MO-LCAO methods

(things are becoming even more complicated)

Quantum Chemistry
Lesson 10
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A way to solve the H-F equations

Restricted H-F method (closed electronic shells)

* even number of electrons, pairs with opposite spin projections

* one-electron wave functions

* 01(7,8) = p1(Pa(§), .+, &) = p1(F)B(E)

* Pn-1(T,8) = (P a(§), on(7,8) = ¢/ 2(PBE)

* Hartree-Fock equations
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A way to solve the H-F equations

Molecular orbitals (MOs) expansion
* Qb](?_”)) =D Caj)(a(f))
« xq(7) are given functions
e a=1,..,+00 (N < +00)
in general, {xq|xp) = Sap # Sap
* H-F equations become a set of equations for unknown coefficients
Caj

* the core of the MO-LCAO methods



A way to solve the H-F equations

Molecular orbitals (MOs) expansion

¢ qu(T') = Za CajXa\l
o x,(7) aregive overlap integrals,
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MO-LCAO methods (terminology)

MO-LCAO = Molecular Orbitals (expressed as) Linear Combinations of Atomic Orbitals

MO (molecular orbitals): ¢(# &) = ¢, a(é), @,(# &) = P, (T)B(E), ...
* LC(linear combinations): ¢;(#) = X, cqixq (1)

* AO (atomic orbitals): Xa(@) = xxp, (¥ — 7%) (functions ‘centered’ at particular atoms, K)



Basis sets of AOs

Basis sets
¢] (r) = Xq Ca])(a(r)

a=1,..,N < +oo: not necessarily a complete set on the one-electron state space (a Schauder basis set)
* in general, non-orthogonal: (x,|xp) = Sqp # d4p; Often, however, normalized: S, = 1
* chosen so that the one-electron state space is ‘sufficiently accurately’ represented
* infinitely many possibilities, many proposals found in the literature

Hydrogen-like AOs
* AOs of a hydrogen-like ion

Zr

* Xazentm(.0,8) = Ruu(r)Yim(6:e, $0) ~ L (227) € 70 P (cos )™ = L2, (22)e™ P (cos 0)e ™™
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Basis sets of AOs

Basis sets
¢] (r) = Xq Ca])(a(r)

a=1,..,N < +oo: not necessarily a complete set on the one-electron state space (a Schauder basis set)
* in general, non-orthogonal: {x,|xp) = Sqp # d4p, Often, however, normalized: S, = 1
* chosen so that the one-electron state space is ‘sufficiently accurately’ represented
* infinitely many possibilities, many proposals found in the literature

Why?
{ ) . .

real-valued’ Hamiltonian — real-valued
wave functions

Zr
T im0, 1) ~ LA (225) € o0 P (cos 0)e™ = L1242, (287)e ™ A" (cos 0)e ™

* real-valued hydrogen-like AOs

* Xa=onmy (T, 0,9) ~ L (20M)e ™ P (cos 8)cos(me) form %= 0 (m > 0)
* Xa={xmlm} (r,6,¢) ~ LZl —1(2¢M)e” Zr P" (cos 8)sin(me)
* Xa=(xmimy(1 0,9) ~ L2, (2t)e ™" P (cos 6) form=0



Basis sets of AOs

Basis sets
¢] (r) = Xq Ca])(a(r)

a=1,..,N < +oo: not necessarily a complete set on the one-electron state space (a Schauder basis set)
* in general, non-orthogonal: {x,|xp) = Sqp # d4p, Often, however, normalized: S, = 1
* chosen so that the one-electron state space is ‘sufficiently accurately’ represented
* infinitely many possibilities, many proposals found in the literature

Hydrogen-like AOs
* AOs of a hydrogen-like ion
* Xa={ n,l,m}(r» 0, ¢) = Rnl(r )Ylm(e
* real-valued hydrogen-like AOs
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tmp — 1241 (227 e ™ P (cos 6)e™®
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Basis sets of AOs

Slater AOs
* Xa={ nlm}(r 6,¢p) ~r"1 _ZTY(re)(Q» b)

Gaussian AOs
~ _ 72
* Xa=ginimy (T, 0, ) ~F1e 7Y (6, ¢)

* pros (analytically integrable) vs. contras (not fully correct behavior at 7 — 0 and for # — +0)
* contracted Gaussian AOs (Slater-like AOs expressed as optimized linear combinations of Gaussian ones)

Terminology (classification of basis sets of AOs)

 minimal BS: only AOs which are occupied in the particular atom are included

« extended BS: additional AOs are included (additional AOs for ‘occupied’ values of [, higher values of [),
double-zeta, triple-zeta, etc.

* valence BS: only valence shell electrons are considered explicitly, inner-shell electrons are approximated
by a pseudopotential

* polarization functions (AOs): [ > 1
 diffusion functions (AOs):  small-values ( (highly delocalized functions)



Roothaan equations (closed-shell variant)

Ingredients

* Hartree-Fock equations
=8 = B T 0k ) + 2 {55 o T 4P ) &7} () —
=S5 i S o 85 G G 7 () = i (D)

* the MO-LCAO expansion of MOs
(]-')](7_”)) = Za Caj)(a(f'))

e with generally non-orthonormal AOs
(XalXp) = Sap



Roothaan equations (closed-shell variant)

Ingredients

* Hartree-Fock equations

* new unknowns which represent the solution of ’f(F')qu ) dF'} ¢ () —
the H-F equations we are looking for
* ingeneral, ¢;; € C, but usually real-valued

Cqj € Rare used

 the MO-LCAO exp
(,‘[)](F) =2a Cana(F)

virJo

e with generally non-orthonormal AOs
(XalXp) = Sap



Roothaan equations (closed-shell variant)

Insertion of the MO-LCAO expansion into the H-F equations ...

Ya CakXa(™) { 2p Cb]Xb(T) Zg CgjXg () YaCakXa(™
e —_— —_— —_—

{ 2me Z] 1||Z] ||} gbk(?) t2 7/21]¢kf1[g3||r #l ¢](F’) ij (?’) dr’ gbk(f')) —

n
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Roothaan equations (closed-shell variant)

.. and some algebra

* symbols used to simplify the resulting equations

Z]e Z]e

* Hap E< a { A=) 1T R]”} |Xb> ]R3Xa(r){ a8 2 TR ”}Xb(?)

Pap(€) = 2 X CaxCok

éZ

52
* Iappg = <Xa)(b Xp)(q> fRsst Xa(r))(b(r)m)(p(r,))(q(r’)drdr’

=]

1

Fab (C) = Hab + Zp,q pq (C) (Iab,'pq - Elaq,pb)

* Roothaan equations

2l Fap(€) — & Saplcpr = 0



Roothaan equations (closed-shell variant)

.. and some algebra

* symbols used to simplify the resulting equations

Z]e Z]e

=58 = Bl R,||}|Xb> Joo Ka P {58 = T R”}Xb(f)

= CakChk
— - - é? -7 Y -> 1/
,| Xp)(q> = fRsst Xa(T)Xb(T)MXp(T Vxq(@)drdr

1
Fap(€) = Hap + Xp,q Poq(€) (Iab,pq -

* HabE<a

2 Iaq,pb)

* Roothaan equations

2l Fap(€) — & Saplcpr = 0



Roothaan equations (closed-shell variant)

Remarks

* non-linear algebraic equations

» if F,;, did not depend on ¢, we would get a generalized eigenvalue/eigenvector problem:

* YplFap — &xSaplcpr = 0 = Fc = eSc

* asimple iterative solution is possible for F,; depending on ¢
[ ) CO
* F(co)er = &5¢

* F(ci—1)c; = &S¢;

here

e # solutions = # AOs, usually much more than we actually need to construct the H-F Slater
determinant — post H-F methods


https://en.wikipedia.org/wiki/DIIS

The end of lesson 10.



