Helium atom

Quantum Chemistry
Lesson 7



Helium atom or ...

a lesson combining many things we have learnt up to now:
* the solution of the Schrodinger equation for hydrogen atom
* variational method
e perturbation method

* and showing that things need not be easy even for this very simple (two-
electron) system

* for the first time, we are going to meet the quantum chemistry in its “full”
complexity

a (limited) main goal: the ground-state energy of the He atom
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Time-independent Schrddinger equation

Classical Hamilton function
(two electrons moving in the electrostatic field of an infinitely heavy nucleus carrying a charge of +Ze)
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Time-independent Schrddinger equation

Classical Hamilton function
(two electrons moving in the electrostatic field of an ghucleus carry of +Ze)
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Time-independent Schrddinger equation

Wave function (X-representation)
* &= D(7, &7, &) = DXy, Y1, 21, €15 X2, V2, 22, §2) = @(1,2)

Remarks

* approximations
* an infinitely heavy nucleus
* electrostatic approximation
* spin-less Hamiltonian (commutes with all the spin operators)
« common eigenvectors of A, §2 (total spin), S, (total spin projection): ®(1,2) = @(#,7,)2(&1, &)

* two identical fermions — antisymmetric (total) wave function: ®(1,2) = —®(2,1)



Non-interacting electrons

Hamilton operator
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Schrodinger equation
h? h? ze?  ze? S5 N
(=3Bt =5 B2 = 2= =25 9o, 1) = Eg(F, 72)
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Solution (separation of particles)
(1) = o1(F) e (1)

h2 Zé? N =
* (— A : )QOI(TI) = E;9;(1)

P = anlllmp En1n2 = En1 + Enz
The ground state

o us(7, 1) = Y1007 W100(), Egs = 2E; ~—108,8 eV (experiment: Egs ~ —79,0 eV, deviation ~ —38%)
He



Non-interacting electrons

Spin

* (normalized) ground-state wave function

* Pes(1,2)~A[W100(1D)W100(2)a(1)B(2)] = P100(1)W100(2) X % la(DB(2) — a(2)p(1)]
* Pos(1,2) = Wio0(DWi00(2) X 5 [a(DB(2) — a(B(D)]

* remarks
antisymmetric spin part of the overall wave function, S = S, = 0 (a singlet state)
symmetric orbital part
the overall wave function is antisymmetric (as it should be!)



Refinement I: perturbation method

Task to solve

éZ

* perturbed problem P(¢): H = Hy + Hp, Hp =

|7 —74 |
h2 h?2 762  z7g2
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* unperturbed problem Py: Hy = —

Known solution of P
* Pgs(1,2) = Wio0(1)W100(2)24(1,2)
+ 2,(1,2) = Z[a(DBR) - a()BD)]
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Refinement |: perturbation method

Energy perturbation (1% order)
* AE;= (¢Gs|ﬁp|¢Gs) = (2,4|<W100|<lp100|ﬁP|Lp100)|LP100>|ZA) =

= (‘P100|<‘P100|ﬁp|qj1oo>|qj1oo)<ZA|2A> = (LIJ100|(W100|HP|W100>|W100)
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* AEy = fRs fR3 ¥100(T1)W100(72) TERET W100(11)W100(72) dry dr; =
&\% [ z\° —i—z(r1+r2) 1 > 1o
= (3) (a_o) Jwe I 7y 71 72 =

e complex calculations ...
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AEi=-—==-/-27,2¢eV = 34,0eV
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He

* Ecs =—108,8+ 34,0 = —74,8 eV ( deviation = +5 %)
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Refinement |l: variational method

Test wave functions

» proposed form of (normalized) test functions

Y(1,2;m) = %n3e‘"(’"1+’”2)2,4(1,2)

Energy functional
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Refinement |l: variational method

Energy functional (continuation)

e ...complex calculations
_ 52 2 5
E(m)=é¢ [aon + (—ZZ + §) 77]

Functional energy minimum
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* Nmin = a_016 = 5_0; for He: 2" = 1,6875
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Excited states

« ground state (singlet, S =0,5, =0)
PY(1,2) = WP100(1)W100(2) X = [a(l)ﬁ (2) — a()pD)] - 1s[1]

* excited smglet states (S =0,5, = 0)
Y(1,2) == [q’wo(l)quoo(z) + W100(2) W20 (1)] X [a(l)ﬁ(Z) —a(2)B(1)] - 1s[T] 2s[!]
Y(1,2) = ‘ono(l)‘ono(Z) X—= [a(l),B(Z) - a(Z),B(l)] - 1s[ ] 2s[N]

* excited trlplet states (S=1,5, = —1,0,+1)
Y(1,2) = \([qﬁoo(l)q’zoo(z) Lp100(2)qj200(1)] X “(1)3(2) - 1s[1] 2s[T] (S, = +1)
Y(1,2) = T[qﬁoo(l)quoo(z) W100(2)W200 (1] X T_[a(l)ﬁ(Z) +a(2)p(D)] - 1s[T] 2s[l] (S, =0)
1/1(1 2) =—= [qﬁoo(l)q’zoo(z) W100(2)W200 (D] x B(DL(2) —» 1s[i] 2s[l] (S, =—-1)

* the perturbation method can be used straightforwardly
* as well as the variational approach



Other uses

* helium-like ions (Li*, Be?*, etc.)

* the formulas given in this presentation with the proton number (Z) value appropriately
set (Z = 3 for Li*, Z = 4 for Be?*, etc.)



The end of lesson 7.



