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General idea

Task to solve

• task 𝑃0 (unperturbed problem), known solution 𝑦0

• find 𝑦 𝜀 , a solution of task 𝑃 𝜀 = 𝑃0 + Δ𝑃 𝜀 (perturbed problem)

• where Δ𝑃 𝜀 → 0 for 𝜀 → 0 is (considered) “small” (perturbation)

• Δ𝑃 𝜀 = 𝜀𝑃′ (“smallness” parameter)

Solution

• assumption: 𝑦 𝜀 is an analytic function of 𝜀, 𝑦 𝜀 = σ𝑘=0
+∞ 𝑌𝑘 𝜀

𝑘 ≈ σ𝑘=0
𝑛 𝑌𝑘 𝜀

𝑘(Taylor series / 
polynomial)

• coefficients 𝑌𝑘 are obtained by inserting the series/polynomial in 𝑃 𝜀 → set of equations
𝑦0 → 𝑌1, 𝑦0, 𝑌1 → 𝑌2

• perturbation orders of 𝑦 𝜀
• 𝑦 𝜀 ≈ 𝑌0 = 𝑦0 (0th order approximation)

• 𝑦 𝜀 ≈ 𝑦1 = σ𝑘=0
1 𝑌𝑘 𝜀

𝑘 = 𝑌0 + 𝑌1𝜀 = 𝑦0 + 𝑌1𝜀 (1st order / linear approximation)

• 𝑦 𝜀 ≈ 𝑦2 = σ𝑘=0
2 𝑌𝑘 𝜀

𝑘 = 𝑌0 + 𝑌1𝜀 + 𝑌2𝜀
2 = 𝑦0 + 𝑌1𝜀 + 𝑌2𝜀

2 (2nd order / quadratic approximation)

• etc.



General idea

Applications

• quantum mechanics
• stationary perturbation theory (to solve perturbed time-independent Schrödinger equation)

• quantum chemistry (mechanics)

• scattering theory

• non-stationary perturbation theory (to solve perturbed time-dependent Schrödinger equation)

• interaction of molecules, molecular complexes, nanoparticles, etc. with electromagnetic radiation (laser radiation)

• quantum field theory
• elementary particles collisions (Feynman diagrams)

• many other branches of science ...
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Illustrative example

Task to solve

• perturbed problem 𝑃 𝜀 : 𝑦3 − 𝑦 + 𝜀 = 0

• unperturbed problem 𝑃0: 𝑦
3 − 𝑦 = 0

• three (known) solutions: 𝑦0 = 0, 𝑦0 = ±1

Solution of 𝑃 𝜀 corresponding to 𝑦0 = 0

• 𝑦 𝜀 = σ𝑘=0
+∞ 𝑌𝑘 𝜀

𝑘 = 𝑦0 + σ𝑘=1
+∞ 𝑌𝑘𝜀

𝑘 = σ𝑘=1
+∞ 𝑌𝑘𝜀

𝑘

• 𝑦 𝜀 = 𝑌1𝜀 + 𝑌2𝜀
2 + 𝑌3𝜀

3 +⋯

• 𝑦2 𝜀 = 𝑌1𝜀 + 𝑌2𝜀
2 + 𝑌3𝜀

3 +⋯ 𝑌1𝜀 + 𝑌2𝜀
2 + 𝑌3𝜀

3 +⋯ = 𝑌1
2𝜀2 + 2𝑌1𝑌2𝜀

3 +⋯

• 𝑦3 𝜀 = 𝑌1
2𝜀2 + 2𝑌1𝑌2𝜀

3 +⋯ 𝑌1𝜀 + 𝑌2𝜀
2 + 𝑌3𝜀

3 +⋯ = 𝑌1
3𝜀3 +⋯

• 𝑌1
3𝜀3 +⋯ − 𝑌1𝜀 + 𝑌2𝜀

2 + 𝑌3𝜀
3 +⋯ + 𝜀 = 0

• 𝑌1
3 − 𝑌3 𝜀

3 − 𝑌2𝜀
2 + 1 − 𝑌1 𝜀 + ⋯ = 0



Illustrative example

Continuation ...

• 𝑌1
3 − 𝑌3 𝜀

3 − 𝑌2𝜀
2 + 1 − 𝑌1 𝜀 + ⋯ = 0

• 𝑌1
3 − 𝑌3 = 0

• −𝑌2 = 0
• 1 − 𝑌1 = 0

• 𝑌1 = 1, 𝑌2 = 0, 𝑌3 = 1 (and 𝑦0 = 0)

• 𝑦 𝜀 = 𝑦0 + 𝑌1𝜀 + 𝑌2𝜀
2 + 𝑌3𝜀

3 +⋯ = 𝜀 + 𝜀3 +⋯

• 0th order solution: 𝑦0 = 0 (l.h.s.  ≡ 𝑦3 − 𝑦 + 𝜀 = 𝜀 = 𝜀 = 0.1 = 0.1 = 10−1)

• 1st order solution: 𝑦1 = 𝜀 (l.h.s.  = ⋯ = 𝜀3 = 𝜀 = 0.1 = 0.001 = 10−3 ≈ 0)

• 2nd order solution: 𝑦2 = 𝜀

• 3rd order solution: 𝑦3 = 𝜀 + 𝜀3 (l.h.s.  = ⋯ = 3𝜀5 + 3𝜀7 = 𝜀 = 0.1 = 0.0000303 ≈
3 × 10−5 ≈ 0)

• ...



Stationary perturbation method in QC

Task to solve

• perturbed problem 𝑃 𝜀 : ෡𝐻 ۧ|𝜓𝛼 = 𝐸𝛼 ۧ|𝜓𝛼 ,    ෡𝐻 = ෡𝐻0 + ෡𝐻P = ෡𝐻0 + 𝜀 ෡𝐻1

• unperturbed problem 𝑃0: ෡𝐻0 ۧ|𝜓0𝛼 = 𝐸0𝛼 ۧ|𝜓0𝛼 (non-degenerate spectrum)

Solution

• ۧ|𝜓𝛼 = ۧ|𝜓𝛼(𝜀) = σ𝑘=0
+∞ 𝜀𝑘 ۧ|Ψ𝑘𝛼

• 𝐸𝛼 = 𝐸𝛼 𝜀 = σ𝑘=0
+∞ 𝜀𝑘ℰ𝑘𝛼

• ෡𝐻0 + 𝜀 ෡𝐻1 σ𝑘=0
+∞ 𝜀𝑘 ۧ|Ψ𝑘𝛼 = σ𝑘=0

+∞ 𝜀𝑘ℰ𝑘𝛼 σ𝑘=0
+∞ 𝜀𝑘 ۧ|Ψ𝑘𝛼

෡𝐻0 + 𝜀 ෡𝐻1 ۧ|Ψ0𝛼 + 𝜀 ۧ|Ψ1𝛼 +⋯ = ℰ0𝛼 + 𝜀ℰ1𝛼 +⋯ ۧ|Ψ0𝛼 + 𝜀 ۧ|Ψ1𝛼 +⋯

[wiki]

https://en.wikipedia.org/wiki/Perturbation_theory_(quantum_mechanics)


Stationary perturbation method in QC

Continuation ...

• ෡𝐻0 + 𝜀 ෡𝐻1 ۧ|Ψ0𝛼 + 𝜀 ۧ|Ψ1𝛼 +⋯ = ℰ0𝛼 + 𝜀ℰ1𝛼 +⋯ ۧ|Ψ0𝛼 + 𝜀 ۧ|Ψ1𝛼 +⋯

• ෡𝐻0 ۧ|Ψ0𝛼 + ෡𝐻0 ۧ|Ψ1𝛼 + ෡𝐻1 ۧ|Ψ0𝛼 𝜀 + ⋯ = ℰ0𝛼 ۧ|Ψ0𝛼 + ℰ0𝛼 ۧ|Ψ1𝛼 + ℰ1𝛼 ۧ|Ψ0𝛼 𝜀 + ⋯

• 0th order solution: ෡𝐻0 ۧ|Ψ0𝛼 = ℰ0𝛼 ۧ|Ψ0𝛼 ۧ|Ψ0𝛼 = ۧ|𝜓0𝛼 , ℰ0𝛼 = 𝐸0𝛼 (assumingly known)

• 1st order solution : ෡𝐻0 ۧ|Ψ1𝛼 + ෡𝐻1 ۧ|Ψ0𝛼 = 𝐸0𝛼 ۧ|Ψ1𝛼 + ℰ1𝛼 ۧ|Ψ0𝛼

• ...



Stationary perturbation method in QC

1st order solution - energy

• ෡𝐻0 ۧ|Ψ1𝛼 + ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 ۧ|Ψ1𝛼 + ℰ1𝛼 ۧ|𝜓0𝛼 |𝜓0𝛼ۦ , →

• |𝜓0𝛼ۦ ෡𝐻0 ۧ|Ψ1𝛼
𝐸0𝛼ൻ𝜓0𝛼 ۧ|Ψ1𝛼

+ |𝜓0𝛼ۦ ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼ൻ𝜓0𝛼 ۧ|Ψ1𝛼 + ℰ1𝛼 ൻ𝜓0𝛼 ۧ|𝜓0𝛼
1

• ℰ1𝛼 = |𝜓0𝛼ۦ ෡𝐻1 ۧ|𝜓0𝛼 ,    or ℰ1𝛼 =
|𝜓0𝛼ۦ ෡𝐻1 ۧ|𝜓0𝛼

ൻ𝜓0𝛼 ۧ|𝜓0𝛼

• 𝐸𝛼 ≈ 𝐸1𝛼 = 𝐸0𝛼 + 𝜀ℰ1𝛼 = 𝐸0𝛼 + 𝜀ۦ𝜓0𝛼|෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 + 𝜓0𝛼|෡𝐻Pۦ ۧ|𝜓0𝛼



Stationary perturbation method in QC

1st order solution – wave function

• ෡𝐻0 ۧ|Ψ1𝛼 + ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 ۧ|Ψ1𝛼 + ℰ1𝛼 ۧ|𝜓0𝛼

• ۧ|Ψ1𝛼 = σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൿ|𝜓0𝛽

• without any loss of generality: 𝑐𝛼𝛼
(1)

= 0 ⟺ |Ψ1𝛼ۦ ۧ𝜓0𝛼 = 0 (why?)

• ෡𝐻0σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൿ|𝜓0𝛽 + ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 σ𝛽=0

+∞ 𝑐𝛼𝛽
(1)

ൿ|𝜓0𝛽 + ℰ1𝛼 ۧ|𝜓0𝛼 , ൻ𝜓0𝛾| →, 𝛾 ≠ 𝛼

• ൻ𝜓0𝛾| ෡𝐻0σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൿ|𝜓0𝛽

𝐸0𝛾 σ𝛽=0
+∞ 𝑐

𝛼𝛽
(1)

ൿൻ𝜓0𝛾|𝜓0𝛽

𝛿𝛽𝛾

+ ൻ𝜓0𝛾| ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൻ𝜓0𝛾| ൿ𝜓0𝛽

𝛿𝛽𝛾

+ ℰ1𝛼 ൻ𝜓0𝛾| ۧ𝜓0𝛼
𝛿𝛼𝛾=0



Stationary perturbation method in QC

Continuation ...

• ൻ𝜓0𝛾| ෡𝐻0σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൿ|𝜓0𝛽

𝐸0𝛾 σ𝛽=0
+∞ 𝑐

𝛼𝛽
(1)

ൿൻ𝜓0𝛾|𝜓0𝛽

𝛿𝛽𝛾

+ ൻ𝜓0𝛾| ෡𝐻1 ۧ|𝜓0𝛼 = 𝐸0𝛼 σ𝛽=0
+∞ 𝑐𝛼𝛽

(1)
ൻ𝜓0𝛾| ൿ𝜓0𝛽

𝛿𝛽𝛾

+ ℰ1𝛼 ൻ𝜓0𝛾| ۧ𝜓0𝛼
𝛿𝛼𝛾=0

• 𝑐𝛼𝛾
(1)
𝐸0𝛾 + ൻ𝜓0𝛾| ෡𝐻1 ۧ|𝜓0𝛼 = 𝑐𝛼𝛾

(1)
𝐸0𝛼

• 𝑐𝛼𝛾
(1)

=
ൻ𝜓0𝛾| ෡𝐻1 ۧ|𝜓0𝛼

𝐸0𝛼−𝐸0𝛾

• ۧ|Ψ1𝛼 = σ𝛾=0
+∞ 𝑐𝛼𝛾

(1)
ൿ|𝜓0𝛾 = σ𝛾=0,

𝛾≠𝛼

+∞ ൻ𝜓0𝛾|෡𝐻1 ۧ|𝜓0𝛼

𝐸0𝛼−𝐸0𝛾
ൿ|𝜓0𝛾

• ۧ|𝜓𝛼 ≈ ۧ|𝜓1𝛼 ≡ ۧ|𝜓0𝛼 + 𝜀 ۧ|Ψ1𝛼 = ۧ|𝜓0𝛼 + 𝜀 ۧ|Ψ1𝛼 = ⋯ = ۧ|𝜓0𝛼 + σ𝛾=0,
𝛾≠𝛼

+∞ ൻ𝜓0𝛾| ෡𝐻P ۧ|𝜓0𝛼

𝐸0𝛼−𝐸0𝛾
ൿ|𝜓0𝛾



The end of lesson 6.


