1 ’
\\ \)o
NS

Let us consider the linear fractional function f; such that f(i) = oo and f;(—4) = 0. Then
the images of the circle {z € C: |z| = 1} and the line {z € C: Rez = 0} (by f1) are clearly
lines with the intersection at 0 with the “angle” 7. We can choose for example

z4+1
-, z2€C,
, z—1
fi(z) =
1, zZ = 00.
Then
f1(0) = =1, fi(i) =00, fi(—i)=0a fi(1) =1,
SN NSNS SN
NNNNNN NNNNNNRNNNNNN
NNNNNN NAONANNNRNNNNNN
NNNNNN NANNANNRNNNNNN
NNNNNN f NNNNNNRNNNNNN
NN 1 NNNNNNRNNNNNY
NNNNNN
NNNNNN
NNNNNN
NN
NNNNNN
NN
NN
NN
e NNNNNN
4 . NNNNNN
K . NNNNNN
, ! S NN
5 1 NN
% K NNNNNN
N\ > NNNNNN
AN N NN
NNNNNN
NNNNNN
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and therefore

SNONNNNRNNNANNN
NONNNNNRINNNNNN
NONNNNNRINNNNNN
Lo KX NONNNNNRINNNNNN
’ N\, NONNNNNRINNNNNN
! NN\ NONNNNN R NNNNNN
] . E—
v Q\\l
\\\—L>>

\\\\\\\\\\\

S S S
S S S S
S S S S
S S S
S S S
S S S

Summary: one of the functions with the required properties is the function defined on €2

iz 2+ ? 2+’ PERAW
(e 24 - (20 -(2)

EXERCISE 37.
Let

Q={z€C: Rez>0 A Imz < 0}.

Find the linear fractional function f such that

f()={2z€C: |z| <1 A Rez<0}.

Solution:
<\’\: ’_‘\\\
‘l\,,\,\ \\
f SS(Q) \
AR ? SN ,
NANNNNN —L O\ /
NN "N\ )/
NN 20NN NNy .
NANNNNN ke
NANNNN
NN N NN

We firstly find the linear fractional function f* such that

fH0) =4,
f(o0) = —i,
f*(_l) = o0,
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that is the function

, z€C,
—1, Z =00
Then clearly either
IR0 S RN
',\\,\ \\
R
1 <\ \ )
AR /
NN\ ’
~\__ _-7
(then we would define f := f*), or
TR
,/ ka<S‘>£‘
; N
' NN\N\1
" NN\
\ \\>'
ARG N >>¢

(which would lead us to the definition f := —f*).
Because f*(i) = 1t =1 (the first possibility is realized), we choose

it1
g
flz)=f() =1 ~°
—1, z = 00.

EXERCISE 38.
Find the conformal mapping which maps the domain

Q={z€C: Rez>Imz> 0}
onto U(0,1).

Solution:

4

\

~~

AY

VOISR
-7~/\\
/N

L 2

SS SN S S S,
\.{)_‘4-/’,

7

SISNS S
SIS S S
IOSNS S

N
4
/

VSN S S S A
v/ /S

i
(4
v
.
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Let us firstly consider the mapping z — 2*.

S S
LSS S
S S S S
S S S S
S S S S
S S S S

S S SSS
S S S S
S S S S
S S S S
S S S S
ROV O

e

<t
N
\—/
N

WSS
S
RS
/s
IN\

<

Then we find the linear fractional function f* such that

that is

Clearly either

S
LSS S
LSS S
LSS S
S S S S
LSS S

LSS S
LSS S
LSS S S
LSS S
S S S S
ST

(in which case we would (for z € Q) define f(z) := f*(z?)), or?

S SA S S
LSS SN S
LSS SN S
LSS TS
LSS S
LS NS
L
S R A
SAAIN RAAIE
LSS T eSS
LSS SN S S S
LSS SN S S S S
LSS A S
N

*

Sy
S
LSS
LSS S
LSS S
LSS S
LSS
LSS S
LSS S
LSS
LSS
LSS
LSS

in Q).

1
f(z*)

00, the second case arose. We choose (for z € )

(then we would define f(z) :
Because f*(7)

izt + 1

1

£ ().

3For the right-hand-side image we need to imagine that co
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EXERCISE 39.

Find the images of the lines parallel to the real and imaginary axes by the mapping

f(z) := 21 (consider the lines together with the point co).

Solution:
For 0 < ¢ € R we have that

f(0) = co, f(o0) =0,

f(i) = i, flo= -
fl=i)= i flee)=—,

f1)= 1, f(ci) = —%@',
f(=1) =1, F(—ci) = %@

and therefore also

{z€C: Rez=0}U{oo} - {2z€C: Rez=0}U{oo},
{z€eC: Imz=0}U{oo} = {2€C: Imz=0}U{o0},

{zeC: Rez:c}u{oo}—>{zE(C: z——

{z€C: Imz=c}U {0} —

{z€C: ITmz=—c}U{o0} —

{ZE(C
{zeC: Rez:—c}U{oo}—>{zeC; z—i—i
{ZGC

|
QQ
o~
(@)
-0
|
o=
|
Q=
~.
:éo
Q-
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EXERCISE 40.

Find the images of the sets

M,={2z€C: argz=a}and N, ={z€C: |z| =71},

where a € (—m, ) and r € RT, by the mapping f(z) :=Inz.

Solution:

and therefore

Inz=1In|z| +iargz,

f(M,) ={2€C: Imz=a},

oY !

W

—mi+

f(Ny) ={lnr+ik: ke (—m,m}.

|

A

R 4

—Th T l

64
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EXERCISE 41.

Compute

where

Solution:
Let us choose

Then

and

and therefore

(y3) 3
m(t) = 3ie",
V5 (t) = i,
v3(t) = 1,

/]z\dz:/ ]z\dz—/ |z]dz+/ |z|dz =
2l 71 Y2 Y3

3 , 3 3
:/ 3-3ie”dt—/ tz’dt+/ tdt =
0 0 0

z 3
:9@'/ (cost +isint) dt—l—(l—i)/ tdt =
0 0

us us t2 3
= 9i[sint]§ + 9[cost]g + (1 —1) {5} =
0
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EXERCISE 42.

Compute
/23 dz,
2l

where

et te(—=5,m),

y(t) = 2t —4, t € (m,2m),

—2 4+ 6+ 20, te (2w 3m).

Solution:

It is enough to apply Cauchy’s theorem.

because f(z) := 2% is a holomorphic function on the simply connected domain C and 7 is

piecewise smooth closed curve in C.

EXERCISE 43.
Compute

/\z[?dz,
v

where « is a simple, closed, piecewise smooth and positively oriented curve such that (v) is
the boundary of the set

{z€C: |z| <2 A Imz > 0}.

66



Solution:

dh

-2 2

Let us define the curves
T (t) = 2t e 0,7y,
Yo(t) ==t, t € (—2,2).

Then

and therefore

/\z|§dz:/ \Z\Zdz+/ |z|zdz =
i 7 72

™ 2
:/ 2-26_“-2ie“dt+/ t|tdt =
0 —2

=0
:82'/ 1dt = 8mi.
0

EXERCISE 44.
Using the Cauchy’s integral formulas calculate the given integrals*

a)

2 .
/Z +Zdz, where k= {z¢€C: |z —2i| =1};
k

z

zZ+1
4 Convention. By the symbol fk f(2)dz, where k C C, we mean fv f(2)dz, where v is a simple, closed,

/szdz, where k={z€C: |z+i|=1};
k

piecewise smooth and positively oriented curve such that (y) = k.
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/k%dz, where k={z€C: |z] =3}

/k(zSiLsz')f’)dz’ where k={z€C: |z] =3},

/ﬂdz, where k={z¢€C: [z] =4},
k

22 — 72
f) 1
8)
/Wigi;g)dz, where (1) := ge“, t € (0,27);
h)

dZ _2+674ﬂit
/m, where ’Y(t) = T, t e <O,4>7
v

/ dz

A=+ -

where v is a simple, closed, piecewise smooth and positively oriented curve such that
—2€int v, ¢ €int 7, 1 € ext 7.

Solution:

a)

. 2 154y o . . .
The function “27“” is holomorphic on a simply connected domain

Q:={z€C: Imz>0}

and k = (y) C Q, and therefore it follows from the Cauchy’s theorem that

2 2
/z—l—zdzz/z#—zzo‘
k z v z
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But we were supposed to use the Cauchy’s integral formulas. Which we can do for

example as

2.4 2ty 9 24

/ZJerz:/#dz:Qm' {’Z —H(z—Qi)} ~0.
k2 Yy 220 z

/sinzd / sin z d
z = _— z =
R 2+ e )

=2mi[sinz],-_; =
i(=1) _ p—i(=1)
e e
T

=m(e—e ) =2rsinhl.

22 =72+ 10 = (2 — 5)(z — 2), and therefore

sin z sinz
—d — z—b5 d —
/kz2—7z+10 : /vz—2 :
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% \\
AN

sin z 2, B
/];mdz = ? [(SIHZ) ]z=2i =

= i [—sin z],o9; =

e 2 —¢?

= —mi = wsinh 2.

21
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DN e
[\J[StR

. e® cos(mz)
/e 205(772) dz :/ EA R o
y 22+ 2z v 2—=0

o {e COS(?TZ):| _
z+2 |,

1

71



“8x around”

L
N

1
/ dz _ / (z—1)3 dz —
o (22 —1)° v (7 1)
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dz dz dz
/7(1 TG L - 2)(z+2)(z )2 +/72 I-2)G+2(-0)F

1 1

:/M@dzjt/w%dzz
— o ({(1 - Z)l(z - @')QL_Q * Kﬁ” ) B
= ori (ﬁﬂL K—z?—;w)l] :) -

33 i 1) {(—;Z—t i 2)2} :> -

(
:27”_(3—4@'+ 142 > g 3—4i+(1+2@')(8+6z’))
(

75 100

1= ——T.

3.4 4 22,> =411 1

EXERCISE 45.

Compute
1+ i 9 .
a) [, e*dz ¢) [, Z*sinzdz;
b) [ 2P dz d) fo zsinzdz.
Solution:
a)
1+ )
/ e*dz = [e*]§T = e'(cos 1 +isinl) — 1 =
0
=ecosl—1+i(sinl)e.
b)



i i
22sinzdz = 22 sinz dz =
0 0 N T~
/

=u =V

, i
= [—ZZCOSZ};-F/ 2z cosz dz =
0 f

:COSi+[QZSinz]é—2/ sinzdz =
0
= cosi + 2isini + 2[cos 2] =

1 _ 1

el +el el—e el 4+ el
T Y 1ot &

2 24 2
=3coshl —2sinh1 — 2

(twice we used integration by parts).

d)

i
/ zsinzdz = [~z cos 2]j + [sin z]}) =
0

= —{cost +sin? =
= —jcosh1l+isinh1 =

=i(sinh 1 — cosh 1) = —li
e

(we again integrated by parts).

EXERCISE 46.
Decide if the given series converges

n

nan’

8

a)

Il
,_.

n

b) 2_31 (14 0)™;

Solution:

oo
i’rl
a) >, -5= converges absolutely, because
n=1

1<1
5 .

Z’n

n2n

n

1
=— =
Un2
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b) > 3 (1+14)" converges absolutely, because
n=1

:\f\/ﬁ—>§<1.

n

3%(1 + i)

o) .
c) > 3(;? converges conditionally, because the series

Sre() 1 2 (5 )

n= n=

n=1

converges (it is enough to realize that

i(—i)”_—i+—1+i+1+—i+
<3n—17  3-1-17 3-2—17 3-3-17 3-4—17 3-5-17 ’

and to use the Leibniz criterion on the series, and the easy observation that from the
convergence of the series a; + as + ag + - - - follows the convergence of the series 0 + a1 +
0+ as+0+as+---), and furthermore

Z (—i)

—~ 3n— 17

1
3n — 17

5

(see the integral criterion).

EXERCISE 47.
Find the domain of convergence of a given series (that is find all z € C, for which the given

series converges).

o 1 1\7
a) Zm(il%

b) 3 (5+2).
Solution:

a) For z = 1 the series clearly diverges. For z € C\ {1} we have that

NI A | z+1 z+1
n2\z—-1 ({1/5)2 z—1 z—11’

and therefore the given series converges absolutely for every z € C such that !%ﬂ < 1,
and diverges for every z € C for which !%H > 1.

If !%ﬂ = 1, we have |# (z—ﬂ)n‘ = =5, and therefore the series Y >” | & (zf})n converges
absolutely.

75



Summary: the given series converges (absolutely) for every

z+1
zE{zEC: l'gl}:{zEC: Rez < 0}.

Z_

« NN N NN\
NNNNNN
NANNNNN
NNNNNN
NNNNNN
NANNNNN
SANNNNN
SN
NNNNNN
NNNNNN
NANNNNN
NANNNNN
NNNNNN
NN N NN

b) Because for every z € C\ {0}

Zn+1

(n+1)!
Zn
!

= 12 — 0 <1,
n+1

the series Y | 2= converges absolutely in C. Because for every z € C\ {0}

2l (/)
JR— _— = % _,
2" |2| 2|

the series > 7 :—j converges absolutely for |z| > 1 and diverges for |z| < 1. If |z| = 1 we
have
n2

2
| =" — 00 # 0,

. 2 .
and therefore the series ) > | 2= diverges.

Let us now define

k=1

n Zk

k=1

n ]{j2

s (z) = Z p
k=1

Then for every z € C and n € N we have that

sn(2) = sn(2) + 577(2),

sn = sn(2) = 5,(2),

and furthermore (we already know that) lim s¥ (z) € C for every z € C, and therefore for
every z € C we have that

lims,(z) € C < lims)"(z) € C
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Summary: the given series covnerges (absolutely) on the set {z € C: |z| > 1}.

NS S
N/s s
T
R
RS
/S S S S
JSSS S S S
S S S S SSAS S S S S S
LSS S S S S S S S

.

1
4
A

SIS SN S S SSSS
VAN

S SN S S S S S
S S S SENRY S S S S

S SANS S S S S s

S S

S S S A

S S S

SS S S =t
JSSS S S s

EXERCISE 48.
Find the radius of convergence R of the given power series

a) > e) Y L2

n=1 n=1
b) 21 n"(z—1)" f) Z (cos(in))z";

X3z N
C) 22; \/65;355;, g) gég(n/ n 2)Z ;
Q) 3 ke h) >

= 3n(n—1i) ’ = (n+8)!"
Solution:
a)

L1 1
n2011 = (\,75)2011 - 17
and therefore
R=1
b)
Vnt=n — 0o
and therefore .
R=—=0
00
¢) Because
3n 3 1 3

V22 vavian—3 V2

(it is enough to realize that for n > 3 we have that 1 < {/3n—2 < /n - /n — 1), and
therefore

R=YZ
3

7



and therefore

and therefore

and therefore

and therefore

and therefore

EXERCISE 49.

1

FFmrisy| 1| n—i 1‘1—%
1 — 3 — i1 73 =i

R=3

n+1)nt!

T 1 ()"t ( 1
nn - = 1+_
n n+1 n" n

1

R=-.

e

eili(n+1)) | o=i(i(n+1))

cos(in)

cos(i(n + 1))
eiin + e—iin

“(n+1) 4 o+l L
_ e e ¢

e~ 4 e N

n

3

(4}

1
o enen+1 + (&
1 _|_ 1

enem

— €,

1
nZ—n—2 ’
R=1
1
ol 1
(+19)! — 0,
) n—+9
R =x

Find the sum of the power series in the disk of convergence

o
a) > nz"
n=1

b) 21%;
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(n? —n —2)2"

1 []8

X on+1
) > z2:+15 c)

n=0 n

®7EKJW“ﬁ%

0

Solution:
a) {/n — 1, and therefore the radius of convergence of a given series is 1.

For every z € C, |z| < 1 we have that

S ) ) o /
n __ n—1 __ —
n=1 n=1 n=1 n

:Z(izn)/zz(ljz)’:

n=1

l1—z+4+2 z
(1-2)2 (1-2)7

b) ’\l/% — 1, therefore the radius of convergence is 1.

Let us define the function f(z) := Y%, 2. Then for every z € C, |z| < 1 we have that

n=1 n

Fle) =3 =

n=1

From this, because
2] <1 = 1-2€eQ:={weC: |w-1| <1},

In'w=—vQ,

there is a ¢ € C such that for each z € C, |z| < 1 we have that
f(z)==In(1-2)+c

Furthermore f(0) = —In1l+ ¢ =0, and therefore ¢ = 0.

Summary: for each z € C, |z| < 1 we have that

% =f(2) = —In(1 — 2).
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1
2n+3
1
2n+1

and therefore the radius of convergence is 1.
Let us define f(z) :=

— 1,

> o 22:111 Then for every z € C, |z| < 1 we have that

> 1
! o 2n __ _
FEA=d = =
_1 -1 1 1

3.1 "3 +1
From that it follows that there is ¢ € C, such that for each z € C,|z| < 1 we have that

f@):—%mu—zy+%ma+zy+a

And because 0 = f(0) = ¢ for each z € C, |z| < 1, we have that

OO »2n+1 1
Z2n+1 = ——ln(l —2)+ §1n(1—|—z).

n=0

d) ¢ n+1 — 1, and therefore the radius of convergence is 1.

Let f(z) =Y 2 (1) ZHI . Then for z € C, |z| < 1, we have that

o0

fe) =2 = =3 (-

n=1 n=1
z+1-1
1+2

From that it follows that there is a ¢ € C such that

f(z)=z—In(1+2)+c¢

and because 0 = f(0) = ¢ we have

> n In(1+=z
Syt :{%ﬂz):l—%, 0< sl <1

o n+1 0, z=0.

n?—n-—2
and therefore the radius of convergence is 1.

For every z € C, |z| < 1, we have that

(n+1)°—(n+1)—2

n=0

[e.9] o0
Z(n —n—2)z" —Zn an"—QZz”
n=0 n=0
(it is enough to realize that each of the series is absolutely convergent)
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Furthermore (|z| < 1):

[o@) o [o@)
E nz”zg nz":zg nz"! =
n=0 n=1 n=1
!
o0 !
2" z
=z n— =z pry
n 1—2
n=1
l1—2+4+2 z
- _

[e's) [e's) 0o
E :n22n:§ :n22nzz§ n22n71:
n=0 n=1 n=1

:Z( z )’ (1—2)2+22(1-2)

= Z —=

(1—2)*

and therefore for every z € C, |z| < 1, we have that

= IER Zn_22+z—z(1—z)—2(1—z)2_ 2—4z
;( 2)2" = (1—2)3 (2 1)
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EXERCISE 50.
Find the sum of the given series

) 3 ks b) > G

Solution:

Let us consider the function
n

f)=3 =

n=1

1
Because -—

convergence 2. Therefore for every z € C, 0 < |z| < 2, we have that

— %, the power series in the definition of the function f has the radius of

3

f,(z):ZZQn :ZZG)n:

o0 n—1 1 o0
n=1 n=

1
z

Therefore there is a ¢ € C for which f(z) = —In(2—z)+c. And because f(0) =0 = —In2+-c,
for every z € C, |z| < 2 we have that

f(z)==In(2—2)+1In2.

i (=D" = f(-1)=—In3+mn2= 1n§.

n2n

n=1

EXERCISE 51.
Find the Taylor series of the function f centered at 2z, and find its radius of convergence,
where

a) f(z):= ﬁ;gﬂ zo=—1; e) f(z):=sin(32% +2), z = 0;
b) f(2) == %, 20 =0;
| 0 f(2) = 2 20 =3
¢) f(z):=In }J_rz, 20 = 0;
d) f(z):=e¥*72 z=1; g) f(z):=sin’z, 2, = 0.
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Solution:

) -1 1

and therefore the radius of convergence is 2 and for every z € C, |z + 1| < 2, it holds,
that

11 1 2 1 1 1
A+z+1 '3 24z+1 12 1+ 61—z

and therefore the sought Taylor series has the radius of convergence 1.

For every z € C, |z| < 1, we have that
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¢) Because clearly

|

w
SSS S S SN S S S S S
SS S S SANS S S S S S
SS S S SANS S S S S S
S S S SANS S S S S S

SIS S SANS S S S S S
S S SRS

(0 — 0, 1 oo, —1 +— 0), the radius of convergence is 1. For every z € C, |z] < 1 we
have that

oy 1=z 1T—z4+(1+2) 2 B

e =1 (1—22  (1+201-2)
2 > . on
_1—22:;222’

and therefore there is a ¢ € C such that

Z2n+1

f(z)—;an_i_l—i-c.

And because f(0) =0 = ¢, for every z € C, |z] < 1 we have that

e 2n+1

=Y 22

— on—+1

d) Clearly the radius of convergence is co. We know that for every z € C we have e* =

> 27, and therefore

n=0

f(z) — 63z—2 — 83(z—1)-|-1 _ 663(3_1) _

=3 ey

n=0

e) The radius of convergence is oo and for any z € C we have that

i z2n+1
sinz =) (—=1)"—,
|
— (2n+1)!
* ~2n
cos z = Z(—l) @2n)
n=0



From this it follows that for every z € C we have that

f(2) = sin(32%) cos 2 + cos(32%) sin 2 =

32n+1

—26082 2n+1 4"”—1—231112

)
— § anZQn

n=0

where ag, := (), and agx11 := oy, for every k € NU{0}.

Clearly the radius of convergence is 2. For every z € U(3,

and

() - (&) e

2) we have that

= Z <_nl+)4n(n +2)(n+1)(z—

3)".
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g) The radius of convergence is co and for any z € C we have that

~~

—
2

N~—r
I
wn
—
=
N
|
I

EXERCISE 52.
Find the domain of convergence of the given Laurent series (that is find all z € C, for which
the given series converges).

a) > 27y

n=—oo

by Y G

n=—oo

Solution:

a)

i 2= Inlyn — i 272" + i 27" =
n=-—o0o n=0 n=1
1, =11
=Lyt

[e.@]

Because the power series Y. o-z" has the radius of convergence 2 (clearly {/5 — 1),
n=0

the following implications hold:

1
2| <2 = Z 2—nz” converges absolutely,

n=0

o
1
|z2| >2 = E 2—nz" diverges.
n=0

1

If |z| = 2, then |57

o0
z”| =1— 10, and therefore the series > 52" diverges.
n=0

oo
Let us now consider the regular part of the given series, that is the series > 2%2% We
n=1
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have found out that

1 1 11
-1 <2 (tj. |z| > 5) = Z on o couverges absolutely,

1 1 11
- >2 (tj. 2] < 5) = ZQ_n_n diverges,

N |

1 11
=2 (tj. |z| = 5) = ZQ_n_n diverges.

Conclusion: the given series converges (absolutely) for every

1 1
zEP(0,§,2):{z€C: §<|z]<2},

elsewhere it diverges.

b)
N ()" e L o =1 1
n:zoo n?+1 _;Tﬂ—i-l(z i) +;n2+1 (z — i)
Because )
("+11)2+1 — 1,
n2+1

we know that

\z—2|<1:>2
|z—2|>1:>2

If |z —i| = 1, we have that

(z —1)" converges absolutely,

(z —0)" diverges.

o o 1
Z Z?’L2—{—1

n=0

S S\
and therefore (see the integral criterion) the series > (22_4?1
=0

converges absolutely.
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We have (also) found that

e}

1 1 1

<1(t [z—i|>1) = bsolutely,
o (tj. |z —1i] > 1) ;nQ—i—l(z—i)" converges absolutely
1 = 1 1

Lt e —il<1) = di

po (tj. |z —1 <1) = 2 E 1o iverges,
Ly eil=n = 3 ! bsolutel

= L= = converges absolutely.
z—1 ) P41 (z—0)" & Y

Summary: the given series converges (absolutely) for every z € {z € C: |z —i| = 1}.
Elsewhere it diverges.

EXERCISE 53.
Find the Laurent series of the function f on the given annulus

a) f(z) =55 0< 2| <14 f) f(z)::m,0<|z—i|<2;
b) f(z) =2, |2l > 1 |
e ) f(2) = = 0 < o] < oo
C) f(Z) = Zz(;__i)? 3 < |Z_Z| <1
h) f(2) = w22 2 < [z~ 1] < oo
Q) 1) = g, 1ol > 3 ==
e) f(z):= Z(Z£2), 1<]z—-2| <2 i) f(z):= m, I<|z—1] <2,
Solution:
a) For every z € C, 0 < |z| < 1 we have that
cosz 1 & Z2n = Z2n—2
= = — -1 = -1 .
/) 2 2 n:()( ) (2n)! ;_; ) (2n)!

(This holds even for every z € C\ {0}.

b) For every z € C, |z| > 1 we have that

1 11 I & 1\" & (-1
f(z):,22+1:§1+ 1 :§Z<_;> 2222"”'

z n=0

¢) For every z € C, 1 < |z —i| <1 we have that

2+1 241 i
= = :1 — =
/() z2(z —1) z z
v 1
=1t —— =14t —— =
1+2—1 1+ =

:1—1-50:(_2_—711)71(2—2')”:

=1+ iz”(z — )"
n=0

(This holds even for every z € C such that 0 < |z —i| < 1.)

88



d) For every z € C, |z| > 2 we have that

0
o™ 1
— 2n+1 Zn—i—l

n=

gy |

on n’

n=1

e) For every z € C, 1 < |z — 2| < 2 we have that

1 1 1
L R sy By A s B

R T B
Cz2—-2 2 1+52

- (_1)71 n—1
- Z on+1 (Z a 2) -

n=0

- (_1)71 n—1
- Z on+1 (Z - 2)

(This holds even for every z € C such that 0 < |z — 2| < 2.)

f) Because for every z € C, 0 < |z —i| < 2 we have that

z

f(z) =

1 Zz+1—1

and furthermore

2+ 12 (202 (z+0)2

For every z € C, 0 < |z —i| < 2 we have

g
N
|
()¢
~—

1

(-1

__@iOQ(zif_@iQQ

= - (DT n z—1)"

(=1)" (2i)n+1 +

_ in—&—l in+ 1

gn+1 + on+2

(24)n+2

i(n+ 1)) (2 —i)"2 =

(n+n)u—@W?

89

)



g) For every z € C we have that

° 2+l 0 » 22041
_ginz=z— B O 2
osmEms ;( S et ;( S G r

and therefore for every 2 € C, z # 0 we have that

2n73

z—sinz o
f6) =" = V" Gy

h) For every z € C, 2 < |z — 1| < oo we have

1|1 3
z+4+2 3 1 5) 1
/() 4z + 3 5.1—z+§'z—3
In addition
1 1 1 = 2n
z—3 —24z-—1 nz z — 1)n+l’
and therefore for every z € C, 2 < |z — 1|, we have
£(2) 3 1 ‘1‘25‘2”_2
Z)=—7—— T e
2z-1 (z—1)n
n=1
1 =\ 52772
- e
=1 = (z-1)

i) Because for every z € C, 1 < |z — 1] < 2, we have that




and in addition

1 1 1 = N = (—1)" !
z 1+z2-1 z-1 L% ;22—1”1 Z;@—U”
1 1 1 532—4
z—3 —2+z-1 2 i A

1\’ = n(z— 1)t n+1 n
(z—3> - < ) Z on+1 Z ont2 (=1,

for every z € C, 1 < |z — 1] < 2 we have that

n 1 o

1 ( 1 1 1 n+1 .
Zg z—l Z(§’2n+1+§'2n+2>(z_1> -
=0

n=1
yr-1 3n+5 .
z—l §:9QHJZ_U'

>

n=1 n=0

@IH

EXERCISE 54.
Find the Laurent series of the function f on all “maximal anuli” centered at zy, on which the
function f is holomorphic, where

Solution:

a)

22— 243 22— 243 1 1
f(Z): 3 = 2 = + 27
22 —-324+2 (2—1)2%(2+2) z+2 (2—1)

and because f is clearly holomorphic on C\ {—2, 1}, we have precisely three “maximal

anuli”:
12 r 1 \l
a) P(0,0,1),
B) P(0,1,2),
7) P(0,2,00).
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a) If z € C, |z| < 1, we have

- (_1)n n -1 1 ,
f0=3 G+ (T 1o1) -
/
- (_1)n n - —n—1
POl DOCE
n=0 n=0
- Z gn+1 2 Z(n + 1)Zn+2 -
n=0 n=0
=) et
n=0 n=2
v) For every z € C such that |z| > 2 we have that
11 —n—1
o0 oo
B (=)™ 2" n—1
n=0 n=2
1 (=2 t+n-1
=2t > o




b) Because f is clearly holomorphic on C\ {0} and |z — 0] =

“maximal anluli”:

-
y
t
-

o) P(1+1i,0,v/2),
B) P(1+1i,v/2,00).

a) For z € C, |z — 1 —i| < /2, we have that

z+1 1 1
== ="z

and furthermore

1 1 1 1
Z_1+i+z—1—i_1+z 1423t
z—1=7)\"
n:(] ]-+’Ln+1 /L),
1 1 — (=1 N
5= (2) S

and therefore
SN T e

f(2) :nzzg((l”)"“ + (1+i)n+2(n+1)) (z—1—i)"

B) For every z € C, |z — 1 —i| > v/2 we have that

(=DM

1 1 1 1
;_1+i+z—1—i_z—1—i.1+%_;)(Z_l_i)nH’
1 /_i(—l)”(l—l—i)"(n—l—l)
22 z) — (z—1—g)nt2
and therefore
B 0o n+( 1>n—1(1+i)n—1n
f(z)—z_l_z%—z G
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EXERCISE 55.
Classify each of the isolated singularities of the function f, where

a) f(z) =20 +425 -2+ 2+ & g) f(2) =5

b) f(z) =2} h) f(2) = e

0) f() == i) f(2) = gty
d) f(2) = 75 i) F(2) = i

e) f(2) = £ k) f(2) = 2?sin 33

f) f(z) =2 ) f(z) =552

a) The function f(z) = 2° +42° — 2+ 2 + 3 has two isolated singularities: 0 and co.
Clearly we have that

* 0 is a pole of the order 3 of f,

* 00 is a pole of the order 5 of f.

b) The function f(z) = Z;T’; has two isolated singularities: 2 and oco.

e Because
2
—4
lim = =lim (z +2) = 4,

z—2 z — 2 z—2

2 is a removable singularity of f.

o fx)
Ay
and therefore oo is a simple pole of f.
) The function f(z) L L has four isolated singularities: 0, 1, —1
¢ e function f(z) = = as four isolated singularities: —
z2—22  z(1—2)(1+2) & T
and oo.
* 0,1 and —1 are simple poles of f.
* Because
lim f(z) =1l ! L 0
A TR ) =

oo is a removable singularity of f.
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d) f(z) = Zf—il and because

1+¢ 1—7 —1—4¢ —=1+1
z4+1:0<:>26{ + ! ! _H};

the function f has five isolated singularities:

. %, %, % and ’\1/%”' are simple poles of f

e and, because lim f(z) =1, co is a removable singularity of f.
Z—00

z

e) The function f(2) = 7= has three isolated singularities: 2, —2i and oo.

e 2; and —2¢ are simple poles of f.

¢ Because
) ) e 1m,. € ru ., e
lim f(x) = lim = lim — = lim — = oo,
z€eR x€ER x€R zeR
62n7ri 1

f(2nmi) = 0,

= —
(2nmi)2+4  —4n?n? +4

lim f(z) does not exist, and therefore oo is an essential singularity of f.
Z—00

f) The function f(z) = 2+% has only one isolated singularity, which is .

ez

¢ Because

lim f(z) =0,
zeR

lim f(z) = 0000 = 00,
Tr——00
z€R

the limit lim f(z) does not exist. From this fact it follows that oo is an essential
Z—r00

singularity of f.
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1—e®

27> and at the same time

g) Because f(z) =
246" =0 < z=Ln(-2)=mIn2+ 2k + )7 =: 2z, k € Z,
f has isolated singularities precisely in the points z.

e Furthermore

(24 €*) ]z, = €], = —2 # 0,
1—e€*],—., = 3+#0,

and therefore z;, = In2 + (2k + 1)7i, k € Z, are simple poles of f.

Be careful: oo is not an isolated singularity of f.

h) f(z) = ez and for every z € C\ {0} we have that

o0

11
f(z) = ; 1 o
From this it follows that
* (0 is an essential singularity of f,
e 00 is a removable singularity of f.
i) f(z) = m and because
2:(:0322# S 4=e"4e " &

o ¥4t 1=0 & e =24+V3>0 &

i 4EV16—4
B 2
& iz=Ln2+V3) =2+ V3)+2%kri, keZ <
& z=2z,=2kr —iln(2+V3), k€ Z,
the function f has isolated singularities in the points 3 and z, k € Z.
e Fasily we can compute that
[(2 = cosz)],=,, = [sinz],—,, #0,

and therefore f has in the points z, = 2k7 — i In(2 £ v/3), where k € Z, simple
poles.

[t is clear that 3 is a pole of the order 2 of the function f.

(00 is not an isolated singularity of f.)
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j) The function f(z) = £ has clearly isolated singularities in the roots of the function
sinus.

Think through the fact that

* 0 is a removable singularity of f,

o km, where k € Z \ {0}, are simple poles of f.

(00 is not an isolated singularity of f.)

. o 2 . z . . . .. .
k) The function f(z) = 2”sin -%; has precisely two isolated singularities: —1 and oo.

e —1 is an essential singularity of f (because lim1 f(2) does not exist),
z2——

* o0 is a pole of the order two of f (because lim % = lim sin (&) =sinl # 0).
Z—r 00 Z—00

1) The function f(z) = =5 clearly has isolated singularities in the roots of the function

. sin“ z
sinus.
5
¢ Because
. 1—cosz rH. .. sin z 1
lim ——— = lm —/———=_,
22kn sin® z z—2kr 28inzcosz 2

we have that the points 2k7w, where k € Z, are removable singularities of f.

¢ Because
1 - ? 2 Z - 2k _|_ 1 T )
lim (Z — (2k + 1)”)2 : ﬁ B9 im ( ( ) ) I'H.
(@t sin” 2 z>(2k+)r  2s8inzcosz
E 9 im =240,

z—(2k+1)T COS Z

the points (2k + 1)m, where k € Z, are poles of the order 2 of the function f.

(00 is not an isolated singularity of f.)

EXERCISE 56.
Prove the L’Hopital’s rule:

Let f and g be a holomorphic, non-constant functions on some ring neighbourhood of a point
2o € C and let lim f(z) = lim g(z) = 0.

Z—rZ20 Z—r20
Then we have that

Solution:

From the assumptions it follows that there are p,q € N, neighbourhood U(zy) of zy and
functions f; and g¢;, which are holomorphic and non-zero on U(z) such that for every
z € U(z0) \ {20} we have that

f(z) = (2 = 20)" f1(2),
9(2) = (2 — 20)g1(2).

5We are using L’Hépital’s rule proven in the following exercise.

97



Therefore

o0, P < q,
lim 1) = lim (z — Zo)p_qM =40, P>
S g(z) e 91(2) hGo)

91(20)” P=19

and

=
—
I
I
N
o
SN—
T
L
=
N

tim L)

z2—rz0 g’(z) 220 q(z—zo)q_lgl z

. (
= lim (2 — 2 =
220 (=2 qg1(2) + (2 — 20)9}(2)
00, p<gq,
=40, P>q,
f1(20) _
91(20)’ p - q

The theorem is proven.

EXERCISE 57.
Compute the residue of the function f in all of its isolated singularities, where

a) f(2) = f) f(z) :=tanz;
b) f(2) == g g) f(z) =7
) f(z):= (z241r1)3’ h) f(z) == cotg® z;

23 i — q] .gin L
d) f(2) ==t i) f(z):=sinz-sin;
e) f(Z) - z6(z21+1)2’ J) f(Z) = %
Solution:

- 1 1 . , o

a) The function f(z) = = — has clearly four isolated singularities:

z+ 23 2(z —i)(z+1)
0, i, —i a co. Now we will use (as in several following exercises) the |1, Theorem 44, part
(iii)]:
* res f(0) = [m5m], = L

: 1 1 1
* res f(i) = [—1+3Z2L:i =L =-1

. 1 1 1
o res f(—i) = [_1+3z2L:_i =5="3

and [1, Theorem 44, part (v)]:

e res f(oo0) = — (1 —
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b) The function f(z) = ﬁ clearly has two isolated singularities.

e —1is a pole of the order three of f, and therefore

res f(—1) = [(z2)"L:_1 =1.

N —

* res f(oo) = —1.

¢) The function f(z) := ﬁ has three isolated singularities: poles of the order three at
the points ¢ and —¢ and a removable singularity at oco.

essn=3 (k)] -3l

* res f(oo) = 0.

d) The function f(z) = % has two isolated singularities: 2 (simple pole) and oo.

341
esf(2) = |5 =9
1 z=2
e res f(oo0) = 0.
1
e) Because f(z) = = 5> the numbers +i are poles of the order

26(224+1)2 28(z+414)%(2 — 1)
two of f, 0 is a pole of the order 6 of f and oo is a removable singularity of f.

(C

o [62°(z£4)? 4+ 20 2(2 £ 49)
B 212(z £ 4)* e

res f(=41)

e Because f(z) =1: (2% + 228 +219) = Zi@ + - --.,% we have that res f(oo0) = 0,
eresf(0)=—Ti+1i—0=0.

f) The function f(z) = tanz = igéz has simple poles in the points § + k7, where k£ € Z, and

resf<g+k7r):[sn.lz } =—1.
—smz z=g+km

(00 is not an isolated singularity of f.)

6In the Laurent series of f the coefficient of % is equal to 0.
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g) f(z) = = has simple poles in the points k7, where k € Z, and

sin z

(="

res f(km) = [

COS Z:| ke

h) f(z) = cotg®z = % has poles of the order three in the points k7w, where k € Z,

and
oS 2 . 22 N 24 23 N 2° 1 z 28
— - —_— e : z — — —_— ... —_ -
sin z 2 24 6 120 z 3 45

and therefore

(0082)3_ 1_z_z3_ 1_2_23_ 1_2_23_
sinz/  \z 3 45 z 3 45 z 3 45 '

res f(0) is a “coefficient of 17, therefore

res f(0) = 3 <—1) = 1.

Because the function f has a period 7, that is f(z) = f(z — kn), we have that

res f(km) =res f(0) = —1 for every k € Z.

i) f(z) =sinz-sini has an isolated singularity at 0 and at oco.
Because for every z € C\ {0} we have that

- 22+ - 1 1
f(z) = (Z(—D”m) (Z(—l)k<2k+ 0 22k+1> =,

k=0

we have that’
res f(0) = res f(oco0) = 0.

j) The function f(z) = S(‘;f’{j; has two isolated singularities: 1 and co.

* Because 1 is a pole of the order two of f,
L sin(7z) 2\ sin(m2)\’
resf(l)—llir% ((2—1)3(2_1))_?2%(3—1 =

mecos(mz)(z — 1) —sin(mz) ru

- llg% (z—1)2 -

PH —m?sin(rz)(z — 1) 4+ wcos(mz) — weos(wz)

= 20- — 1) -
: .

= il_rg (—7 81n(7rz)) = 0.

"The Laurent series of f has non-zero coefficients only for the “even powers” of z.
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Other possible solution:

_ sin(mz)  sin(w(z — 1)) _
1) = = =1
:0 it D=
=2 (- (27; e U

I
o

n

The just computed Laurent series of the function f has non-zero coefficients only
for the “even powers” of (z — 1), and therefore res f(1) = 0.

* res f(oo) = 0.

EXERCISE 58.
Using the residue theorem compute the integrals

a)

/wdz, where ~(t) := 3¢, t € (0,27);
.

23

1 1 .
/72 —5 C08 ;dz, where v(t) := 18", t € (0, 27);

3
/kﬁdz, where k={z¢€C: |z] =2}

3
/kzj_leidz, where k={z¢€C: |z] =2}

1 .
/zsin s 1 dz, where 7(t) :=2e7" t € (0,67);
Z —
vy

Tz
(&
/ 5z ;9%
v

where 7y is simple, closed, piecewise smooth positively oriented curve such that

inty={z€C: |z] <1 A O<argz<g};

dz
/km, where ]C:{ZGC |Z|:2}
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Solution:

a)

1
N

(N

Clearly z = 0 is a pole of the order three of the function CO5Z and therefore

237

CoS 2 ) CoS z

dz = 271 res =
. 53 =0 3

= 2mi 3 [(cos2)"]__, =

— i [(—sinz)],_g =

= Ti|[—cosz],_, = —mi.

(1
«KZ/B

Clearly

LZiQ COS% dz = 27rz'(resf(—2) —l—resf(())) = 2mi( — res f(00)).

=f(2)

For every z € C, |z| > 2 we have that

1 1 1 1 2" 2"
e e i B P S s
and therefore 5 1 .
—2)"~ 1 1
(£ S
From this it follows that
res f(00) = ~(~2)° - (~1)° - 5 = -1,

1 1
/ cos —dz = —2mires f(o0) = 2mi.
5 2+ 2 z
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/k 242_ : dz = 27m'<res f(1) 4+ res f(—1) +res f(i) + res f(—z)) = 2mi( — res f(00)).
——

3 oo n o)
oz R 1 1 B 1
f(z)_zzl_l_zgl_z%_;%(_zl _§Z4n+17
and therefore
res f(o0o0) = —1,

5
/kz‘lz— | dz = 2mi( — res f(00)) = 2mi.

10 2
i /
Clearly

/ 2316i dz = 27m'<resf(—1) —|—resf(0)> = 2mi( — res f(00)).
REF 2

=:f(2)

Because for every z € C, |z| > 1 we have that

we have

res f(00) = = (1) o+ (1 o (U4 (1P ) =



Therefore

3 2711
/kzj—lei dz =27i( — res f(c0)) = —%Z.

“3x around”

J

ARy
-

Clearly
1
/zsin i 1 dz = —3 - 2mires f(1).
Z —
7\ y
=:f(2)
Because

z4+1 . z—1+ 2 ) 14 2
— S1n pr— _— fr—
z—1 i z—1 z-—-1 St z—1

—=sin1 cos + cos1 sin

z—1 z—1’
we have for every 2 € C, z # 1,
. 2 o2
f)=(z—-1+1) (Smlcos + cos 1sin ):
z—1 z—1
=sinl i(—l) 2 _1_2 1 +
— (2n)! ( z—12" ! W(z—1)2

00 22n+1 22n+1 1

1 1" )"
+ cos [;( ) 2n+ 1) (z— 1) —I—Z Gn 1) (2 = 1)

Therefore

2

2 2!
res f(1) = <( 1)2‘) sinl + cos 1 (( 1)° F) = —2sinl+2cos1,

1
/zsinz+ . dz = =3 2mires f(1) = 12mi(sin1 — cos1).
Z_
0
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f) Because

Nl <.
- [ ]
J

5}

>

we have that

67'('2 67'('2
dz = 277 res - =
2 2
2z —1 PRy ES) 222 —1

g) Because the functlon f(z) = ﬁ clearly has 12 isolated singularities, 11 of which (0

and the roots of 21° = 2) lie “inside” k and the twelfth is oo,

we have 1
/kﬂTz_z) = 2mi( — res f(00)).

For every z € C, ¥/2 < |z|, we have that

1 - 20
f(z) = P 2 55 ZZIOn - HZO S10n+15"
and therefore
/ dz 27i( — res f(o0)) =0
—_— = 4T — = .
R 20210 —2) -
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EXERCISE 59.
Using the residue theorem compute the integrals®.

a) e)

/’T dx /7r cos T
. —— dx
_x0+3cosw _x 3+ 2sinw
b) f)
/°° o> de /27r cos?(2x) q
e — " dx
Lo T4 622 4 25 o H—4dcosz
c) g)
/°° rt 41 /°° dzx
et 1.6
o 2+1 oo L+
d) h)
P /OO dz
——— du; _—
|, @

Solution:

a) Let us define the curve (¢) := €, ¢t € (0,27). Then, using the change of variables’
e = 2,

) 1
e dx = dz, tj. de = —dz,
iz

we get

/” dz / 1 1 / 2dz
—_— = —l—dZ = - 2 .
. 5+3cosz [, <5+3Z;z> iz (102 + 322 + 3)
Because

3224+4102+3=0 & z=

—10 £ /100 — 36 1
I L)

&
\H

8The integrals should be understood as “real’ integrals of functions of real variable
9See [1, Chapter 9.3, part a)].
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we have that

/7r dz _/ 2dz
. 5+3cosz ), i

i(10z + 322 + 3) -

2
-9 _
s, ( (322 + 102 + 3))

1 _ A
S (RS R

T
=3
b) We start by observing that

A 4622425=0 < 2°

344 & ze{l+2i, —1—2i, —1+2i, 12}
Let k C C be the boundary of the set {z € C: |2] <3 A Imz > 0}.

Then it holds!'®

/°° x?dx _/ 22dz
T 622425,

24+ 622 +25 -
22 22
= 2m res ——— res ——————— | =
2=1+2i z4 4+ 622 4 25 z=—1+2i 2% + 622 + 25
= 2m

52
(|:4Z3 + 12’2:| z=1+2s " |:423 + 122:| z=1+2i)
Z JR—
4Z2 +12] . 1+22 422 +12], 4,

1+ 22

P B
4(=34+4i)+12  4(-3—4i)+12)

14+ 2 —1+22>_7T

= 2m

= 21

16 164 _§(H2H1_22):

1=

10Gee [1, Chapter 9.3, part b)].
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¢) Because the problem
A 41=0AImz>0

has exactly three solutions:

= V3 1
Zl.—€6—7+§2,
29 = €2 =,

S \/g 1
Z3 = €6 :—7+§Z,

and the function Zt! is even, we have that

2641
©pt 41 1 [ 2t+1
/a:6+ dx:—/ xt 4+ dr —
o x6+1 2 o8 +1

where k C C is the boundary of the set {z € C: |z] <2 A Imz > 0}.

Therefore, because

2,’4 + 1 -24 —+ 1_ ]-( )
res = =z
2=z 26 4+ 1 62° Z=Y3 4 1, 6 ,

- 2 2

2441 24+ 1] 2( )
res = =zt
2=z9 20 +1 i 62° 1= 6 7

2441 24+ 1] 1
res = = —(—1),
i= 26 4 1 625 VB 1

- 2 2

we have that
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d) The function 5 1s even, and therefore for £ C C, which is the boundary of the set

(2+1)
{z€C: |z|] <2 A Imz > 0},

k
2’0

we have that
/°° x?dx _1/°° 2 dx _1/ 22dz B
y @rp 2 ) wrapE 2 Erap

o (i) ot () .

_mi ‘<2z(z + z)(f;:rj;?)(z - i)Z)/} -

_m’ — 22 —|—2,zz B
2 z+z Z:Z._

mi ( 22+ 2)(z + )" — (=2° + 220)4(2 + z)3]

2 (z +1)8
ﬂ_(&) _mo_m

2\ (20)8 255 16’

e) Let v(t) := e, where ¢t € (0,27). Then

T 1
/ COS?IE dx:/z+; 17l.id22
_. 3+ 2sinz 5 2 3_'_222_;12

1/2’2—{—1 1
= : dz.
2/, =2 224+ 3iz—1

(We've used the change of variables €™ = z, see [1, Chapter 9.3, part a)|).

—3+5,
—1/7

Because

2+3iz—1=0 & 2=
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we have that

T cosx 1 [22+1 1
———dr=— , dz =
.3+ 2sinx 2), 2 22+3iz-1

(.

-~~~

=f(2)

Lo s s (559 -

: 241 N 2241
:7]'Z _— —_— =
224+3iz—1],_, |2(22+3i)], _-s+vs,
2
2 =3z

i1 | = mi(—1+41) =0.

7”( +{2—6iz+3iz]zs+¢5i> mi(=1+1) =0

2

f) We will use the change of variables e = z,

z—i—%
CoST =
2 Y
24+ L
cos2x = ZZ,
2
1
de = —dz.
1z

For (t) := €, where t € (0,27), we have that

T cos? 2z 1 /24 +1\? 1 1
——dx= | - — —dz =
o D—4dcosx 4 22 5—22—;1 iz

1 (244 1)? 1
:/_(z+) F
5

43 24 Bz — 222 —2
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and because

1 (*4+1)2 \” 1/ 255 255
fesf@)—g[(—gsz_zzz_z B G A Te

i 1 [ +1)? 1 _ 289
I T A 5oz T a8
2

we have that

|
|
A

/2” cos? 2z 17
——dx =
o HD—4cosx 48

g) Because the equation 2% + 1 = 0 has, assuming Im z > 0, exactly three solutions:

for the function f(2) := 75 we have that

3
Zk
—27”26zk 26—22 =

k=1
271
:—?(21—0—224‘23):
__EZ' é—l—li—i—i—i—f-ll —
3 2 2 2 92
2
= _Toi=2"
3

111



h) Because

1 V3
Pha41=0 o z——iigi,

for k C C defined as the boundary of the set {z € C: |2] <2 AImz > 0} we have that
/°° dx _/ dz B
oo X2+l o2zl

1
= 2w  res - | =
z:—l-t,-ﬁi 22+ z41
2 2

9 1 2m

= 27 = —

—1+V3i+1 V3
1
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